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Abstract. Let (H; (-, -)) be a complex Hilbert space. Denote by B (H) the Banach C*-algebra
of bounded linear operators on H. For A € B(H) we define the modulus of A by |A| :=

(A*A)Y? and Re A := 1 (A" + A) . In this paper we show among other that, if A, B € B(H)
with 0 < m < |(1 —t) A+ tB|* < M for all t € [0,1], then

1 , * 2
o</0 f(|(1—t)A+tB‘2)dt—f<\A| +Re(§ A) + |B| )

<o [LmisGn _p(mia)),,

for operator convex functions f : [0,00) — R. Applications for power and logarithmic func-
tions are also provided.
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1. Introduction

Let R be the set of real numbers and I C R be an interval. A function f: I CR — R
is said to be conwvex in the classical sense if it satisfies the following inequality

flz+ 1 =0)t) <tf(x)+(1-1)f(y)

for all z, y € T and t € [0, 1].
Let f: I CR — R and a,b € I with a < b. Then the inequality

f<a+b> /‘f FEORSI0 0

holds if f is convex, and is known in the literature as Hermite-Hadamard inequality,
after the name of C. Hermite and J. Hadamard (see [I7]). The inequalities in (0) hold in
reversed direction if f is a concave function.

A vast literature related to (I) have been produced by a large number of mathe-
maticians [I3] since it is considered to be one of the most famous inequality for convex
functions due to its usefulness and many applications in various branches of Pure and
Applied Mathematics, such as Numerical Analysis [3], Information Theory [?], Operator
Theory [9, IT] and others.

Let X be a vector space over the real or complex number field K and z,y € X, = # y.
Define the segment [z, y] := {(1—t)z+ty, t € [0,1]}. We consider the function f : [x,y] —
R and the associated function g(z,y) : [0,1] — R with g(z,y)(t) := f[(1 — t)z + ty] for
t € [0,1]. Note that f is convex on [z,y] if and only if g(x,y) is convex on [0, 1].

For any convex function defined on a segment [z,y] C X, we have the Hermite-
Hadamard integral inequality (see [@, p. 2], [B, p. 2])

f<x+y> /fl—tm+ty]d o+ 2)

2 i

which can be derived from the classical Hermite-Hadamard inequality () for the convex
function g(z,y) : [0,1] — R.

Since f(z) = ||z||P (xr € X and 1 < p < 00) is a convex function, then for any z,y € X
we have the following norm inequality from (2) (see [I6, p. 106])

r+y P
2

1 p p
x||¥ +
<Aru—wx+www<””zw”. 3)

A real valued continuous function f on an interval I is said to be operator convex
(operator concave) on I if

fFA=XNA+AB)<(2)(1=A) f(A)+Af(B) (4)

in the operator order, for all A € [0, 1] and for every selfadjoint operator A and B on a
Hilbert space H whose spectra are contained in /. Notice that a function f is operator
concave if — f is operator convex.

A real valued continuous function f on an interval I is said to be operator monotone
if it is monotone with respect to the operator order, i.e., A < B with Sp(A),Sp(B) C I
imply f (A) < f(B). As examples of such functions, we note that f (¢) =" is operator
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monotone on [0, 00) if and only if 0 < 7 < 1. The function f (t) = t" is operator convex
on (0,00) if either 1 < r < 2 or —1 < r < 0 and is operator concave on (0,00) if
0 < r < 1. The logarithmic function f(¢) = Int is operator monotone and operator
concave on (0,00). The entropy function f (t) = —tInt is operator concave on (0,00).
The exponential function f (t) = e’ is neither operator convex nor operator monotone.

In the recent paper [2], we obtained among others the following Hermite-Hadamard
type inequalities for operator convex functions:

Theorem 1.1 Let f : I — R be an operator convex function on the interval I. Then
for any selfadjoint operators A and B with spectra in I and for any A € [0, 1] we have
the inequalities

f<A;B> <(1_A)f{(1_”‘4;(1“)3] +Af{(2_”2‘4“3] (5)

1
</0 F((1—s) A+ sB)ds

1
S A=A A+AB) + (1= A) f(B) +Af (4)]
_ A+ (B)
~X 2 .
A similar result and with a different proof was obtained by B. Li in [I4]. For A = %
in (8) we recapture the result obtained in the earlier paper [[1] by the author. For other

similar inequalities for operator convex functions see [, [&-22].

Denote by B (H) the Banach C*-algebra of bounded linear operators on Hilbert space
H. For A € B(H) we define the modulus of A by |A| := (A*A)Y? Tt is well known that
the modulus of operators does not satisfy, in general, the triangle inequality |A 4+ B| <
|A| + | B], so the classical arguments using this inequality can not be used.

In the recent paper [4], we obtained among others the following Hermite-Hadamard
type inequalities for operator convex (concave) functions f : [0,00) — R and A, B €
B (H) with Re (B*A) > 0,

f<|A|2+Re(133*A)+|BI2> <(>)/()1f(|(1_t)A+tB|2> u
<5 [7(14R) + fRe(B ) + £ (1B1)] .

Some examples for power functions and logarithm were also provided.
In this paper, we show among other that, if A, B € B(H) with 0 < m <
|(1—t)A+tB|* < M for all ¢t € [0,1], then

t)A+tB t — A|” + Re (B* 2
</1f(|( ) |>d f<| ‘ (BA)+|B‘>
0

3

coffmsn _y(meay],

for operator convex functions f : [0,00) — R. Applications for power and logarithmic
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functions are also provided.

2. Main Results
The first main result is as follows:

Theorem 2.1 Let f:[0,00) — R be operator convex on [0,00). If A, B € B(H) with
0<m<|1—t)A+tB> <M

for all t € [0,1], then

' 2 [A* + Re (B*4) + |B[?
O</0f<(1—t)A+tB])dt—f< . (6)
M-l [\AF + Re (B*A) + |B|2}
< f(m) T —m
LA + Re (B*A) + |B*| = m 2 . 2
v ranl L ) _f<M|+Ra§Aw+m>
f(m)+ f(M) m + M
e[ ()]
Proof. We use the double inequality, see [6],
2min{a,1 — a} [f(m);f(M)_f<m;M>} (7)

< —a)f(m)+af(M)=f(1-a)m+aM)

f@@;f@ﬁ_f<m;M>]

< 2max{a,1— o} [

for o € [0, 1].
Let 2 € [m, M] and take o = == € [0, 1] to get

2min{x_m M_x} [f(m)Jrf(M)_f(erM)]

M—-—m’'M—-—m 2
M—x T — M—x r—m

< M) — M

md )+ g f () f<M—mm+M—m )

S [T ()]
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namely

2 1
< - (M —m) —
0 M—m{( m)
M-z

< g f )+ T f (M)~ £ ()

it [y (2]

If we use the continuous functional calculus for selfadjoint operators and the inequality
(B) we get for mly <T < M1y

ongm{;M—mnH—ﬁ—sz} (9)
[Lm s ity

< Fm) T+ F (M) 3 (T)
<M3m{;MmﬂH+ﬁsz}

[Lmrsan o))

So, if we take T’

2 * 2
_ 14 +Re(]§ AHBL (9), then we get the inequality of interest

0< 2 V0m+fwﬂ_f<sz>] (10)

x{;M—mﬂH—

|mhﬂa9m+wﬁ_m+Mu
3 2

M =} [|A] + Re(B*A) +|BP]

< f(m) A
L 14)? + Re (B*A) + |B)?| - 2 . 2
+fM@3“ GL—21|] m_f<m|+Ra§AyHB|>

L 2 Vum;fmaf<m;M>]

3 2

|mhﬁqmm+wﬁ_m+Mu

1
>
<o LSOy (mear))
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From (9) we also get

M-T T—-m
M

F(T) < f(m)
which gives for T = |(1 —t) A+ tBJ*, t € [0,1] that

f(y(l—t)A+tB|2>

M—](l—t)A+tB|2+
M—-—m

(1 —t)A+tB> —m
M—-m ’

< f(m) f (M)

te0,1].
By taking the integral and by observing also that

AH@—QA+£Fﬁ
= /01 (1= 6 |AP + 20 (1 - ) Re (B*A) + 2 [BP| dt
- (/01(1—t)2dt> \A|2+2(/01t(1_t)dt> Re(B*A) + </01t2dt> B
= % AP +Re (B*4) + | B,
we get

M- [|A|2 + Re (B*A) + yBﬂ
(11)
M—m

1
/0 7 (1=t A+ tBP)dt < f (m)

L [\AF +Re(B*A) + 13\2] —m

7 (M) Y

By subtracting in () f ('A‘QJFRG(?*A)HB‘Q) , then we get

2 * 2
/1f(|(1—t)A+tB|2)dt—f(’A| +Re(]33 A) + |B| ) (12)
0
rom M- [|A[2 +Re (B*A) + \Bﬂ
= M—-—m
%[‘AF—FRG(B*A)—F’BF} —-m |A\2—|—Re(B*A)+|B\2
ron AR et

By () and (M) we derive the desired result (B). [ |
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Corollary 2.2 Let f : [0,00) — R be operator convex on [0,00) with f(0) = 0. If A,
B e B(H) with |A]*, |B]* < M, where M > 0, then

! 2 |A]” + Re (B*4) + |B|?
o</0 f(la=1nA+tB) )dt—f( S (13)
_ S0 |A|? + Re (B*A) + | B _; |A|? + Re (B*A) + | B|?
S M 3 3

1 1
L2|=fM)—f=M])]|.
500 -1 (5m)]
Proof. The following Cauchy-Bunyakowsky-Schwarz inequality holds

2

9

n n n
D wplz? Y wi A = Y wrzr Ay
k=1 k=1 k=1

where z, € C, Ay € B(H), wy >0 for ke {1,...,n} and >}, wy = 1.
Let A, Be B(H) and t € [0,1]. Then by (Id), we get

(1—t) A+tB|* = ‘(1 V21— t)l/zAthl/Qtl/zB‘?
< [((1 — t)1/2)2 + (tl/Q)Q} U(l —1)/? AF n ‘tl/QBﬂ

—(1—t+1) [(1 — 1) |Ay2+t\3|ﬂ
=(1-t)|AP+t|B].
So, if |A]* < M and |B|*> < M, then |(1 —t)A+tB]* < (1—t)M +tM = M and by
writing the inequality (B) for m = 0 we derive (I3). [ |
We also have:

Theorem 2.3 Let f: [0,00) — R be operator convex on [0,00). If A, B € B(H) with
0<m<|(1—t)A+tB|* <M for all t € [0,1], then

! 2 |A]> + Re (B*4) + |B|*
O</0f<|(1t)A+tB\)dtf< ; (15)
Miy -1 [yAP + Re (B*A) + |B\2]
< f(m) =
11142 + Re (B*A) + |B]*| —mly A2 ” 2
v ran 2 Sk ] _f<\|+Ru§ >+w|)

0D i (m) <; 14 + Re (B 4) + |B*| - m1H>
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x <M1H - é []A|2 + Re(B*A) + |B|2]>

< 3 (M —m) [£ (M) = 7} (m)] 1,

provided that the lateral derivatives

/ L . f (t) B
= (M) := t—>]\141,ntl<M t— M t—m, t>m t—m

are finite.

Proof. We use the inequality, see [§]
(I—a)f(m) +af (M) = f((1-a)m+aM) <a(l—a)(M-m)[f (M) fi(m)]

for a € [0,1]. Let & € [m, M] and take o = 17— € [0, 1] to get

M —=zx r—m

(M) — f1 (m)
M—mf<m)+M—m .

M—-—m

FOO) - f () < - (c—m)(M—z). (16)

If we use the continuous functional calculus for selfadjoint operators and the inequality
(I@) we get

Fom Ly pan T () (1)
< f'—(]‘ﬁ_ﬁ(m) (T —mly) (Mly —T).

2 * 2
So, if we take T' = 1] +Re(§ A)FIBE 4 (IC7), then we get the inequality of interest

Miy -1 [|A|2 + Re (B*A) + \Bﬂ

f (m) T )
o L1474 BB 4) 5] - i
M—-m
- (\A|2 +Re (B*A) + !BI2>
! 3
I U‘JQ - ﬁ (m) (; 14 + Re (B*4) + | B[] - mlH)

X <M1H - % [yAF +Re(B*A) + \B]QD

< (M —m) [72 (M) ~ 71 (m)] 1

From (I2) and (IR) we derive (I3). [ |
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Corollary 2.4 Let f : [0,00) — R be operator convex on [0,00) with f(0) = 0. If A,
B e B(H) with |A]*, |B]* < M, where M > 0, then

2 * 2
0</01f<\(1—t)A+tB\2>dt—f<|A’ +Re(§ A) +15] ) (19)
_ f(M) ||A]” + Re (B"4) + |B[* ; |A]” + Re (B*A) + |B|?
S M 3 3

< fL (M)]\; Q) (; [|A|2+Re(B*A)+|B|2}>

X <M1H - % [\AF + Re(B*A) + yB|2D

< ZM (M)~ 1L ()] 1

provided that f) (0) is finite.

Theorem 2.5 Let f : [0,00) — R be twice differentiable and so that there exists the
constants 0 < d, D such that d < f” (275 < D for any t € (m,M) C [0,00). If A,
BeB(H )Wlth0<m<|(1—t A+tB| < M for all t € [0,1], then

! 2 |A]> + Re (B*4) + | B|?
o</0 F(la=nAa+en) )dt—f( 5 (20)
Miy -1 [yA\Q + Re (B*A) + |B\2]
< f(m) T —m
1 2 2
AP+ Re(BA) + [BP| =mly  (|AP + Re(B*A) + |B?
+ f (M) M —m -/ 3
2 * 2 2 * 2
<1D<|A\ + Re(B*A) + | B| —mlH) <M1H— |A]? + Re (B*A) + |B| )
2 3 3
g%(M—m)QD.

Proof. If there exists the constants 0 < d, D such that
d< f"(t) < D forany t € (m, M),

then, see for instance [7],

vl =) dM-—m)P*<Q=v)f(m)+vf(M)—f(1-v)m+vM) (21)

< zv(1—v)D(M—m)?

1
2

for any v € [0,1].
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Let 2 € [m, M] and take o = 7= € [0,1] in (2I) to get

flm)+ =" f (M) — £ (@) (22

If we use the continuous functional calculus for selfadjoint operators and the inequality
(22) we get

éd (T = mly) (Miy —T) (23)
Mlg —T T —ml

< Fm) S f (M) S f(T)

< %D (T — miy) (Mly —T).

2 * 2
So, if we take T' = 1Al +Re(§ A)FIBE 4 (IC7), then we get the inequality of interest

2 * 2
1d<A\ +Re(]§ A) + |B| _m1H> 24

N |

2 * 2
. (MlH_ A +Re(§ A) +|B| )
Miy -1 [\AF + Re (B*A) + |B|2}
M—-—m
L [\AF + Re(B*A) + |B|2} ~mly
7 (M) e

L <1A12+Re (B*A) + \B[2>

< f(m)

3

A B*A) + |BJ?
<\+RM3 ) +1B] _mm>

3

<!p

2

A (B*A) + |B)?
X<Mm AP + Re )H!)
1

g (M —m)?D

Now, if we use (I2) and (24) we derive (20). [ |

Corollary 2.6 Let f : [0,00) — R be operator convex on [0,00) with f(0) = 0. If A,
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B € B(H) with |A|*, |B|*> < M, where M > 0, then

1 2 * 2
o</0 f(|(1t)A+tB|2)dtf(|A| +Re(§ A) + |B| > (25)
_ S (M) ||A]” +Re (B*4) + |B[* iy |A]” + Re (B*A) + |B|?
S M 3 3

2 * 2 2 * 2
<5D<1A\ —|—Re(]33 A) +|B| ) <M1H— |A] +Re(]§ A) +|B| )

provided that f” (t) < D for any ¢t € (0, M) .

3. Some Examples

The function f (t) = tP, p € [1,2] is operator convex on [0,00) with f(0) = 0. From
(3) and (I9) we derive

1 2 * 2\ P
o</ (1—t) A+ tB™di - (’A‘ +Re(§ A) + |B| ) (26)
0
p
< ! |A]> + Re(B*A) + [BI*| [ |A]* + Re(B*A) +|BJ?
3 3
P |
D _
(23
and
1 2 * 2\ P
o</ (1) A+ tB dt - ('A‘ +Re(§ A) + |B| > (27)
0

|A|? + Re (B*A) + | B|?

< MP!
3

- <|A\2+Re (B*A) + |B\2>p
3

1
< pMP2 (3 [|A[2 +Re (B*A) + \B]QD

X (MlH - % [\AF + Re (B*A) + |B|2D

1
< ZpMlea

provided that A, B € B (H) with |A|*, |B|*> < M, where M > 0.
The function f(¢) =", r € (0,1) is operator concave on [0,00) with f(0) = 0. From
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(3) we derive

|A|> + Re (B*A) + | B|?

0<
3

—/1|(1—t)A+tB|2rdt (28)
0

AP +Re(B*A) +|BF\ 1 []4P +Re(B*4) + B
3 M1l-r 3

< MT (2177" _ 1)
and, in particular
1/2
|A|> + Re (B*A) + | B|)? /
3

1
0< —/ (1—t)A+tB|dt (29)
0

1/2
_ |A|? + Re (B*A) + | B|? 1 [|AP +Re(B*A) +|B)?
= 3 VM 3

<VM (V2-1)

provided that A, B € B(H) with |A|*, |B]* < M, where M > 0.
Consider the operator concave function f (¢) =1In (¢t +1). By (I3) we get

AP B*A) + |B? !
0<m (A +Re(3 ) 1B / ln(|(1—t)A+tB|2+1>dt (30)
0
Al B*A) + |B?
o (AP +Re (B A +IBE

3

_ In(M +1) ||AP +Re(B*A) + |B[”
M 3

1
< 2In <2M—i—1) —In(M +1)

provided that A, B € B (H) with |[A>, |B|*> < M, where M > 0.
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