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1. Introduction

In fixed point theory, usual metric spaces and their generalizations are significant topics
for many researchers. It have vast literature proven in many papers. Fixed point theory
is one of the most important and significant theory in mathematics, since it has many
applications in area of sciences. One of many generalizations of metric spaces, which is
introduced by Matthews [, 2], is partial metric space such that the distance of a point
to itself need not be equal to zero.

Bakhtin [8] and Czerwick [B] introduced a b-metric space which is generalization of
a metric space and proved some results with contraction mappings. Furthermore, Gu-
naseelan [[4, 9] introduced complex partial b-metric spaces and gave some more results.
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Also, we recite some few research papers [0, 2, B, 00, 9] for the right direction from
metric space to complex partial b-metric spaces.

Shukla and Tiwari [I6] generalized the contraction mapping known as S-contraction
mapping and proved many results I3, 04, I7]. In this paper, we prove some results using
S-contraction in complex partial b-metric spaces.

2. Preliminaries and definitions

Rao et al. [T5] has defined partial order relations < and < in complex numbers c. Also,
they considered the set of non-negative complex numbers as follows: C* = {(«, 8)|a, 8 €
RT}, where R is the set of non-negative real numbers.

Definition 2.1 [i6] Let ¢ :  — R, where (R, d) be a complete metric space. Then ( is
called a S-contraction if there exist 0 < kK < % such that

d(Ca, ¢B) < kld(a, () + d(Ca, B) + d(av, B)]

for all o, 8 € R.
Lemma 2.2 [6] Let (R,p) be a partial metric space. If a sequence {a,,} is convergent
to a point a € R, then 1Lm p(an, @) < pla,y) for all v € R. Also, if p(a,«) = 0, then
Jim p(an, v) = p(e, 7).
Definition 2.3 [IA] A function dj :  x ® — C is said to be a complex valued b-metric
on a nonempty set R if for all o, 5,y € R and p > 1, it satisfies the following conditions:
(1) (dg;) 0 = df(c, B) and df(cr, 3) = 0 = if and only if o = 3,
(2) (d5,) di(a.B) = d5(3,0), (symmetry)
(3) (d) difon B) < pilds(, ) + d(, B)]. (briangularity)
The pair (R, df) is said to be a complex valued b-metric space.

Definition 2.4 [0] A function p§ : ® x ® — CT is said to be a complex partial b-metric
on a non-void set R if for all «, 5, € R, it satisfies the following conditions:

(Pp1) Ph(e, B) = py(B, ), (symmetry)

(Ph2) Phla, @) = pyla, B) = py(B, B) & a = B, (equality)

(Pg3) 0 2 pi(a, ) < pi(ax, B), (small self distance)

(piy) 3 a real number p > 1 and p is an independent of a, 3,7 such that pf(«, ) <

w[pg(e,v) + pi(v, B)] — p§(7,7). (triangularity)
The pair (R, pb) is said to be complex partial b-metric space.

C
b
C
b
C
b
C
b

Ezample 2.5 [4, 9] Let R be the set of nonnegative real numbers and C be the set
of nonnegative complex numbers. We define a mapping p§ : RT x " — CT such that

pyla, B) = [(maX{avﬁ})r + o= BI" (1 +14)

for all a, 8 € RT. Then, for coefficient = 2" > 1, (R, p§) is a complete complex partial
b-metric space but it is neither a b-metric space nor a partial metric space.

Definition 2.6 [@] Let (R, p2) be a complex partial b-metric space with coefficient z > 1
and (R, <) be a partially ordered set. A pair (¢, &) of self-mappings of R is said to be
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weakly increasing if (o < (£a and £ < &Ca for all a € R.

Now, we define Cauchy sequence and convergent sequence in complex partial b-metric
spaces.

Definition 2.7 [I¥] Let (®,pf) be a complex partial b-metric space with coefficient
@ = 1. Then

o (i) The sequence {a,} in R converges to o € N if lim pf(av,, ) = pi(a, a).
n—oo
e (ii) The sequence {a,} is said to be a Cauchy sequence in (R, pf) if lm  pf(am, an)
m,n—o0

exists and is finite.
e (iii) The space (R, pf) is said to be a complete complex partial b-metric space if for
every Cauchy sequence {a,,} in R, there exists a € R such that

lm  pj(am, ay) = lm pg(am, o) = pi(a, a).
m,n—00 m—0o

e (iv) A mapping ¢ : ® — R is said to be continuous at ag € R if for every € > 0, there
exists ¢ > 0 such that ((Bpf(ao,t)) C Bpi({(ao,€)).

3. Main results

Theorem 3.1 Let (R,p;) be a complete partial b-metric space with coefficient p > 1
and ¢ be a self-mapping on R satisfying the following condition:

py(Cer, ¢B) < K [ph(a, CB) + pi(Car, B) + pi(ev, B)] (1)

for all a, 8 € R and &k € [O, %) Then ¢ has a unique fixed point in R.
Proof. Let ¢y be an arbitrary point of & and a sequence {¢,} in R such that (e, = €,41.
Now, putting o = €,—1 and 8 = ¢, in (0), we have
plcy(fna 6n+1) = pzc)(CEnfl, Cen)

<K [pg(fnfla Cen) + plc)(cenfly En) + pg(én—l, En)]

=K [pi(Enfl, 6n+1) + pg(en, En) + plc)(enfla En)] (USing pgzl)

< K [p{pi(en—1,n) + Di(€n, €nt1) } — Pi(€ns €n) + Pi(€n, €0) + Di(€n—1, €0)],
which implies that

(1= k)P (ems ns1) < (1 + WD (en—1, Cen).

Thus, pf(ens n41) < (5255 )Pi(en—1. Gen) and hence, pf(en €n41) < hpg(en—1, Gen), where
h=($£52) < 1if x < ;. Then it follows that

plc;(enafn+1) < hplc;(en—lacﬁn) < ... < hnp§(€0,€1)-

Now, we have to show that the sequence {¢,} is a Cauchy sequence. For any m,n € N
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with m < n, we get

Pp(€m, €n) < ,u[pg(em, €m+1) + Pp(€mt1, fn)] — Pp(€m+1; €m+1)
< Py (€m, €m+1) + I [plc,(em+1, €m+2) + Dp(Emt2, en)]
— Py (€m+2, €m+2) — Py(€m+1, €m+1)
< g (emy €ms1) + 12P5(emi1, €mya) + 10D (€mt2, emt3) + oo+ 1D (€01, €0)
< ph"pi(er, €0) + ™ pp(er, €0) + PR pi(ens €0) + s + TR g (e, €0)

= ph™[1+ ph+ p?h? 4 o+ TR (e, €),
which implies that

1= (ph)"™

(& < m
pb(Gm,Gn) X Mh |: 1 — /,Lh

py(€1,€0)

Thus, |pg(€m,€n)| < ph™ [%} Ip;(€1,€0)| = 0 as m,n — oo, which implies that

vy PO e €n) =

Hence, {¢,} is a Cauchy sequence in . By completeness of R, there exists a a € R such
that ¢, - « and

lim pj(em,en) = lim pjem, o) = pi(a,a) = 0. (2)
m,n—o00 m—00

Next, we have to show that ¢ has a fixed point in R. Let us assume that o € £ and for
any n € N, we obtain

< p[pi(e, €nt1) + Pi(€nt1, Cat)| — Pi(Ent1, €nt1)
< p[ph(a, ent) + pE(Cen, C)]
< plpi(a, eny1) + {pi(en, Ca) + pi(Cen, @) + pi(en, @) }]

Py, Car)

By completeness of R and using equation (B), we have pf(a,€,) and pf(e,, (o) — 0 as
n — oo. Therefore, pf(c, (a) < 0, but by definition of partial metric pj(m,n) > 0. Thus,
pi(a, o) = 0. Hence, « is a fixed point of (. Now, we have to show that o is a unique
fixed point of (. We assume a contradictory that «, 8 € R be two distinct fixed points of
¢. Then pf(o, ) = 0 and p (5, ) = 0. Now, consider

Py, B) = py(Ca, ¢B) < r[ph(a, ¢B) + pi(Cer, B) + pi(, B)]
= k[p§(a, B) + pi(e, B) + pi(a, B)]
= 3K}p§(0575),
which implies that (1 — 3x)pf(, 8) < 0. Since 1 — 3k > 0, therefore pf(«, 3) < 0, which

is contradiction. Hence our assumption is false. Thus, pf(«, 3) = 0 = a = . Hence, the
fixed point is unique. n
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Theorem 3.2 Let (R,p;) be a complete partial b-metric space with coefficient p > 1
and ¢ be a self-mapping on R satisfying the following condition:

p(Ca; $B) < rmax {pj(a, (B), ph(Cer, B), ph(ex, B) } (3)

for all a, 8 € R and k € [O, %) Then ¢ has a unique fixed point in R.

Proof. Let ¢y be an arbitrary point of ® and a sequence {¢,} in R, such that (e, = €,41.
Now, putting a = €,_1 and 5 = ¢, in (B), we have

Pg(Gn, En—i—l) = pi(CEn—la Cen)
< Kmax {pg(en—lz Cﬁn)apg(fﬁn—la En)vPZ(En—la En)}

= K Inax {P§(€n—1, €n+1),P§(€n, En), Pi(ﬁn—l, 6n)}

Case-I If max {Pi(enfl, €n+1)7pg(5n7 Gn),PZ(%fl, En)} = pi(t‘n, 6n)7 then plc,(ena €n+1) <
P} (€n, €n), which is contradiction.

Case-1II If max {pg(en_l, €nt1), Pp(€n, €n), P (€n—1, en)} = pi(€n—1, €nt1), then

Py(€ny €nt1) < n[u{pi(en_b €n) + Pp(€n, 6n+1)} — py(en, fn)]
< R [plcy(fn—la €n) +P§(€n, En-i-l)] - Hpg(ﬁn, €n)
S KM [plcy(en—la €n) + Pg(€n, En—i—l)] )

which implies that (1 — xpu)pj(€n, €nt1) < kpup;(€n—1,€n) Thus,

K

1 _ Ku>plc;(6nfla en)

plc)(em 6nJrl) < (

and hence, p§(en, €ny1) < hp§(en—1,(en), where h = (1fﬁu> <1,if K < ﬁ Then it
follows that

Py (€ns €nt1) < hpplen—1,Cen) < ..o <A"pi(eo, €1).

ThuSa pg(%» €n+1> < hnplcp(eoa 61)‘

Case-1I1I If max {p§(en—1, €n+1), D5 (€ns €n), Pi(€n—1, €n) } = P§(€n—1,€n), then
Di(€n, €nt1) < KPj(€n—1,€,). Continuing this process, we obtain pf(en,€nt1) <
k"p; (€0, €1). Now, we have to show that the sequence {e,} is a Cauchy sequence. For
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any m,n € N with m < n, we have

Pp(€m, €n) < ,u[plc)(em, €m+1) + Pp(€mt1, fn)} — Pp(Em+1; €mt1)
< 1Py (€ms €mt1) + s [pg(€m+la €m+2) + Pp(€mt2, fn)]
— 1Py (€m+2, €m+2) — Py(€m+1, €m+1)
< P (€ms €mr1) + 12PG(€mr1, €mra) + 1P (ma2s €mas) + oo+ 1P (€1, €0)
< phmps(er, e0) + PR pE (61, €0) + 3R T2 pE (€1, €0) F v + T PE (€1, €0)
= ph™[1 4 ph+ p?h? o IR e (6 €)

Thus, |p§(€m,en)| < ph™ [%} Ipj (€1, €0)] — 0 as m,n — oo, which implies that

lim pj(em,en) = 0.

m,n—00

Hence {e¢,} is a Cauchy sequence in . By completeness of R, there exists a € & such
that €, — « and

lim pi(em,€en) = lim ppem, ) = pp(a, a) = 0. (4)

m,n—r o0 m—ro0

Next, we have to show that ¢ has a fixed point in R. Let us assume that o € 1 and for
any n € N, we obtain

pi(, o) < plpf(a, ent1) + pilent1, Ca)| — ph(ent1, €nt1)
< plphla; entr) + ph(Cen, ()]
< plph(a, ent1) + rmax {pf(en, Ca), ph(Cen, @), i (€n, ) ]
< p [P, 1) + K max {pf(en, Ca), ph(ent1, @), ph(en, @) 1.

By completeness of R and using equation (8), we have pf(c,€,) and p§(en, (o) — 0 as
n — oo. Therefore, pf(c, (a) < 0, but by definition of partial metric pj(m,n) > 0. Thus,
pi(a, ) = 0. Hence, « is a fixed point of (. Now, we have to show that « is a unique
fixed point of (. We assume a contradictory that «, 8 € R are two distinct fixed points
of ¢. Then pf(a, ) = 0 and p§(B, B) = 0. Now, we have

py(a, B) = py(Ca, (B)
< kmax {pf(e, (B), pi(Cav, B), pi(c, B) }
= rmax {pj(a, 8), (e, B), pi(a, B) }
= rpy(e, B),

which implies that (1 — k)p§(a, 8) < 0. Since 1 — k > 0, therefore pf(«, 3) < 0, which is
contradiction. Hence our assumption is false. Thus, pf(o, ) = 0 = o = . Hence, the
fixed point is unique. n
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Exzample 3.3 [d, ] As earlier, we have discussed in Example 275. We define a mapping
¢ :RT — NT such that {(s) = £. Now, we choose a = 2, 3 = 3 and r = 2. We have

P2, =i (3 2) = (o4 5 )1+ = 2(1+4) 5

Case-I: Now, we calculate

P2, C3) + PEC(2),3) + 252 3) = 95 (2. 2) +25(5.3) +55(2,)

)
- [(4+§)+<9+%)+(9+1)](1+i)
- (23+;§+%)(1+z’):72i53(1+i).

From equations (@) and (B) with above value, we have

p5(€(2),¢(3)) < w[p5(2,¢(3)) +15(¢(2),3) + p5(2, 3)} :

Thus, ¢ satisfies all conditions of Theorem BTl in complex partial b-metric space and
hence, 0 is unique fixed point of (.
Case-II: Again we calculate

ma [p(2,C(3), p6(C(2), 3) 962, 3)] = max [p5 (2.2 ) 08 (5.3) 552,

:nme4+§§,@+3§549+nk1+o

25 25

169 394
= (1 +14) = ==(1+14).
<9+ 25)( +1) 25( +1)

From equations (B) and (B) with above value, we have

p5((2),¢(3)) < wmax [pf(2,¢(3)), p5(C(2),3), p5(2,3)] -
Similarly, ¢ satisfies all conditions of Theorem B in complex partial b-metric space.
Therefore, 0 is unique fixed point of (.

Theorem 3.4 Let (R,p;) be a complete partial b-metric space with coefficient p© > 1
and (,& : ® — R be two continuous and weakly increasing self-mappings satisfy the
following condition

p(Ca, €8) < w[ph(e, €B) + ph(Car, B) + ph(a, B)] (6)

for all a, 8 € R and k € [O, %) Then ¢ and £ have a unique common fixed point in R.

Proof. Let ¢y be an arbitrary point of ® and a sequence {¢, } in R such that eg, 11 = Ceap,
and egp 9 = €eopy1 for n = 0,1,2,---. Then €; = (eg and €e; = €. Since ¢ and & are
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weakly increasing mapping. Therefore, we obtain

Now, consider pf(ez,,€2nt1) = 0 for all n € N. Then ez, = €a,41. Therefore, by the
definition of ¢ and £, we have

€n = €n41 = C€2n  , €41 = €212 = E€2pp1-

Therefore, ¢ and £ have a common fixed point in f. Hence, the proof is complete. Next,
we assume that pf(ean, €2,41) > 0 for all n € N. Since €3, and €11 are comparable, we
have

Py(€2n+1, €2n+2) = Pp(Ce2n, E€ant1)
< K[ p§(Cean, €an+1) + PE(€2ns E€anr1) + D (€20, €2n11)]
= K [ph(€an+1, €2n11) + Di(€2n, €2n12) + D (€20, €2n41)]
5(

N

K [Ph(€an+1s €2nr1) + 1{Df(€2n, €2n41) + Ph(€2n41, €2n42) }

- pg(€2n+17 62n+1) + P§(62n, €2n+1)] >
which implies that (1 — ku)pf(€2n+1, €2nt2) < (K + K1)pf(€2n, €2n41). Thus,

K+ Kl
1 —ku

Dy (€2n+1, €2n42) < ( >P§(€2n€2n+1)

: 1
and hence, pf(eznt1,€mt2) < hpj(€an, €2n4+1), where i = <ﬁ—2ﬁ) < 1lif kK < Tran-

Continuing in the following way, we obtain

D5 (€2n+1, €2n42) < hpf(€an, €an+1) < W2pS(ean—1,€an) < wove < R pE(eo, €1).

Now, we have to show that the sequence {¢,} is a Cauchy sequence. For any m,n € N
with m < n, we have

Pp(€ms €n) < ,u[pg(em, €m+1) + Pp(€mt1, fn)} — Py(€m+1, €m+1)
< pf(€m, mi1) + 12 [Ph(€mi1s €mi2) + D (€mya, €n)]
— ppy(€m+2; €mr2) — Pp(€mat, €mt1)
< 1P (€ms Emer1) + 12DG(€mt1, €ma) + 1P (ma2s €mys) + oo+ 1D (01, €0)
< ph™pi(er, e0) + PR s (e1, €0) + PR T2 pE (e1, €0) F oo A+ TR T pE (61, €0)

= ph™[L+ ph+ 2R 4 4 R  pi (e €),
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which implies that

1 — (ph)"

Pp(€m, €n) < ph™ [ﬁ}pi(éh €0)-

pi(e1, €0)] = 0 as m,n — oo, which implies that

Thus, |p§(€m, €n)| < ph™ [%}

lim pj(€em,en) = 0.

m,n—o0

Hence, {¢,} is a Cauchy sequence in R. By completeness of R, there exists a a € R such
that ¢, — « and

lim  pg(em,€en) = hm pb(em, a) = ppla,a) = 0. (7)

m,n—00

Since ¢ and ¢ are continuous in (R, pf), then by property of continuity, (ez, — (a and
Eeant1 — Ea as n — o0o. Therefore,

pp(Ca; Ca) = lim pi(Ca, Cean) = lim pi(Cean, Cezn),

but
pg(<a7 CO() = lim pg(<€2n7€€2n) = lim plc)(€2n+la 62n+1) =0. (8)
n—oo n—oo
Similarly,
P, §a) = lim pp(&ar, Eeang1) = lim pp(Eeant1, E€ant1),
n—oo n—oo
but

py(€a,Ea) = lm pj(€eanti, E€ant1) = lim pp(eant2, €2nt2) = 0.

Next, we have to show that ¢ and £ have a common fixed point in R. Let us assume that
a € R and for any n € N, we have

pile, Ca) < plpila, eni1) + pilenta, )] — pi(ent1, €nt1)
< p[ph(es env) + ph(Cen, Ca))
< plpi(e ent1) + {D5(en, () + pi(Cen, @) + phlen, @) }]
< (i eng1) + R{Dh(en, () + D (Ent1, @) + ph(en, @) ]

By completeness of & and using equation (1) and (B), we have pf(c, €,) and pj(€ep, (o) — 0
as n — oo. Therefore, pf(a, (o) < 0, but by definition of partial metric pj(m,n) > 0.
Thus, pf(«a, o) = 0. Therefore, (o = a.. Hence, « is a fixed point of ¢. Similarly, we can
prove that « is fixed point of £. Hence, (a = £a = . Thus, « is a common fixed point
of ¢ and £. Now, we have to show that « is a unique common fixed point of { and £. We
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assume a contradictory that «, 8 € R are two distinct common fixed points of ¢ and &.
Then pj(a, o) = 0 and p;(5, 3) = 0. Now, consider

pi(e, B) = pi(Ca, €B)
< w{ph(e, €8) + pi(Ca, B) + phle, B) }
= w{pj(a, B) + pj(a, B) + pj(a, B) }
= 3kpy(a, B)

which implies that (1 — 3x)pf(c, 8) < 0. Since 1 — 3k > 0, therefore pf(c, 3) < 0, which
is contradiction. Hence, our assumption is false. Thus, pf(c, ) = 0 = o = . Hence, «
is a unique common fixed point of ¢ and &. [ |

Example 3.5 Let R = {a,b,c,d} be a non-void set with partial order relation a < 3 if
and only if o < 3. Consider a mapping pf : i x  — C as follows:

| (o, B) | pia, B) |
(a,a), (b,b) 0

(a,b), (bya), (a,c), (c,a), (b,c), (¢,b), (c,c) el

(a,d), (d,a), (b,d), (d,b), (¢,d), (d,c),(d,d) de?

Here (R, pf) satisfies all properties of complete complex partial b-metric space with the
coefficient > 1 and 6 € [0, 7]. Define two self-mappings ¢, £ on R such that

Ca=a and 55:{2 1lff gifﬁjb?c}

Then ¢ and £ are continuous and weakly increasing mappings. Now, we create different
cases as follows:

Case-I: For o = a and 8 = a, we have (o = a and {8 = a. Then (B) is trivially true.
Case-II: For @« = b and 8 = d, we have (o = a and £8 = b. So, for value of o and 3, we
have pj(Ca, £B) = p(¢b, €d) = pi(a,b) = ¢, Putting value of o and /3 in (B) and using
above values, we have

pi(Ca, &8) < r[pi(a, €B) + pi(Cer, B) + pi(e, B)],

which implies that
p;(¢h, €d) < w[ph(b,€d) + p(Ch, d) + pi(b, d)].

Thus, e < n[pg(b, b) + pi(a,d) + pg(b, d)] and hence, e < K[O + de'? + dew]. So
e < k(2d)e?, which implies that 1 < r(2d) and hence, £ > 5.

Case-III: For o = d and B = d, then (a = a and &5 = b. Therefore, for value of o and
B, we have pf(Ca,&B) = pi(Cd, &d) = pg(a,b) = ¢’ Similar process of case-II and using
(B), we have

pi(¢d, &d) < k[p(d, €d) + pi(¢d, d) + pi(d, )],
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which implies that
e <k [py(d,b) + pi(a,d) + pi(d, d)] = k[de” + de’ + de”].

Thus, ¢/ < k(3d)e?, which implies that 1 < x(3d) and hence, x > 3—1d.

Case-IV: (i) for « = a and 8 = d, then (o = a and {8 = b and (i) for « = c and 8 = d,
then (o = a and £ = b. So, for all values of a and 3, we have p§(Cer,€0) = pi(a,b) = e,
As similar manner of above cases, putting for all values of a and § in equation (B) and
using above values, we get e < ﬁ[eie + de' + deie] and so, € < k(1 + 2d)e?. Thus,

1

1< wl4+2d) = hn>—
Rl +2d) = k> o)

Case-V: (i) for @« = b and § = ¢, then (o = a and 8 = a and (ii) for a = ¢
and 8 = ¢, then (o = a and £8 = a. Therefore, for all values of o and 3, we have
pi(Ca, £B) = pi(a,a) = 0. Similarly as above, putting for all values of o and 3 in (B), we
have 0 < /{[ew +et? + eio] and hence, 0 < /{(3)6“9. Thus, 0 < k(3) and > 0.
Case-VI: For (i) « = a, f =b then (o = a and &8 = a.

(ii) « = a, f = ¢ then (a = a and £ = a.

(7i1) a« = b, = b then (oo = a and &6 = a.
So, for all values of o and 3, we have pj(Ca,{8) = pi(a,a) = 0. Similarly, putting for
all values of o and (8 in equation (B) and using required values given above, we get
0 < k[e? + € + 0], which implies that 0 < x(2)e”. Thus, 0 < x(2) and hence, & > 0.
Here, ¢ and ¢ satisfy all conditions of Theorem B=. Hence, a is a unique common fixed
point of ¢ and &. [ ]
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