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Abstract. In this work we review some common fixed point theorems for four non-continuous
mappings in E-metric spaces, where the metric is Riesz space valued. These results cover
famous comparable results in the existing literature by considering fewer conditions.
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1. Introduction and preliminaries

We apply the following definitions introduced by Aliprantis and Border [3] and Altun
and Cevik [@, A].
Let (£,<) be a partially ordered set. The notation a < b stands for a < b but a # b. An
order interval [a, b] in € is the set {c € £ : a < ¢ < b}. A real linear space £ along with an
order relation < on £ which is compatible with the algebraic structure of £ is named an
ordered vector space. Then (&, <) is named a Riesz space if for every a,b € £, there exist
aANb=inf{a,b} and a Vb =sup{a,b}. f at =0V a,a” =0V (—a) and |a|] = aV (—a),
then @ = a™ —a~ and |a| = a™ + a~. The cone {a € £ : a > 0} in a Riesz space & is
marked by £4. A sequence of vectors {a, } in £ is said to decrease (increase) to an element
a € & if apt1 < ap (ap < apy1) for each n € N and a = inf{a,, : n € N} = Apenay
(a = sup{a, : n € N} = Vpenay), and we denote it by a, | a (a, T a). Also, & is
named Archimedean if 2a | 0 for each a € £;. Moreover, a sequence (by) is named order
convergent or o-convergent to b if there is a sequence (ay,) in £ provided that a, | 0 and
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|bp, — b| < ay, for all n. We denote this by b, = b. Further, (b,) is o-Cauchy if there exists
a sequence (a,) in & so that a, | 0 and |by, — bp4p| < @y, for all n and p. € is o-complete
if every o-Cauchy sequence is o-convergent. For other things about Riesz spaces, see [3].

Definition 1.1 [@, 6] Assume that X # 0 and £ is a Riesz space. The function d :
X x X — £ is named a vector metric or £-metric if

(&1) d(z,y) =0 iff & = y;
(&2) d(z,y) < d(z, 2) + d(y, 2)-

for all z,y,z € X

In this case, the triple (X, d, £) is named a E-metric space.

Ezxzample 1.2 [A, 5] A Riesz space £ with d: £ x £ — & given by d(z,y) = |z —y| is a
E-metric space. This metric is called the absolute valued metric.

Obviously, £-spaces extend metric spaces.

Definition 1.3 [4, 5] Let (x,,) be a sequence in a £-metric space. Then

(s1) (xn) E-converges to x € X (we write zp, 25 x) if there is a sequence (ay) in €
provided that a,, | 0 and d(x,,x) < a, for each n;

(s2) (zp) is E-Cauchy if there is a sequence (a,) in € so that a, | 0 and d(zp, Tp4p) <
a, for each n and p.

A E-metric space is named £-complete if every £-Cauchy sequence in X E-converges to
axedk.

The difference between E-metric and Zabrejko’s metric [15] is that the Riesz space has
a lattice structure. Also, the difference between £-metric and Huang-Zhang’s metric [7]
is that there exists a cone due to the existence of ordering on Riesz space. The other
difference is that £-metric omits the requirement for the vector space to be a Banach
space. Moreover, if £ = R, then the definitions of £-convergence and convergence in
metric are the same. Further, if X = £ and d is a absolute valued metric, then &-
convergence (£-Cauchy) and convergence (Cauchy) in order are the same.

Lemma 1.4 [4] If £ is a Riesz space and a < ka where a € £, and k € [0,1), then
a=20.

Definition 1.5 [I1] Assume that f,g : X — X are two arbitrary mappings. If fw =
gw = z for a w € X, then w is called a coincidence point of f and g, and z is called a
point of coincidence of f and g.

Sessa [[3] introduced the concept of weakly commuting to obtain common fixed point
for a pairs of mappings. Also, Jungck extended the concept of commuting mappings to
compatible mappings in [I0] and to weakly compatible mappings in [d]. There exist some
examples show that each of these extensions of commutativity are a proper generalization
of former definitions.

Definition 1.6 [1] Assume f,g: X — & are two mappings. Then f and g are said to
be weakly compatible if they commute at every coincidence point.

Lemma 1.7 [Il] Assume that f and g are two weakly compatible self-mappings on X
provided that they have a unique point of coincidence z = fw = gw. Then z is the
unique common fixed point of f and g.
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2. Results

The following theorem is the £-metric version of Theorem 2.1 of [8] and Theorem 2.2
of [21].

Theorem 2.1 Assume that X is a £-metric space with £ is Archimedean and mappings
f,9,9,T : X — X satisfy the following conditions:

(i) for each z,y € X,

d(fx,gy) g kua:,y(fagv SaT) (1)
in which £ € (0,1) and
ag(f,,5.7) € { (2, Ty d(f2, 52), d(gy, Ty), J[d(f, Ty) + dlgy, )]}
@)

(i) f(X) C T(X) and g(X) C S(X).

If one of f(X), g(X), S(X) or T(X) is a E-complete subspace of X, then {f, S} and {g, T}
have a unique point of coincidence. Also, if { f, S} and {g, T'} are weakly compatible, then
f, 9, S and T have a unique common fixed point.

Proof. Let zp € X be arbitrary. Since f(X) C T(X), there exists 1 € X so that
f(zo) = T(z1) = 21. Since g(X) C S(X), there exists x2 € X so that g(z1) = S(z2) = 22.
By repeating this procedure, construct a sequence {z,} defined by

fron—o =Txon_1 = 2on—1;

JTop—1 = Sxop = Zon.
We first establish
d(z2n+1, 22n+2) < kd(z2n, 22n+1) (3)
for each n. Using (), we get
d(22n+41, 22n+2) = d(fTon, 9Tont1) < Kgy, 20,0 (f,9,5,T)

for all n € N, where

d(zon, 2 + d(z , 2
u$27“1'2n+1 (fa g, Sv T) € {d(z2na z2n+1)7 d(z2n+17 22n+2)) ( n 2n+1) 9 ( 2ntl 2n+2) }
If Uz, Top i1 (f7 g, Sa T) = d(ZQTw Z2n+1)7 then (B) holds. If Uy, ,Toni1 (f> g, S? T) =
d(zan+1, 22n+2), then d(2z2,+1, 2on+2) = 0 by Lemma [ and (B) holds. Ultimately, assume
that

d(zon, 22n+1) + d(22n+1, 22n+2)

szn,zgnﬂ (f? g’ S7 T) = 2 .
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Then

|

1
d(zon+1, 22n+2) < =d(22n, 22n+1) + id(an-i-ly 29n+2)

holds. Analogously, we get

d(z2n+2, 2on+3) < kd(22n+1, 22n+2)- (4)

So, by (B) and (&), we obtain

d(zn, 2n+1) < k"d(20, 21). (5)
Now, using (&) and (B). Then, we get

kn

ﬂd(zo,zl)

d(Zn, ZTH-P) <

for all n and p. Now, due to being Archimedean &, {z,} is a £-Cauchy sequence. Assume

that S(X) is a E-complete subspace of X'. Then there is z € S(X) so that Sxa, = 22, ﬁ

z. Hence, there exists a sequence {a,} in £ provided that a, | 0 and d(Sxa,, z) < an.
Beside, there is w € X so that Sw = z. Now, we establish that fw = z. Using (£3) and
(M), we get

d(fw7 Z) < d(fw7 gx?n-i—l) + d(g$2n+17 Z) g kuw,x2n+1 (f7 g, S? T) + An+1
in which

uw,:cgn+1 (f7 g, S7 T) S {d(swy T.’If2n+1), d(fw7 Sw)7 d(ngn-‘rla Tx2n+1)7

d(fw, Txony1) + d(gr2n+1, Sw) }
2

for every n. There are four cases.
1. d(fw,z) < d(Sw,Tron+1) + ant1 < apt1 + ant1 < 2ap,.
2. d(fw, z) < kd(fw, Sw) + an+1 < kd(fw, z) + a,. Hence,

d(fw,z) < Zzan.
3. d(fw,z) < d(gr2n11, TTont1) + anp1 < 2an41 + ng1 < 3ag.
4.

d(fw,Txont1) + d(gront1, Sw)
2

< d(f’UJ, Z) + d(Z, T$2n+1) + d(g$2n+l; Z)

h 2

d(fw,z) <

+ Gnt1

+ Gnt1

< =d(fw, z) + 2ay,.

N |

Thus, d(fw, z) < 4a,.
Since the infimum of sequences on the right side of last inequality are zero, then
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d(fw,z) = 0; namely, fw = z. So, fw = Sw = 2. Since z € f(X) C T(X), there is
v € X provided that Tv = z. Now, we establish that gv = 2. Using (&) and (), we get

d(Z,g’U) < d(Z, f'x?n) + d(fonv g’U) < 29 + kul“zmv(f’ga Sa T)
in which

uz‘gn,’u(f7 9, S? T) S {d(SxQna T'U), d(fo’na San)a d(g'U, TU)7

d(fxon, Tv) 4+ d(gv, Sxay,)
> J

for every n. There are four cases.
1. d(z, gv) < ap + d(Sxon, Tv) < ap + ant1 < 2a,.
2. d(z,gv) < an + d(fxaopn, Sxon) < an + 2ay, < 3ay,.
3. d(z, gv) < an + kd(gv, Tv) < an + kd(gv, 2). Hence, d(v, gz) < Tz an.
4.

(fzon, Tv) + d(gv, Sxay)

2
d(fxon, z) + d(gv, z) + d(z, Szay)
2

d(Z,gU) < ap+ d

N

an +
1
< 2ap + Qd(Z,g’U).

So, d(z, gv) < 4ay,.

Since the infimum of sequences on the right side of last inequality are zero, then d(z, gv) =
0; namely, gv = z. So, gv = Tv = z. Thus, {f,S} and {g,7'} have a common point of
coincidence. Now, if {f, S} and {g, T} are weakly compatible, fz = fSw = Sfw = Sz =
z1€ X and gz =gTv=Tgv =Tz = zo € X. Hence,

d(zla'ZQ) = d(fZ,gZ) < kuz,z(f7gv Sa T)7

where

d(fz,Tz)+d(gz, Sz) }

w=2(£,9.8,T) € {d(S2,T2), d(f2,52), d(gT2), ;

= {O,d(zl,zg)}.

So d(z1,z2) = 0; namely, z; = z9. If {f,S} and {g, T} are weakly compatible, then z is
a unique common fixed point of f, g, S and T by Lemma [Z4. The proof is analogous
above when f(X), g(X) or T'(X) is complete. [ |

The following corollary generalizes Fisher’s theorem [6] and Theorem 2.1 of Abbas and
Jungck [1] to £-metric spaces.

Corollary 2.2 Assume that X is a £-metric space with £ is Archimedean and mappings
f,9,8,T: X — X satisfy

d(fz,gy) < kd(Sz, Ty)
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for every z,y € X in which k € [0,1). If f(X) C T(X) and g(X) C S(X), and one of
f(X), g(X), S(X) or T(X) is a E-complete subspace of X, then {f, S} and {g, T} have a
unique point of coincidence in X. Also, if {f, S} and {g, T} are weakly compatible, then
f, 9, S and T have a unique common fixed point.

Proof. It’s sufficient to consider ugy ,(f, g,S5,T) = d(Sz,Ty) in Theorem P [ ]

Ezample 2.3 Let £ =R, X = [0,00) and d(z,y) = |z — y| for z,y € X. Also, assume
that f,9,7,5: X — X are given as f(z) = g(z) =Iln(zx + 1) and T'(z) = S(z) = e* — 1.
Then {f,S} and {g,T} are weakly compatible and the range of all of mappings are
complete subspace of X. Further, by applying mean value theorem, we get

d(fr,gy) = |In(x +1) — In(y + 1)| < klz — y| < k|e® — Y| = kd(T'z, Sy)

for every z,y € A in which k = 1%_6 € [0,1) with z < ¢ < y. So f, g, S and T satisfy
all conditions in Corollary 2. Furthermore, 0 is a unique common fixed point of these
mappings.

The following result is gained from Theorem P to £-metric spaces.

Corollary 2.4 Assume that X is a £-metric space with £ is Archimedean and mappings
f,9,8,T: X — X satisfy the following conditions:

(i) d(fPz,g%) < kugy(fP,99,SP,T?) for all z,y € X and some p,q € N in which
k€ (0,1) and

umay(fpv gqv Spa Tq) € {d

—~

SPx, T),d(fPx, SPx),d(g%, Ty),

[d(fP2, T) + d(g%y, SP2)]};

N

(il) f(X) C T(X) and g(X) C S(X).

If one of f(X), g(X), S(X) or T'(X) is a E-complete subspace of X', then {f, S} and {g,T'}
have a unique point of coincidence. Also, if { f, S} and {g, T} are weakly compatible, then
f» 9, S and T have a unique common fixed point.

The following corollary is same Theorem 2.1 of Soleimani Rad and Altun [14], where
generalizes Corollary 2.5 of Abbas et al. [2].

Corollary 2.5 Assume that X is a £-metric space with £ is Archimedean and mappings
f,9, T : X — X satisfy the following conditions:

(i) d(fz,9y) < kugy(f,g,T) for every z,y € X in which £ € (0,1) and

aa(,9,T) € {d(T2, Ty, d(f2, T2), dlgy, Ty, S 1d( o, Ty) + gy, )]}

(i) f(X)Ug(X) C T(X).

If one of f(X), g(X) or T(X) is a E-complete subspace of X, then {f,T} and {g,T'} have
a unique point of coincidence. Further, if {f, 7'} and {g, T} are weakly compatible, then
f, g and T have a unique common fixed point.

Proof. It’s sufficient to consider S = T in Theorem E1I. [ ]
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In Corollary P73, consider ¢ = f. Then we obtain the same Corollary 2.2 in [I4] as
bellow.

Corollary 2.6 Assume that X is a £-metric space with £ is Archimedean and mappings
f,T: X — X satisfy the following conditions:

(i) d(fz, fy) < kugy(f,T) for every x,y € X in which k € (0,1) and

ey (£, T) € {d(T2, Ty), d(f, Ta), d( fy Ty), 5[d(F, Ty) + d(fy, Ta)]};

(if) f(X) C T(X).

If one of f(X) or T'(X) is a E-complete subspace of X, then {f,7'} have a unique point
of coincidence. Further, if {f,T'} are weakly compatible, then f and T have a unique
common fixed point.

Corollary 2.7 Assume that X is a £-metric space with £ is Archimedean and mapping
[ X — X satisfies the inequality

d(fl', fy) < kum,y(f)

for all x,y € X in which k£ € (0,1) and

ey (F) € {d(e, ), d( o, 2), d(fy, ), 3 d(fr,) + d(Fy, )]}

If f(X) is a E-complete subspace of X, then f has a unique fixed point.

Proof. It’s sufficient to set T' = iy in Corollary 8 in which iy is identity mapping on
X. [ |

The following theorem is the £-metric version of Theorem 2.6 of [2].

Theorem 2.8 Assume that X is a £-metric space with £ is Archimedean and mappings
f,9,8,T : X — X satisfy the following conditions:

(i) for all z,y € X,

d(fz,g9y) < k1d(Sz, Ty) + kod(fz, Sz) + k3d(gy, Ty) (6)
+ kad(fx, Ty) + ksd(gy, Sz),

where k; for i =1,2,--- |5 are nonnegative constants and
k1 +k2+k3+2max{k4,k‘5} <1 (7)

(il) f(X) C T(X) and g(X) C S(X).

If one of f(X), g(X), S(X) or T(X) is a E-complete subspace of X', then {f, S} and {g, T}
have a unique point of coincidence. Also, if { f, S} and {g, T'} are weakly compatible, then
f, 9, S and T have a unique common fixed point.

Proof. For each arbitrary point zp € X, take the sequences {x, } and {z,} as the proof
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of Theorem E1. Using (B), we obtain

d(z2n+1, 22an+2) < k1d(22n, 2on+1) + k2d(zon+1, 22n) + k3d(z2n+2, 22n+1)

+ kad(2on41, 2on+1) + ksd(22n42, 2on)-
Thus,
d(zan+1, 22n+2) < Bd(22n, 22n+1),

where g = 7’“1”"“2*"“5

e < 1by (@). Analogously, we have

d(z2n43, 2on+2) < k1d(22n42, 2on+1) + kad(22n+3, 22n+2) + k3d(22n+2, 22n+1)

+ kad(22n43, 22n+1) + ksd(22n42, 22n42).
Hence,
d(22n+3, 22n+2) < Bd(22n+2, 22n+1),
where [ = % < 1 by (@). Using (B) and (9), we get

d(zna ZTL+1) < /Bnd(zov 21)'

As the same discussion of Theorem P, {z,} is £-Cauchy. Assume that S(X) is a &-

d
complete subspace of X'. Then there is z € S(X) provided that Szg, = 22, —g> z. Thus,
there exists a sequence {a,} in € so that a,, | 0 and d(Sza,,2) < a,. Beside, we can find

w € X so that Sw = v. Now, we establish that fw = v. From (B), we obtain

d(fw7 Z) < d(fw7 gm?n-i—l) + d(ngn—l—la Z)
< (lﬂ + ks + k4)d(z, Tx2n+1) + (k‘Q + k4)d(fw, z)

+ (k3 + ks + 1)d(gr2n11, 2)-
So,

k1+2k3+k4+k5+1a
1 — ko — ky "

d(fw,z) <

for every n. Hence, d(fw,v) = 0; namely, fw = z. Since z € f(X) C T(X), there is

v € X provided that Tv = z. Now, we establish that gv = z. From (B), we obtain

d(z, gv) < d(z, fran) + d(fr2n, gv)
< (k1 + k2 + ks)d(z, Sxan) + (ks + ks)d(gv, 2)
+ (k2 + kg + 1)d(fa2m, 2).

So,

k1+2k2+k4+k5+1a
1— ks — ks "

d(gv, z) <
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for every n. Hence d(gv,z) = 0; namely, gv = z. Now, if {f, S} and {g,T} are weakly
compatible, fz = fSw=Sfw=Sz=2z € X and gz =gTv=Tgv =Tz =29 € X. By
using (B) and doing simple calculation, we have

d(z1,22) < (k1 + kg + k5)d(21, 22),

which implies that d(z1, 2z2) = 0 by (@) and Lemma 4. Hence, z; = z9; namely, {f, S}
and {g, T} have a unique point of coincidence. If { f, S} and {g, T'} are weakly compatible,
then z is a unique common fixed point of f, g, S and T by Lemma 4. The proof is
analogous above when f(X), g(X) or T'(X) is complete. [ |

The following corollary is same Theorem 2.5 of Soleimani Rad and Altun [[4], where
generalizes Corollary 2.10 of Abbas et al. [2] to £-metric spaces.

Corollary 2.9 Assume that X is a £-metric space with £ is Archimedean and mappings
f,9,T : X — X satisty the following conditions:

(i) for every x,y € X,

d(fz,gy) < kid(Tz, Ty) + kod(fx, Tz) + k3d(gy, Ty)
+ kad(fx, Ty) + ksd(gy, Tx),

where k; for i =1,2,--- |5 are nonnegative and
k14 ko + ks + 2max{k4, kst < 1;

(i) f(X)Ug(X) C T(X).

If one of f(X), g(X) or T(X) is a E-complete subspace of X, then {f, T} and {g, T} have
a unique point of coincidence. Also, if {f,T'} and {g,T} are weakly compatible, then f,
g and T have a unique common fixed point.

Proof. It’s sufficient to consider S = T in Theorem ICS. [ ]

Corollary 2.10 Assume that X is a £&-metric space with £ is Archimedean and mappings
1T : X — X satisfy the following conditions:

(i) for every z,y € X,

d(fz, fy) < k1d(Tx, Ty) + ked(fz, Tz) + k3d(fy, Ty)

in which k; for ¢ = 1,2,--- ,5 are nonnegative and
ki + ko + ks + Qmax{k4, k5} <1

(ii) f(X) C T(X).

If one of f(X) or T(X) is a E-complete subspace of X, then {f,T} have a unique point
of coincidence in X. Also, if {f, T} are weakly compatible, then f and T have a unique
common fixed point.

Proof. It’s sufficient to consider g = f in Corollary EZ9. |
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Remark 1 Note that although the proof of our results is completely similar to Rahimi et
al.’s paper [12] but our results is different of [13], since we consider vector metric spaces
instead of ordered vector metric spaces. Actually, it is hard to find mappings satisfying
all of condition in the results of Rahimi et al. Also, the assumptions of our theorems and
corollaries is much less than of assumptions of theorems and corollaries in mentioned

paper.

3. Conclusion

In this paper, we introduced £-metric version of some famous fixed point theorems
without appealing to continuity of mappings. Note that the £-metric is generalization
of usually metric, Zabrejko’s metric [I5], and Huang and Zhang’s metric [7]. Thus, our
theorems and corollaries unify, extend and generalize well-known comparable results of
fixed point theory in metric spaces and cone metric spaces like Jungck and Rhoades
[R-11], Abbas and Jungck [1]. Moreover, Our work was continuing and reviewing work
of Altun and Cevik [4, b] and Soleimani Rad and Altun [I4].
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