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Abstract. In this paper we construct a 2-positive map from M4 (C) to M5(C) and state the
conditions under which the map is positive and completely positive (copositivity of positive).
The construction allows us to create a decomposable map, where the Choi matrix of complete
positivity is equal to the Choi matrix of complete copositivity.
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1. Introduction

Positive maps are essential in the description of quantum systems. However, character-
ization of the structure of the set of all positive maps is a challenge in mathematics and
mathematical physics. The famous Choi result in [I] affirms that a map ¢ is completely
positive if and only if it’s Choi matrix Cy is positive definite. The positive map ¢ is
completely positive if and only if Cy is positive, otherwise it is not completely positive.

The construction of Choi’s map [[-3] and Robertson’s map [R, Y] among other in-
decomposable maps have been used to justify the importance of these maps in their
application in quantum mechanics. A family of indecomposable maps for an arbitrary
finite dimension n = 3 was constructed in [B]. Other construction of indecomposable
maps have been given in [5, @, I1] are in the context of quantum entanglement.

We construct a linear map ¢, ¢, c,.c,) from My to Ms, where u,cq,c2,¢3 € RT and
study its properties of positivity, completely positivity and decomposability.
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By M., we denote the set of positive semidefinite matrices of order n; that is, A € M,,.
The identity map on M,,(C) and the transpose map on M,,(C) are denoted by Z,, and 7,
respectively. Let A be a n X n square matrix. A is positive semidefinite if, for any vector
x with real components, (x, Az) > 0 for all z € R" or equivalently, A is Hermitian and
all its eigenvalues are nonnegative and positive definite if (x, Az) > 0 for all z # 0. A
linear map ¢ is from M,,(C) to M,,(C) is called positive if (M, (C))" C M,,,(C)*. A
linear map ¢ form M,,(C) to M,,(C) is k—positive if T, ® ¢ : My @ M,, — My @ M,
is positive. On the other hand, a linear map ¢ form M,,(C) to M,,(C) is k-copositive if
the map 7, ® ¢ : My ® M,, — M}, ® M,, is positive. A linear map ¢ from A to B(H)
is k-decomposable if there are maps ¢1, ¢ : A — B(H) such that ¢y is k-positive, ¢
is k-copositive and ¢ = ¢1 + ¢9.

Let X € M,,(C) be a positive semidefinite matrix written, X = (wzx;k), where z; =

(w1,...,2,)T € C"is a column vector and 7 is the transpose conjugate(row vector) of
x;. The diagonal elements of the positive semidefinite matrix X given by z,Z, = |z,]
are positive real numbers.

Definition 1.1 Let X be a 4 x 4 positive semidefinite matrix with complex entries. Let

c1,¢0,c3 € RT, 0 < u < 1 and r € N. Then we define the positive map Pluscr,carcs) @S
follows:
qb(u,Cl,Cz,Cg) : M4(C) — ME)(C)
P —C1X1T9 —C2X1T3 0 —UT1T4
—C12221 Py —CoXToT3 —C3L2T4 0
X = | —cox3T1 —Cox3T9 Ps —C3T3T4 0 , (1)
0 —C3L4T9 —C3T4T3 Py 0
—UT4T1 0 0 0 Ps
where
Pr=p7 " (|z] + erlwa|p” + eolas|p” + cslwalp”),
Py = p"(|z2| + crlws|p” + calwa|p” 4 cslzi|p”),
Py = p7"(|as| + erlzn[p" + colwa|p” + eslzs|n”),
Py = p7"(|o] + 22| + |zs] + [24]),
Ps = p"(|wa] + exlma|p” + calwa|p” + czlwalp”).

2. Positivity

A linear map ¢ from M,,(C) to M,,(C) preserving symmetry is positive if the matrices
¢(X) are positive semidefinite for all positive semidefinite matrices X € M, (C). The
linear map ¢ is the image of positive semidefinite matrices of rank 1 if the matrix z;z}
has rank 1. By definition of positive semidefinite matrices, positivity of the map ¢ gives
the biquadratic polynomials of ¢(X). The linear map ¢ is uniquely determined by the
polynomial function F(z,z) := qu(xixj)zT as a biquadratic function in z := (x1, ..., 2,)
and z := (21, ..., ). The map ¢ is positive if and only if the biquadratic form F(z,z) is
a biquadratic function.
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Lemma 2.1 Let 0 < o < 1 and ¢y, ¢2,c3 = 0. Then the function

F(z1, 22, 23, 24, 25, 1)

= calt|z] + (c3 + calt] — 217 c3)25 + (calt] + c3)25 + (B~ + ™ "[t| — 3u"csRe(t)?) 2]
—r
2
+ (22 — 20" csRe(t)24)? 4+ " (23 — 2u"csRe(t)24)* 4+ (21 — pt T Re(t)25)?

+(erteates+tp" — u2+rRe(t)2)z§ +ci1(z — ZQ)2 +ca(z — z3)2 + i (23 — 21" co29)?

is positive semidefinite for every zi,29,23,24,25 and t € C whenever it satisfy the
inequalities

W= 2cs, (2)
pw = 2e, (3)

c1 = co, (4)
ap™" > (5)

Proof. If z; =0, then

F(0, z9, 23, 24, 25, )

(L e+ alt” eV i (L et o e )R+ (3 + ()22
+u " (Jt] + ap” + cop” + c;gf)z% — 2¢92923 — 2c3Re(t) 2224 — 2csRe(t) 2324

= p (U ep)zs + 7 (L altlp’)z3 + 307728 + uTT ([t e’ + cop” + eap”) 23

|t
+ co(z3 — 02)2 + co(|t] — l)z% + c3(z9 — Re(t)24)2 + (u T|2|

|t
+ c3(23 — Re(t)z4)* + (u |2| — c3Re(t)?) 2.

— 03Re(t)2)zf

From the coefficients of 23 and 23, we have

prHeateltl—ca=p"+ (a1 —c2) + eat],

Bu™" 4 pTt| = 2esRe(t)? = 3u™" 4 p T (|2 + [yl?) — 2esla?,
respectively. The function F'(0, 22, 23, 24, 25, t) is positive whenever it satisfy the inequal-
ities =" = ¢co and pu7" = 2cs.

If zo = 0, then
F(21,0, 23, 24, 25, t)
= (L4 cip” + cop” + esltlu") 2] + (1 + et + cop” + cap”)z3 + " (3 + [t]) 2
+ (] e A cop” + c3p”)zE — 2co2123 — 2c3Re(t) 2324 — 2uRe(t) 2125
= (c1 + eslt])2f + (c1lt] + e3)25 +3u~"2F + (c1 + co + 3)23 + ca(z1 — 23)°
+ (23 — p"esRe(t)z4)? + (u Tt — p"cARe(t)?) 23
(1 — p T Re(t)25) 4+ (0 — i Re(8)2)22 > 0.
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The coefficients of 27 satisfy the inequality
—2 2 2 -2 -2 2 2 20,12
p B ) — gRe(t)” = 3u™" + p7 7 (2" + [y[7) — c3la]” = 0

whenever (2) hold.
If z3 =0, then
F(z1,22,0, 24, 25, 1)
= p (Lt e’ + cop” + ealtlp”)2E + 7T (L eop” + eoltln” 4 eap”)2F + pTT (3 + [t]) 2
+u (] + ap” + eop” + c;;,ur)zg — 2¢12122 — 2c3Re(t)zo24 — 2uRe(t) 21 25

= (co +c3lt])2? + (c1 + calt]) 23 +3u 23 + (c1 + c2 + ¢3)22 + c1(21 — 29)*

T (es — e1) + (25 — pesRe(t)za)? + (5" t] — pARe(1)?) 22
+ (21— T Re()25)” + (77|t — 4* T Re(t)?)22 > 0.
The coefficients of 27 satisfy the inequality (2).
If zy =0, then
F(z1, 29, 25,0, 25,1)
= (Lt erp” 4 cop” + ealt|p”) 2+ pTT (L e’ + eoltlu” + eap”)2F + p T (L et + cop”
+eap” )z 4+ ([t A e eop” 4 cap”)zE — 2e12120 — 2092123 — 2022023 — 2uRe(t)z1 25
= calt|2f + 1z + T (L + ealtlu” + cap”) 23 + T (|H e’ + eop” + ez’ 23
ez — 22)% + oz — 23)° + 7" (23 — 1 eaz)? + (calt| — p"5) 23
(o — T Re(8)25)? + (57 — T Re()?)22 > 0.

The function F(21, 22, 23,0, 25, ) is positive if the coefficients of 23 satisfy the inequality

(8).
If z5 = 0, then

F(z1, 22, 23, 24,0, 1)

= p (L e’ + eop” + ealtlp”) 2 + T (L + eip” + ealt|pn” + eap”) 23
+ (L + et + cop” + esp”) 23 + (3 + [t]) 2]
— 2¢12129 — 2092123 — 2022923 — 2c3Re(t) 2224 — 2c3Re(t) 2324

= (L + esltlp”)zf 4 e3zh 4+ "2 4 3T 2 + iz — 22)° + calz1 — 23)°

t
+ea([t]ze — 23) + (erft] = e2) 25 + 7" (22 — c1p"Re(t)z4)* + (MT‘2 — 1" fRe(t)?) 2]
t
+ c3(23 — Re(t)z4)* + (MT! — c3Re(t)?) 2.

The function F(z1, 22, 23, 24,0,t) is positive whenever the coefficients of 22 satisfy (H)
while the coefficients 27 satisfy the inequalities (2) and (3).
Now let z; # 0,¢ = 1,2,3,4,5 and assume that there exist 21, 20, 23, 24, 25 € R and

t € C such that z; # 0 and F(z1, 22, 23, 24, 25,t) < 0. Since 0 < p < 1 and ¢1,¢c2 > 0,
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then

F(21,22, 23, 24, 25, 1)

=p (L4 crp” + eap” + calt|p”) 2 + p7 (14 crp” + colt|u” + eap”) 23

97

+ i (L4 caltlu” + cop” + esp™) 25 4+ " (B [t)2F + u T ([E] + cop” + cop” + cap”) 23

— 2c12129 — 2¢92123 — 2c92923 — 2c3Re(t) 2224 — 2c3Re(t) 2324 — 2uRe(t) 2125

= cslt|a} + "2+ T 2 4+ 30T 2 + (e 4 c2 4 €3) 28 + c1 (21 — 22)° + caler — 3)°

Lt
+ co([t|z2 — 23)% + (c1|t] — c2)22 + e3(20 — Re(t)24)? + (1 ’2’ -
t
+ c3(23 — Re(t)z4)? + (,ur|2| — c3Re(t)?) 27

+ 1 (21— W Re(t)2)? + (T — p2FRe(t)2)22 < 0.

csRe(t)?)22

The function F(z1, 29, 23, 24, 25,t) < 0 is a contradiction when the inequalities (2) and

(@) hold. Thus, F(z1, 22, 23, 24, 25, t) = 0 for every z1, 29, 23,24,25 € Rand t € C

Proposition 2.2 Let ¢, ¢, c,.c,
gbwﬁ@@) is positive if ¢; > co.

Proof. We need to show that

q
8 =
¢(M7C17C2yc3) U (C] sU t) € M;_
t
for every q, s,u,t € C; that is,
T _ _ —
21 p1 —cgs —coqu 0 —pqt\ [z
29 —c18q p2 —casu —c3st 0 29
23 —couq —cous p3  —cgut 0 Z3
24 0 —c3ts —c3tu  py 0 24
25 —putqg 0 0 0 s 25
where
pr=p""(lg] + |slerp” + |uleap” + esft|u"),
pa = p " (|s| + |ulerp” + ealt|u” + |glesp”),
p3 = p"(|ul +arlt|u” + lgleop” + [s|esp”),
pa=p"(lg] + s + |u] + [¢]),
ps = ([t] + lglerp” + [sleap” + Julespu”)

for every z1, 29, 23, 24, 25 € R and ¢, s,u,t € C.

) satisfy the conditions in Lemma E. The linear map
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For ¢, s and u are not equal to zero, assume that ¢ = s = v = 1. Then, by Lemma P,

ZT¢(M761702703) (1 11 t_) z

Sl e

is positive for every z = (21, 22, 23, 24, z5) € R® and t € C. Taking ¢ = s = u = 0, we have
calt|2f + colt|z3 + erlt] 23 + p [t 2F + T [E]2E > 0.
If u=0and 0 <p<1,then

P (U eap” + ealtp) 2+ T (L eoltp” + eap”) 23 + (ealt] + ca + e3)23

+ (2 )23+ (] F eap” + cop”) 22 — 212129 — 2c3Re(t) 224 — 2uRe(t) 2 25
= calt]zf + (14 eolt]) 23 + (ealt] + o+ 3)23 + 22 + (e + 2) 2

+e1(z1 —22)2 + (" —c1)2s 4 c3(z2 — Re(t)zg)* + (™ "|t] — c3Re(t)?)22

(e — i TR()28)? 4 ([t — i Re(t)?) 22

is positive when the inequalities (&) and (B) are satisfied.
Let s =0. Since 0 < p < 1, then

P (L cop” + ealtp”) 2 + (er + ealt] + e3) 25 + p (L + ealt|u” + cop”) 23

+ (24 )23+ (] F eap” + esp”) 22 — 2202300 — 22324¢3Re(t) — 221 25 uRe(t)
= c3]t|2? + (c1 + colt] + e3)23 + c1|t|23 + 2u 23 4 (c1 + ¢3) 22 + ca(21 — 23)°

(e — W esRe(t)oa)? + (] — 1 ARe(1)?)22

(o — TRz 4 (T — i Re(H)?) 22

is positive when the inequality (@) hold.
If g=0and 0 < p <1, then

(c1 +co+eslt))z+ (L +cp” + colt|p”)2s + " (L4 cip” + esp”) 23
+ (24 )22+ (] F cap” + eap”) 22 — 292923 — 2c3Re(t) 224 — 2c3Re(t) 2324
= (1 + o+ ealt)ad +erzs + p "2+ 20772 4 ([t + cop” + cap”) 23

C _
tea(ltlz = 29) + (= 1) + 7" (2 = W esRe(t)20)’

N ol
(W ARt + eatea — Ret)20? + (1 — et

is positive when inequalities (2) and ¢; > ¢2 hold. [ |



C. A. Winda et al. / J. Linear. Topological. Algebra. 11(02) (2022) 93-108. 99

3. Completely positivity

The tensor product of positive semidefinite matrices M,, and M,,41 is isomorphic to
the block matrices My, (M41).
My @ Myy1 & My (Myy1) = Mao(Miy41) for some n € N.

By the isomorphism and canonical shuffling we present the structure of the Choi matrix

C¢(M,L1....,cn> as
a Cl><m 0 }/ixm
c* . B z* 1T,
C — mx1 mXxXm mx1 mXxXm , 7
¢ 0 Z1><m d F1><m ( )
erxl T;zxm F';rkle Um><m

where a, d are positive real numbers while B, U and T are positive semidefinite matrices
in M,, and C,Y, Z are vectors in C™. By ¢;; we denote the conjugate of ¢;; € C while
conjugate transpose of a matrix C' is denoted by C*. Recall a classical result,

Theorem 3.1 [4] Let S be an invertible matrix. The self-adjoint block matrix M =

()

(i) is positive if and only if S is positive and P*S~!P < Q.
(ii) det M = (det S)det(Q — P*S~'P).

Remark 1 For M = (i p),
P Q

det M = (det S) det(Q — P*S™'P) = sdet(Q — p*s~'p) > 0
if and only if sQ —5’*172 0.

The Choi result in [[l] shows that a positive map is completely positive if and only if the
Choi matrix is positive semidefinite. We look at the conditions for 2-positive, complete
positivity and complete copositivity of this map by applying Remark 0 the matrix (@).
Then Propositions 3.1 and 3.2 in [17] can be stated as the following:

Proposition 3.2 Let ¢ : M,, — M, 11 be a 2-positive map with the Choi matrix of
the form (@). ¢ is completely positive if the following conditions hold:

(i) Z=0;
(ii) C*C < aB;
(iii) Y'Y < aU;
(iv) if B is invertible, then T*B~1T < U.
Proposition 3.3 Let ¢ : M,, — M,,+1 be a 2-positive map with the Choi matrix of
the form (@). ¢ is completely copositive if the following conditions hold.

(i) Y =0;

(i) CC* < aB;

(iil) ZZ* < aU;

(iv) if B is invertible, then TB~1T* = U.
Remark 2

(1) The transposition in this case implies the partial positive transpose of the Choi
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matriz Cyp € My(Myy1). The transposition is operated with respect to the blocks
M,,. This leads to the partial positive transpose Choi matric C£ € M,(My11)
with the structure

Ca Clam| 0 Zixm
B Y, Tr
C}; = mx1 Pmxm|Imx1 Lmxm c Mn(Mn+1) (8)

0 1/1*><m d F1><m
F* x1 Ume

Zm><1 Tme m

(2) The proof of F*F > dU which we include in our paper follows from the proof of
Remark @ of Theorem .

3.1 Completely positivity of @(u,c,,cz,cs)
Proposition 3.4 Let ¢, c,.c,) De a positive map given by (). Then the following

conditions are equivalent:

(1) P(uc1,c0,c5) 18 completely positive.

(i1) @(u,e1,e0,c5) 18 2-positive.
Proof. (i) = (ii). Assume ¢, , c,c,) 18 2-positive. Consider a rank one matrix P =
[z;2] a positive element in My (M;5(C)), where z; = (1,1,0,0,1,1,0,0,1,1)T. We have

N I T e
c3 .
. C9
CopT
. N . C1] . . . . .
Iy ® ¢(u,01,62,03)(P) = . e . ] _ ] (9)
-1 . . . .. ,ufr —C2 —C3
—c2 . . . |.—cou" —cs3
R e e N
el T PO Copr

in Ma(Ms5(C)), where zeros are replaced by dots.
Since @y, c,,eq) 18 2-positive, the above matrix is positive definite. Therefore,

p—e e op
—cy " —cg —c3 .

—cg—copu " —ecg .| =0 (10)
—c3 —c3 pu .
7 )
and
pwr>c, pm" >cgand pT" = 2c3 (11)

hold.
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is

rea.c3)

The Choi matrix C@Wl

~
_u,OOOOOOOOO OOOOOOOOO_N
[ae] [~e] =
OOOOOOP_UOOO OO%OOOOO_NO
SCloocoococococococo|lclcococococ o Joo
Clocococoocococooo|lclcoccoco oo o
cCloocoococococococo|jlococooco oo oo
SCloocoococococococo|jlolcocoo oo oo o
~
cloocoococococooco o 000,#000000
o o =~ o
%00000%000 OO,MOOOOO%O
Clococoocococooco|lo|lococoocococ oo
cloocoococococococo|flococococococ oo
cClococoocococoo {Jococcocococococo
~
OOOOOOOO_MO cloocoococococooo
SCloococococo foo|jlojococcocococ oo
— = o [ae]
%OOOOO_NOOO 00%00000%0
SCloococo oo o o|lolococcocococ oo
cClooco fJoocooo|lclccccococ o oo
~
OOO_MOOOOOO cloocoococococooo
oo oocoocococoo|lclcoccococooc o oo
olfcoocoococoococooco|lclococcococoococ oo
=~ — [\ u:
,MOOOOOn_.VOOO OOp_VOOOOOO_

Clearly, Z is a zero matrix and a,d € RT while B and U are positive matrices. Since

a = 0, we have

o

r

I
S 30000 o OO
]

~

Q

I
IO OO OO0 O OO
[a¢]

Q

aB - C*C

which inequality aB — C*C' > 0 hold when p=" > ¢;. Next,

=
cococoocococooo ol
=
e =
o Ycocococol o
_ S
OO oo OoOO Joo
coocooco Jooo
cocooco oooo
coo Jooo oo
=~
ool _coococoococo
S
~ N
ol_,oococococ Yo
3 _
Jooocoocoooo
N
O
I
-
S
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The inequality dU > 0 holds when p=" > c¢3. For

ap™ 0 0 0 0 0 0 0 0
0 u?2—-c2 0 0 0 0 0 —c3u" 0
0 0 w2 0 0 0 0 0 0
0 0 0 czu™™ 0 0 0 0 0
alU —Y*Y = 0 0 0 0 cu™ 0 0 0 0
0 0 0 0 0 cou™™ 0 0 0
0 0 0 0 0 0 cpu™ 0 0
0 —c3p™ 0 0 0 0 0 u 7 0
0 0 0 0 0 0 0 0 p 2 —pu?

the matrix aU — Y*Y is positive when M_QT > cg + cg holds. Since ¢3 > ¢1 > co, the
maximum value of ¢4+ ¢3 is attained when c3 = co. Therefore, p=2" > c3+c% < ci+c3 =
2c3, where =" > 2cs.

cc 0 0 00O 0 0 0
Op™ 0 000 0 —c3 0
0 0 pw7"00O0 0 0 0
0 0 0c300 0 0 0
U-T*BT=|10 0 0 0¢30 0 0 0
0 0 0 00c 0 0 0
00 0 000c—cu"—c2um 0 0
0—c3 0 00O 0 w0
00 0 00O 0 0 u"

All the principal minors of U — TB™!T are positive when cipu™" — (¢ + ¢3) > 0. It is
clear that c3 > ¢1 > ¢, so

cp "= (B3 <" — () =cap " — 23 > 0.

This implies that ©~" > 2c3. Hence the set of inequalities ([(T) are satisfied, consequently

Cbipuer.en.ey) 18 POsitive semidefinite. Hence, complete positivity of ¢, c, c,.¢,) follows. B

3.2  Completely copositivity of @(u,c,cz,cs)

Proposition 3.5 Let ¢, c, ) Pe a positive map given by (). The positive map
P(u,c1,e2,c5) 18 completely copositive if the following conditions holds:

(i) B(u,e1,00,c5) 18 2-copositive.
(ii) ¢(M,CI,CQ,CB) is completely copositive.

Proof. Assume ¢, ¢, c,,c,) 18 2-copositive. Consider a rank one matrix P an element in
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My (M5(C)) where x;

—r

1,1,0,0,1,1,0,0,1,1)7, we have
(

T2 ® ¢(,U,,61702,C3) (P>

u
C3 —C1
(&) . —C9
pr -
.|
—C1 —C2 — K| C1 . . .
p" —co —c3
—co " —c3
—cg —cg p "
Mfr

103

(12)

in M2(M;5(C)). By computation of the minors, 72 ® ¢, ¢, c,,¢,) (P) is positive semidefinite

on condition that

pw >, pT>ee, pT > 203, c3 =1 and ¢ = e
hold. The choi matrix C};( ) is
H,c1,02,03
p
C3 . —C1
. Co . —C2
LopTn o .
. . C1 . -
—C1 . C1 . .
LopTm o .
. C3 . —C2
LopTT —c3
. Co
—C2 C2 .
—Co C1 .
LopTT
opTn —c3
. . C3 .
— K . C3 .
. —C3 . . C2 .
—C3 . . C1 .
opTm o
Lo
Since a > 0 and C' = 0, we have
cg 00 00— 0 O O O
0O coc OO O O O OO
0O Op ™0 0O 0 0 0 O
0 0O 0cg O O O O O
aB—CC*=p"| =10 0 0 ¢gc 0 0 0 O
0000 0 ™0 00
0O 0 0O0O 0O 0 c3 0 O
00000 0 O0OpT™O0
0O 00O 0O 0 0 0 ¢

(13)
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The inequality aB — CC* > 0 hold when c3 > ¢;.
Since F' is a zero matrix, dU — F'F* is positive when the inequality ciu™" > cg hold.

u"es 0 0 0 0 0 0 0 0
0 uw2—-c 0 0 0 0 0 0 0
0 0 w2 0 0 0 —c3u™™ O 0
0 0 0 u'cs O 0 0 0 0
aU —Z7Z* = 0 0 0 0 wp'cs O 0 0 0
0 0 0 0 0 pu'ey O 0 0
0 0 —cspu~" 0 0 0 wu'cg O 0
0 0 0 0 0 0 0 wpu2 0
0 0 0 0 0 0 0 0 u 2
The matrix is positive when the inequality ¢~ > ¢3 holds.
Finally,
cg 0 0 0 00 0 0 0
Oup™ 0 0 00 0 0 0
0 0 pur 0 00 —c3 0 0
0 0 O 3 00 % 0 0
U-TB7'T*=[0 0 0 0 0 0 0
0 0 O 0 0 co 0 0 0
00 - 0 00%9tasa 0
00 0 —c3u'™ 00 0 pm—cAum 0
0 0 O 0 00 0 0 w"

The minors of U — TB~1T* are nonnegative when the inequalities u=" > ¢3, ¢ = co and
c1p™" > ¢3 hold. [ |

Ezample 3.6 The linear map ¢(1 2 1 sy is completely positive and completely copositive
4
for r > 1.

2
27375

4. Construction of a decomposable map

Given the positive map ¢ : M,, — M,+1. Our aim is to construct a new map
® : M,, — M1 by means of the given map ¢ such that ®; = ¢(X) and &3 = ¢(X7).
It is clear that the Hermitian conjugation and transposition transform column-vectors
into row-vectors and vice-versa.

Definition 4.1 By a merging of the maps ®; and ®5, we can define

@(Hﬂclac2703) : M4(C) — M5((C)7

2P, —c1(X1T2422T1) —co(T1T3+T3T1) 0 —p(T1Ta+T4T1)
—c1(22T1421T2) 2P, —co(T2Ts+x3T2) —c3(2TatxaT2) 0
X ’_> 7C2(Igi1+$1j3) 762(I3j2+2?22773) 2P3 7Cg($3i4+$4j3) 0 s (14)
0 —03(x4i2+x29?4) —C3(I4.i’3+503£f4) 2P4 0

—/A($4j1+l'1i'4) 0 0 0 2P5
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where

r

Py = p7"(Jo] + erfwo|p” + colws|p” + cslzalp”),
Py = p7"(|v2| + erlzs|p” + |zaleap” + [21]esp”),
Py = p7"(|as| + erlzr[p" + |zaleap” + [wslesp”),
Py = " (lz| + |w2| + [ws] + [4]),

Ps = p"(|za| + cr|za|p” + colmo|p” + cs|za|p”).

Proposition 4.2 The linear map P, ¢, ¢, c,) 18 positive.

Proof. Let b;; = x;Z; + x;Z;. Then the map (I4) reduces to

2P —cibig —cobia 0 —pbiy
—c1bor 2Py —cabaz —c3bay O

O(X) = | —cob3r —cabza 2P3 —c3b3zs O
0 —cgbgo —cgbys 2Py 0
—pbsr 0 0 0 2P;
The proof follows from Proposition E22. n

Proposition 4.3 The linear map ¢, , ¢, .c,) is 2-positive (2-copositive).

Proof. Let ®(, ., c, ) be positive. We have that Zo ® @, ., ¢, ¢,)(X) is the matrix

2u™" . . . . . —c1 —Cco . —u
. 203 . . . |—C1 .
202 . . |—C2
207" | .
. . . 2c1 — U
—C1 —C9 . — U 261 . . . (15)
—c1 . . . . . 2u7" —2¢0 —2c3
—Cco . . . e —2c0 207" —2c3
. . . . . —2¢c3 —2¢c3 217"
T . o . . .2uTT
Since @y, cseq) 18 2-positive, the matrix Ty @ @,y c, ¢, ,c,)(X) is positive definite. There-
fore,
pt >, T > e, uT >3, 3201, €12 [, € 202
hold. [ ]

Proposition 4.4 The linear map ¢, c, c,.c,) 18 completely positive (completely coposi-
tive).

Proof. The computation of the Choi matrix of the linear map @, ., c,c,) gives
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ch(u;ﬁlmz,ﬂs) as
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, | N
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The matrix is positive when 2u~" > ¢ and 4¢3 > ¢;.
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dU = 202

dU > 0 is positive when 4p~" > ¢3 and 4ciu™" > c%.
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is positive when 2u~" > co, 4u™%" > 2 + cg and 472" > ¢3 + p? holds.

degp™" 0 0 0 0 0 0 0 0
0 4u=%—¢c3 0 0 0 0 0 —2c3p™" 0
0 0 4~ 0 0 0 —2c3u~" 0 0
0 0 0 desp™ 0 0 0 0 0
aU —Z%7 = 0 0 0 0 desp™™ O 0 0 0
0 0 0 0 0 2c4p™" 0 0 0
0 0 —2c3u™" 0 0 0  dep 0 0
0  —2c3p" 0 0 0 0 0 A2 0
0 0 0 0 0 0 0 0 Ap~2 — 2
is positive when 2u™" > co and 4~ > ¢3 + ¢3 holds.
2c; O 0 0 0 0 0 0 0
0 20" O 0 0 0 0 —c3 0
0 0 2up" 0 0 0 —c3 0 0
0 0 0 23 0 0 o 0 0
U_TB'T*=| 0 0 0 0 2 0 0 0
0 0 0 0 0 2¢—L(co+ezu) 0o 0 0
0 0 —cg 0 0 0 2 — 2 0 0
0 —c3 0 Zegu™t 0 0 0 207" — 3c3u” 0
0 0 0 0 0 0 0 0 2u™"

The minors of U — TB~'T* are nonnegative when the inequalities 207" > ez, 01 = C
and 4eqp™" > cg hold. [ |

Proposition 4.5 The linear map ®(,, ., ¢, ¢,) 18 decomposable.

HyCay

Proof. From Proposition I3, ®(, ., c, .,) i 2-positive (2-copositive) and complete pos-
itivity is equivalent to complete copositivity. Observe that the sum of Cy,, . . = in

Proposition B4 and C};( ) in Proposition B3 is given by Cg, . . ... That is,
mie1,e2,¢3 191162
F _ F . .
C‘I’w,cl,cg,m = C’¢(M,CLC2,C3) + C¢<u,c1,%c3>' Therefore, ¢(H,CI7CQ’C3) is decomposable with
Lpyer,ca,c) 2-POsitive and g, ¢, ;) 2-COpOsitive. [ |

Proposition 4.6 Let be ¢ linear map in B(M,,(C), M,,(C)). If the matrix transpose
of [¢(xi;)] is equal to [¢(z};)], then ¢ decomposable.

Proof. Assume that M, C B(S) for some Hilbert space S. Let
z 0
s={(§ ) e MaBO) iz € M, (16)

where T" represents the transposition map with respect to some orthonormal basis in S.
Then S is a self-adjoint subspace of Ma(B(S)) with the identity. One can observe that
both [z;;] and [z;;] are in My (M,,)" if and only if

xz11l 0 z1r O
0 ofi] 0 o,

: : € Mg(S)*.
['I'kl 0 ] [Uﬁkk 0 ]
0 zf |1 0 2l
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Therefore, ¢ is k-positive. Since [¢(x;)] = [2i;]T = [xji] = [#(zji)] € My(A)T. By [10,
Theorem 1], ¢ is decomposable. |

Conjecture 4.7 If ¢ is a linear map in B(A, B(#)) and is decomposable to a 2-positive
map ¢; and a 2-copositive map ¢ such that ¢1,¢2 : A — B(H). Then ¢, is also
2-decomposable whenever Cg is equal to Cg.
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