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Abstract. In this paper, we introduce a linesearch algorithm for solving fixed points of Breg-
man quasi asymptotically nonexpansive multivalued mappings and pseudomonotone equilib-
rium problem in reflexive Banach space. Using the linesearch method, we prove a strong
convergence of the iterative scheme to a common point in the set of solutions of some equilib-
rium problem and common fixed point of the finite family of Bregman quasi asymptotically
nonexpansive multivalued mappings with out imposing Bregman Lipschitz condition on the
bifunction g as used by many authors in the extragradient method. Our results improve and
generalize many recent results in the literature.
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1. Introduction

Let E be a real Banach space, E* be the dual of £ and C be a nonempty closed
and convex subset of E. Recall that a map T : C' — (' is said to be nonexpansive if
|Tx — Ty|| < ||z — vyl for all z,y € C. T : C — C is called asymptotically nonexpansive
if there exists {u,} C [0,400) such that p, — 0 as n — 400 and ||[T"z — T"y|| <
(1 4 pp)ljz — y|| for all z,y € C. Fixed point theory for nonlinear mappings find its
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application in many areas such as theory of differential equation, signal processing and
image recovery, see for example Byrne [12].

A bifunction g : C' x C' — R is said to be an equilibrium bifunction if g(x,z) = 0 for
all x € C. The equilibrium problem with respect to g and C'is to find z* € C such that

g(z",y) 20 forallyeC. (1)
The set of solution of equilibrium problem is denoted by EP(g), i.e.
EP(g)={z"€C:g(z",y) 20 for all yeC}.

Equilibrium problem (1) was introduced by Blum and Oettli [6]. Various problems in
linear and nonlinear programming, physics, engineering, economics, transportation, etc
can be reformulated as equilibrium problems, see for example [6, 17, 26, 40, 42]. The
problem of finding a common points of the set of equilibrium and the set of fixed points
of nonlinear mappings have an attractive subject of researches, and many methods have
been developed and investigated for solving this problem. Tada and Takahashi [33] intro-
duced the following algorithm for equilibrium problem and fixed point of nonexpansive
mapping in real a Hilbert space as follows:

xg € H chosen arbitrarily,

zn € K such that,

F(omry) + 2y — 2y 2 — 70) 20 for all y € K, @
Tnt1 = (1 —ap)zy + anSzp, n >0,

where K is a nonempty closed convex subset of H, S is nonexpansive map, {«,} C [a,b]
for some a,b € (0,1) and {r,} C (0, +00) satisfies lim Jirnf rn > 0. Other results involving
n——+0o0o

fixed point and equilibrium problems include for example [13, 25, 28, 35, 36, 40, 42] and
the references contained therein. From algorithm (2) to compute z, at each step, one
needs to solve the following regularized subproblem:

1
zn € K such that g(zn,y) + —(y — 2n,2n —xn) 20 forall y € K. (3)
T

n

Observe that if g is monotone, the subproblem (3) is strongly convex problem and its
unique solution exists. However if the monotone bifunction ¢ is replaced with pseu-
domonotone bifunction, then the subproblem (3) is not strongly monotone and therefore
the unique solution of (3) may not be guaranteed, see for example Dang [16]. Moti-
vated by this, several algorithms for pseudomonotone equilibrium problems have been
investigated. Anh [3] introduced extragradient method for pseudomonotone equilibrium
problems and fixed points of nonexpansive mappings in a real Hilbert space H. He studied
the following iterative algorithm:

g € K arbitrarily,

Y = argmin{\,g(zn, y) + ||y — z,]|? 1 y € K}, 4
_ ind \ i _ 2. K ( )

up = argmin{Ang(yYn,y) + 3lly — zal® : y € K},

Tnt1 = anxo + (1 — ay)Suy, n >0,

where {a,} and {)\,} are real sequences satisfying some conditions. Strong convergence
the iterative scheme (4) was obtained by imposing Lipschitz-type condition on the bi-
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function g, i.e.
g(w,y) +g(y7$) = g(a:,z) - Cl”l‘ - yH2 - CQHy - l.H2 fOT’ all r,Y,z € Cv

where ¢; and co are constants. Various authors implemented extragradient method to
solve pseudomonotone equilibrium problems (for example, see [19-21, 32] and the ref-
erences contained therein). Recently, Eskandani et al. [18] introduced a hybrid extra-
gradient method for solving pseudomonotone equilibrium problems and fixed points of
multi-valued Bregman relatively nonexpansive mappings in reflexive Banach spaces as
follows:

-~

r € C' arbitrarily,
wy, = argmin{A,gi(zn, y) + Dp(w, ) 1w € C} i=1,2,..., N,
2 = argmin{\,g;(w},, z) + D¢(z,2,) : 2€ C} i=1,2,...,N,

in € Argmin{Ds(z%,z,) i=1,2,...,N} z, 1= 2in, (5)
Yn = VB0V f(2n) + XLy BV f(2n0): 2 € T,

{ Zni1 =Projl, (V*(nV f(un) + (1 — an)Vf(yn)))

The authors proved strong convergence of the iterative scheme (5) to common point in
the set of solutions of finite family of pseudomonotone equilibrium problems and set of
fixed points of finite family of multi-valued Bregman relatively nonexpansive mappings
by imposing Bregman Lipschitz-type condition on the bifunctions g;:

g@(l',y) + gz(y,:ﬁ) > gi(l’,Z) - ClDf(l',y) - CQDf(ya IE) fO?" all T,Y,% € C.

However the Bregman Lipschitz-type condition on g; is not easy to obtain since the
two unkown constants cp, co are difficult to approximate. Inspired and motivated by the
work of Eskandani et al., in this paper, we propose and study a linesearch algorithm for
finding solution in the set of pseudomonotone equilibrium problem and set of fixed points
of finite family of Bregman-quasi-asymptotically nonexpansive multi-valued mapping.
Strong convergence of the iterative scheme is established with out Bregman Lipschitz-
type condition on the bifunctions g;.

2. Preliminaries

In this paper, we assume f : E — (—o00,+00| to be a proper and convex function,
ie. domf # 0 and f(az+ (1 —a)y) < af(z)+ (1 — a)f(y) forall z,y € E, a € (0,1),
where dom f = {x € E : f(z) < +oo}. The Fenchel conjugate of f is a function
f*: E* — (—o00,+0o0] defined by

fH(Q) =sup{(z,¢) — f(z) : x € E}. (6)
From (6), we can easily obtain f*({)+ f(x) > (x,() for every x € E and ( € E* which is
called Fenchel inequality. The subdifferential of f is the mapping 0f : E — 2F" defined
by

of(x)={C e E*: fly) = f(x)+{y —x,{) forallye E} forall z € E.
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It is known that if the function f is proper, lower semicontinuous and convex, then for
each x € dom f the subdifferential Jf(x) is a nonempty closed convex set. Moreover
¢ € Of(z) if and only if f(x)+ f*(¢) = (x,{) for all x € E, see [5]. Furthermore, see for
example [34], if f: E — (—o0,+0o0] is a proper, convex and lower semicontinuous func-
tion, then f*: E* — (—o0, +00] is also proper, convex and weak* lower semicontinuous
function. The function f is called coercive if | thi f(z) = +o0 and it is called strongly
Z||—+00
f(z)

coercive if lim Tl = +00.
[|z||—+o0

Let z € int domf and y € E. The right-hand derivative of f at x in the direction y is
defined as

Py = i )

(7)

w exists for all

The function f is said to have Gateaux derivative at x if }ir%
*)

y € E. In this case the gradient Vf of f at z is bounded linear functional defined by
fo(z,y) = (y,Vf(x)). f is said to be Gateaux differentiable if its Gateaux derivative
exists at each x € int domf. f is said to be Fréchet differentiable at x if the limit in (7)
is attained uniformly in [|y|| = 1. f is said to be uniformly Fréchet differentiable on a
subset C' of E when the limit in (7) is attained uniformly for every z € C and ||y|| = 1.
It is well known that (see for example [2]), if f is uniformly Fréchet differentiable on
bounded subset of E, then f is uniformly continuous on bounded set of E.

The function f is called essentially smooth if 0f is both single-valued and bounded
on its domain. When f is strictly convex on every convex subset of dom df and (9f)~!
is locally bounded on its domain, f is called essentially strictly convex. f is said to
be Legendre if it is both essentially smooth and essentially strictly convex. We know
that if the subdifferential of f Jf is single-valued, then it coincides with its gradient i.e.
Of = Vf (see for example [27]).

For a Legendre function f, the following results are well known, (see for example [5, 7])

) f is Legendre if and only if f* is Legendre;

i) (0f) "t =0f%

) [ is essentially smooth if and only if f* is essentially strictly convex;

(iv) If f is Legendre, then V£ is a bijection satisfying Vf = (Vf*)~!, ranV f = domV f* =
int domf* and ranV f* = domV f = int domf.

In case E is smooth and strictly convex, the function f(x) = %Hx”p, where p € (1,400)
is Legendre (see for example [39]).

For a proper convex and Gateaux differentiable function f : E — (—oo, +00] ([8, 14]),
the Bregman distance corresponding to f between x and y is the function Dy : dom f X

int dom f — R defined by

D¢(x,y) = f(x) = f(y) —(x —y,Vf(y)) forall x €dom f, ycintdom f. (8)

It follows from (8) that Dy(x,y) > 0 for every x € dom f, y € int dom f and if f is
strictly convex, then D¢(x,y) = 0 if and only if 2 = y (see, [9]). Moreover, Bregman
distance satisfies the three point identity:

Dy(x,y) + Dy(y,2) = Dy(2,2) + (z =y, Vf(2) = V[(y)) 9)
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for all = € dom f and y, z € int dom f.
Let C' C int dom f, then the Bregman projection with respect to f of x € int dom f
onto the nonempty closed convex subset C of E is the unique vector P(];(:c) € C satisfying

Dy(Pl(w),x) = inf{Dy(y,x) : y € C}.

Remark 1 When E is smooth and strictly convexr Banach space and f(x) = ||z|?* for
every x € E, then we have V f(x) = 2J(x) for all x € E and hence

Dy(z,y) = ||lz||* — 2{z, Jy) + |[yl|* = ¢(z,y) for all z,y € E,

where J is the normalized duality mapping defined by J(z) = {¢ € E* : (x,() = ||z||* =
ICII?} and ¢ is the Lyapunov functional introduced by Alber [1]. Therefore, the Bregman
projection Pé(:n) reduces to the generalized projection g (x) which is defined by

o(Ilc(z), ) = inf{d(y,x) : y € C}.

If E = H a Hilbert space, then the Bregman projection P(];(:L') reduces to the metric
projection Po(x) of H onto C.

Let B, = {h € E : |h|| < r} for all > 0. The function f is bounded if f(B,) is
bounded for all » > 0 and f is uniformly convex on bounded subsets of E [41] if the
function p, : [0, +00) — [0, +00) defined by

af(x)+ (1 -a)f(y) = flaz+ (1 - a)y)

inf ,
z,yEB,, |lz—y||=t, a€(0,1) Oé(l — a)

Pr (t) =

satisfies p,(t) > 0 for all r,¢ > 0, where p, is called the gauge of uniform convexity of f.
The gauge of uniform smoothness of f is the function o, : [0, +00) — [0,400) defined
by

ot)=  sp HErl-ow+-ofetay) - fa)
2€B,,y€SE,ac(0,1) 04(1 O[)

where Sp = {h € E : |h|| = 1}. The function f is said to be uniformly smooth on E if
or(t) >0 for all r,t > 0.

The modulus of total convexity of f at z €int domf is the function v¢(z,.) : [0, 4+00) —
[0, +00) defined by

vf(a,t) = inf{Ds(y, ) : y € domf, |ly — x| = t}.
The function f is totally convex at x if vg(x,t) > 0 for all £ > 0 and f is totally convex if
it is totally convex at each point z €¢domf. Let B be a bounded subset of E. For ¢t > 0,
define a functional on B, vy : int domf x [0, 400) — [0, +00) defined by

vf(B,t) = inf{vs(x,t) : © € BUdomf}.

f is totally convex on bounded set B if v¢(B,t) > 0 for any bounded subset D of E and
t > 0, where vy(.,t) is the total convexity of the function f on the set B. Furthermore
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the function f is totally convex on bounded sets (see for example [10, 41]) if and only if
f is uniformly convex on bounded sets.

Let f : E — (—o00,4+00| be a proper, convex, Legendre and Gateaux differentiable
function. Associated with f is the function Vy : £ x E* — [0, +00) (see [1, 14]) defined
by

Vi(z, Q) = f(x) = (2, ) + [(C) forallzeE, (€ E". (10)

From Definition (10), it is obvious that V¢(.,.) > 0, Vy(x,() = Ds(x, Vf*(()) for all z €
E, ( € E* and D¢(x,y) = Vi(x,Vf(y)). Furthermore, V¢(z,.) is convex for any x € E.
Thus, for t € (0,1) and z,y € E, we obtain

Dy(z, VI (tVf(z) + (1 =)V (y))) <tDyg(z,2) + (1 =) Dy(z,y). (11)
Also, by subdifferential inequality (][23]), we get
Vi(z, Q)+ (0, V() —x) < Vi(x,(+0) forallzcE, ¢, 9 € E". (12)

Definition 2.1 Let 7 : C — 2 be a multivalued mapping. For p € C, we define
Tp, T?p, T3p, T*p,..., T"p, n > 1 as follows:

Tp={p1 € C:p €Tp},

T’p=T(Tp):= |J Tp,
p1€T(p)
T =T(T%):= |J Tpo,
p2€T2(p)
T'p =T(T" 1p) = U Tpp_1, n>1

Pn-1 ETnil(p)

A point z € C is called a fixed point of multivalued mapping T if x € Tx. The set of
fixed points of T is denoted by F(T), i.e. F(T) ={zx € C : 2z € Tz}. A point z € C is
called an asymptotic fixed point of T if there exists a sequence {z,} in C such as z,, — =
and nliglood(a:n, Txy,) = 0 (see [29]). The set of asymptotic fixed points of T' is denoted

—

by F(T)

Definition 2.2 Let f: E — (—o00, +00] be convex and Gateaux differentiable function.
A multivalued mapping 1" : C — 2Y is said to be Bregman relatively nonexpansive
it F(T) # 0, F(T) = F(T) and Df(u,w) < D¢(u,z) forall w € F(T), w € Tx.
T is called Bregman-quasi nonexpansive if F(T) # () and Dy(u,w) < Dy(u,x) for all
u € F(T), w € Tx. T is Bregman quasi-asymptotically nonexpansive if F(T) # 0
and there exists a real sequence {k,} C [0,+00) such that k, — 0 as n — +oo and
D¢(u,w) < (14 ky)D¢(u,z) forall w € T"x and u € F(T). T is said T is said to
be closed if for any sequence {z,} C C with =, — x, w, € Tz, and w, — y, then
y € Tx. A Bregman quasi-asymptotically nonexpansive multivalued mapping is said to
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be uniformly L—Lipschitz continuous if
|lsn —dnll < Ll|lz —y| forall x,y € C, s, € T"x, d, € T"y for all n >

Definition 2.3 A bifunction g : C x C' — R is said to be
(1) v-strongly monotone on C' if there exists v > 0 such that

g(z,y) +9(y,2) < Allz —ylI* forall z,y€C,
(2) Monotone if
g(x,y) +g(y,x) <0 forall z,y € C,
(3) Pseudomonotone if
g(z,y) 20 = g(y,x) <0 forall z,y € C.

It is clear from Definition 2.3, that (1) implies (2) and (2) implies (3). To solve the
equilibrium problem, we assume the bifunction g : C' x C — R satisfies the following
conditions:

1) g(xz,z) =0 for every x € C;

2) g(z,.) is convex and subdifferentiable on C;

3) g is pseudomonotone on C' with respect to EP(g, o),

4) g is jointly continuous on A x A where A is an open convex set containing C' in the sense
that if x,y € A and {z,}, {yn} are two sequences in A such that =, — =, y, — v,

then g(:vn,yn) — g(x,y).

In the sequel we will need the following lemmas:

Lemma 2.4 [38] Assume the bifunction g satisfies (A1)-(A4), then the set EP(g,C) of
solutions of the equilibrium problems is closed and convex.

Lemma 2.5 [37] Let C' be a nonempty subset of E and f : C' — R be a convex and
subdifferentiable function, then f is minimized at 2 € C'if and only if 0 € df(x)+ N¢(x),
where N¢(x) is the normal cone to C at x € C, i.e.

Ne(z) ={CeE": (y—2,0) <0 forallye C}.

Lemma 2.6 [15] Let E be a reflexive Banach space and f : E — R, g: E — R are two
convex functions such that dom f Ndom g # () and f is continuous, then

O(f+g)=0f(x)+9dg(x) forall z € E.

Lemma 2.7 [22] Let f: E — (—00,40o0] be a Legendre function and C' be a nonempty,
closed and convex subset of int dom f. Also, let T : C' — 2% be a closed Bregman quasi-
asymptotically nonexpansive multivalued mapping. Then F(T') is closed and convex.

Lemma 2.8 [21] Assume g : A x A — R satisfies conditions (A2) and (A4). Let
{zn}, {zn} be two sequences in A such that x,, — Z, z, — Z where z, Z € A. Then
aZQ(Zna IEn) - an(Za f)
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Lemma 2.9 [4] Let f: E — (—o00,400] be convex and continuous on int‘dom f. Then
for all z € int dom f, 0f(x) is nonempty and bounded.

Lemma 2.10 [11] Let f : E — (—o00,400] be a Legendre function, then f is totally
convex on bounded subsets if and only if f is uniformly convex on bounded subsets.

Lemma 2.11 [11] Let E be a reflexive Banach space with the dual E* and let f : E —
(—o0, +00] be lower semicontinuous at x € int dom f. Then the following are equivalent:

(1) f is totally convex at x;
(2) There exists a convex and lower semicontinuous function ¢ : [0, +00) — [0, +00] with
int dom ¢ # ), ¢(0) =0 and ¢(t) > 0 for ¢ > 0 such that

(y—z,y" —2%) = o(lly — zl]) for all 2* € 0f(x), y* € Of(y);

(3) There exists a nondecreasing function 6 : [0,4+00) — [0, 4o00] with %il’%@(t) = 0 such
H
that

ly —zll < Oly" —2™[]) for all " € 9f(x), y* € f(y).

Remark 2 It is known that when f : E — (—oo,+00] is Gateaux differentiable at
x €int dom f, then Vf(x) = 9f(x) a singleton set. Moreover in this paper we will
assume p(t) = ct? and 0(t) = ct for c > 1 and t > 0.

Lemma 2.12 [10] Let C be a nonempty closed and convex subset of E. Let f: E — R
be a Gateaux differentiable and totally convex function. Let x € E. Then

(i) z= Pé(x) if and only if (y — 2, Vf(z) = Vf(y)) <0 for all y € C;
(ii) Dy(y, PL(x)) + Ds(PL(x),x) < Dy(y, ) for all y € C.

Recall that a function f : E — (—o0,+0o0] is called sequentially consistent [10] if for
any two sequences {z,} and {y,} in E such that {z,} is bounded, then

nLl\IJIrlOODf(yn,ZL'n) = 0 implies ngl}rfloonyn — x|l = 0.

Lemma 2.13 [9] The function f : E — (—o00, +00] is totally convex on bounded sets if
and only if f is sequentially consistent.

Lemma 2.14 [24] Let E be a Banach space and f : E — R be Gateaux differentiable
function and uniformly convex on bounded subsets of E. If {z,} and {y,} are bounded
sequences in F, then

lim D¢ (yn,z,) = 0 if and only if nllgloo”yn —xy| =0.

n——+oo

Lemma 2.15 [31] Let f : E — (—o0, +00] be totally convex and Gateaux differentiable
function. Suppose € E and the sequence {D¢(xy,,x)} is bounded, then the sequence
{z,} is bounded.

Lemma 2.16 [23] Let f : E — (—o0,+0o0] be a Legendre function such that Vf* is
bounded on bounded subsets of E* and x € E. If the sequence {Df(x,zy)} is bounded,
then the sequence {x,} is also bounded.
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Lemma 2.17 [24] Let r > 0 be a constant and f : E — R be a uniformly convex
function on bounded subsets of E. Then

N N
f(ZBﬂJi) <Y Bif (@) = Biipe(llwi — i),
i=1

i=1

where 8; € (0,1) for i € {1,2,3,..., N} with sz\il Bi =1, z; € B,(0) and p, is the gauge
of the uniform convexity of f.

Lemma 2.18 [30] Let f : E — (—o00, +00] be a uniformly Fréchet differentiable function
and bounded on bounded subsets of E. Then V f is uniformly continuous on bounded
subsets of E from the strong topology of E to strong topology of E*.

Lemma 2.19 [41] Let f : E — (—o0,+0o0] be a strongly coercive function. If Vf is
uniformly continuous on bounded subsets of E, then f*: E* — (—o0, 00| is uniformly
convex on bounded subsets of E*.

Lemma 2.20 [41] Let f : E — (—o00,+00] be a convex function which is bounded on
bounded subsets of . Then the following assertions are equivalent:

(i) f is strongly coercive and uniformly convex on bounded subsets of E;
(ii) f* is Fréchet differentiable and V f* is uniformly norm-to-norm continuous on bounded
subsets of dom f* = E*.

Lemma 2.21 [18] Let E be a reflexive Banach space and C' be a nonempty closed and
convex subset of E. Also, let A :— E* be a mapping and f : £ — R be a Legender
function. Then

«—

Projl, (Vf* [V f(z) — M(y)]) = argmin{\(w —y, A(y) + Dy(w. )},

for every x € E, y € C' and \ € (0,00).

Lemma 2.22 Let C be a nonempty closed convex subset of real reflexive Banach space
E, f: E — (—o00,+00] be strongly coercive and Fréchet differentiable with the Fenchel
congugate f*: E* — (—o00,+00] such that dom f* = E* and g : C x C' — RU{+o0} be
proper, convex and lower semicontinuous on the second argument. Then for every z € C
and 7 € (0,+00) there exists a unique z € C such that

7= argmin{ng(x,y) + Dy(y, $)}
yeC

Proof. Since f is Fréchet differentiable, it is continuous and consequently lower semi-
continuous. Then the result follows from Lemma 3.1 in Eskandani et al. [18]. [ |

3. Main Results

In this section we present a linesearch algorithm as follows:

Algorithm 1



162 M. H. Harbau and B. Ali / J. Linear. Topological. Algebra. 10(02) (2021) 153-177.

Step 0: Let «, h, oE(O,l),c:é, de (h1),0<a,<a<l, n,e(nl,0<n<l1
and Bn,O =+ Zf\il Bn,i =1

Step 1: Let z1 € C7, = C.

Step 2: Set

Yn = argmin{nng(afn,y) + Df(y,xn)}. (13)
yeC

Step 3: If y, = z,, then set z, = z,. Otherwise find the smallest nonnegative integer m
such that

g(zn,my mn) - g(zn,ma yn) = %Df(ym xn), (14)
Znm = (1 — ™) zy + 0™ yp.

Set o, = 0™ and z, = z,,, and go to step 4.
Step 4: Select w,, € J2g(2n, zy) and compute

Up = PLV (V[ (2n) — Yntn), n = hglyliinlzl? » YUn 7 T
" ¢ n) = ntin )y n 0, Otherwise

Step 5: Compute

Unp = Vf*(Oéan(.’En) (1 - an)(lﬁn va(un) + Z -1 /Bn zvf(sn 1)))
Cn-i—l = {p €Cy: Df(p, 'Un) < Df(p, l‘n) + Tn} (15)
LT+l = Pg'n+1$1’ n 2 1,

where s, ; € T)'u,, and 7, = (1 — an)M,]LVsupr(q,xn) and MY = Zf\;l Bn,ikn,i-
qeR
Step 6: Set n =n + 1 and go to step 2.

In the following result, we show that the linesearch z, ,, and ~, are well defined.

Lemma 3.1 Let C be a nonempty closed convex subset of a reflexive Banach space E.
Also, let f : E — (—00, 4+00] be Legendre function and ¢ : C' x C' — R satisfies (A1)-(A4).
Assume vy, # x, for some n € N. Then

(1) There exists m € N such that inequality (14) hold,;
(2) g(zn,zn) > 0;
(3) 0 ¢ O29(2n;Tn)-

Proof. (1) By contradiction assume for each m € N

o
9(Znms Tn) — 9(Znms Yn) < FDf(yn7$n>- (16)

n

Since zpm = (1 —0"™)xy, + 0" yy, it follows that z, ,, — 2, as m — 400 and using (A4),
we have from (16) that

«
g(xnvxn) - g(xmyn) < FDf(ymxn)-

n
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By (A1), we get
(6%
0< g(xnayn) + FDf(ynaxn)' (17)

Since y,, is the solution of (13), we have

nng(xnvyn) + Df(yna xn) < Ung(ﬂﬁmy) + Df(y, l‘n) forall y € C.

In particular, for x,, € C, we get

nng(ﬂ«“n,yn) + Df(ymfcn) < 0. (18)

By (17) and (18), we obtain %Df(yn,xn) < 0. Since 7, < 1, we obtain (1 —
a)D¢(yn,xn) < 0. By our assumption f is Legendre, then f strictly convex and con-

sequently D¢(yn,xn) > 0 when y, # x,. This implies (1 — o) < 0 which is not possible
because a € (0, 1). Therefore (1) holds.

(2) By (A1) and (A2), we have
0= g(zn, zn) = g(Zn, (1 = 0on)zn + onyn) < (1 = 00)9(2n, Tn) + 0ng(2n, Yn)- (19)

From (14) and (19), we obtain

aoy,

g(Zm?Cn) Z O'n(g(znaxn) - g(zn,yn)) Z Df(yna'rn) >0,

n

since y,, # xp. Therefore (2) holds.
(3) The proof can be found in Tran et al. [38] (Lemma 4.5). [ |

Lemma 3.2 Let C be a nonempty closed convex subset of a reflexive Banach space F,
f: E — (—00,400] be convex, strongly coercive and Legendre. If g : A x A — R satisfies
(A1)-(A4) and y, is defined as in (13), then we have

(Y = Un, VI (@n) = VI (Yn)) < mmg(@n,y) — g (Tn, Yn)-

foranyn e Nand y € C

Proof. Let n > 1 and y € C. From (13), Lemma 2.5 and Lemma 2.6, we obtain
0 € Nn02g(Tn; yn) + V1D (yn, xn) + Ne(yn).
Therefore there exists w € 029(xn,yn) and w € Ne(yp) such that
0=nw+ Vf(yn) — Vf(zy) +w. (20)
Since w € dag(xn, yn), we have

g(xnay) Z g(xnayn) + <y — Yn, w>' (21)
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Using (20) and definition of N¢(yy), we get (y — ypn, —mpw — Vf(yn) + Vf(x,)) <0 so
that

77n<y — Yn, w> > <y — Yn, vf(xn) - vf(@/n» (22)

Combining (21) and (22), we obtain
Mg (TnsY) = Mng(Tns Yn) Z Y = yn, V. (20) = VI (yn))-

Now we prove the following strong convergence theorem.

Theorem 3.3 Let C' be a nonempty closed convex subset of a real reflexive Banach
space F and f : E — (—o0,+0o0| be Legendre, uniformly Fréchet differentiable, strongly
coercive, totally convex and bounded on bounded subsets of E. Foreach:=1,2,3,..., N,
let T; : C — 2¢ be closed Bregman quasi asymptotically nonexpansive multivalued
mappings with sequences {k,;} and g : A x A — R satisfies conditions (A1)-(A4) such
that Q = NY,F(T;) N EP(g,C) # 0. If Bni € (1,1 — p) for some p € (0,1), then the

sequence generated by linesearch algorithm converges strongly to u* = Pg{wl.

Proof. We start by showing Q = N, F(T;)NEP(g,C) is closed and convex. By Lemma
2.4, EP(g,C) is closed and convex and it follows from Lemma 2.7 that N, F(T}) is closed
and convex so that Q = NN, F(T;) N EP(g,C) is closed and convex.

Next we show C,, forall n > 1 is closed and convex.
Observe Cy = C is closed and convex. Assume C,, is closed and convex for some n > 1.
Using the three point identity (9), it is easy to see D¢(p,vn,) < D¢(p,xn) + 7, if and
only if

(p, Vf(xn) = Vf(vn)) < (vn, Vf(xn) = V(o)) + Df(vnuxn) + Tn.

Therefore we obtain C,11 is closed and convex.

We now show that Q@ C (), for all n > 1. It is clear that Q@ C C' = (. Suppose
Q2 C G, for some n > 1. Let hy, = V f*(8r0V f(u,) + Zf\il Bn,iV f(sni))). then for any
p € Q C C,, and using (10), we have

Di(p,va) = Dy (p, V(@ f (w) + (1 = )V f ()

=Vi(p, anV f(zn) + (1 — an)V f(hn))

= f(p) = (P, oV f(zn) + (1 = )V f(hn))
+f (@ V f(zn) + (1 — an)Vf(hn))

< f(p) —an(p, Vf(xn)) — (L = an){p, Vf(hn))
Fan [ (Vf(zn)) + (1 —an) [ (Vf(hn))

= anVi(p, Vf(zn)) + (1 — an)Vi(p, Vf(hn))

= anDy(p,zn) + (1 — an) Dy (p, hn). (23)

and using (11),

N N
Df(p, hn) = Df(p, vf*(ﬁn,(]vf(un) + Z 5n,zvf(5n,z>))> < 5n,0Df(pa un) + Z 5n,in(p7 Sn,i)'

i=1 i=1
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Since sy,; € T'uy, and T;, @ = 1,2,3,..., N are Bregman quasi asymptotically nonex-
pansive multivalued mappings, we get

N

Df(p7 hn) < 5n,0Df(pa un) + Z 571,2(1 + kn,i)Df(pa un)
=1

N N
= 5n,ODf(p7 un) + Z 5n,in(p7 un) + Z ﬁn,ikn,in(pa un)
i=1 =1
N

=Dy(p,un) + Y _ BrikniDf(p, tn). (24)
=1

But from the definition of w,, Lemma 2.12(ii) and (12), we have
Dy(p,un) = Dy(p, Pg'vf*(vf(xn) — YnWn))

< Dy(p, VI (VF(zn) — ynwn))
=Vi(p, Vf(xn) — Ynwn)

< Vf(p, Vf(xn) = wn + ynwn) — (VA (Vf(2n) = YawWn) — P, YnWn)
= Df(pa ) + (V(Vf(2n) = ywn) — P, —YnwWn)
= Df(p, zn) + (VI (Vf(2n) — mwn) = VI(Vf(2n)), =¥nwn) — (Tn — P, Tnn).

By Lemma 2.11(3) and Remark 2, we obtain

Df(pa Up) < Df(p7 ) + IVA(Vf(2n) — Yawn) = VAV (@) | [[vnwnall = Yn(zn — p, wn)
< Dy(prea) + e(uw<w*<w<mn> — ton)) — Vf(Vf*(Vf(xn)»H) —

—Tn <$n - D wn>
= Dy(p, zn) + evpllwnll® = ynlzn — p,wn). (25)

Since wy, € 929(zn, Ty), we have (x, —p, wy) = g(2n, Tn) — g(zn, p). By pseudomonotonic-
ity property of g and p € EP(g,C), we get g(z,,p) < 0. Hence,

Yallwn?
’Yn('rn 2 wn> P P)/n(g(znaxn) - g(zmp)) > 7n9<zn7mn> = T
Therefore, from (25), we have
2l 112 210 112
Dy < Dy )+ 2l _ 3l
= Dy(p,an) ~ (3 — 5l (26)

< Df(pa$n)'
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Putting (26) in (24), we obtain

1

1

N

N
1 1
+ Z/Bn,ikn,in(pa Tp) — Z Bn,ikn,i(ﬁ - 3)'7721”1071”2

=1 =1

1 1
< Dy(pa) = (- = 02 lwnll® + MYsupDy(p, 1) 27)
pEN

< Dy(p,xy) + MT]LVsung(p, Tn).
pe

Using (27) in (23), we have

< aan(pal'n) + (]' - Oén)[Df(p, fEn) + M;zvsung(pa {L‘n)]
pe

= Dys(p, xn) + (1 - an)Mévsung(p, Ty
pe

= Df(p, xn) + Th- (28)
This implies p € Cr11 and Q C Cpyq.

Next we show the sequence {z,} is Cauchy.

Now, z,11 = P(J;L“m € Cpy1 C Cy for all n > 1. Therefore,

7

Dy(xpn,x1) = Df(Pénxl,a;l) < Dy(xpg1, 21). (29)
This shows that {Df(xy,x1)} is decreasing sequence. Also, by Lemma 2.12(ii), we obtain
D¢(xn,21) < D¢(p,x1) — Dy(p,xn) < Dy(p,x1) foralln > 1. (30)

By (29) and (30), we conclude that lirf D¢(xn, 1) exists. Since {Dyf(xp,z1)} is
n—-+0oo

bounded and the function f is totally convex and uniformly Fréchet differentiable, it
follows from Lemma 2.15 that the sequence {z,} is bounded. Observe that

Df(xn—i—laxn) = Df($n+1,Pg'n$1) < Df(l'n—i—lyxl) - Df(-xnaxl)- (31)

Then it follows that lirf D¢(p41,2n) = 0. Due to assumption that the function f is
n—-+0oo

totally convex on bounded sets, then f is sequentially consistent (by Lemma 2.13) and
therefore,

i 21—l = 0. (32)

Now, using (31) and for any m, n € N with m > n, we obtain

D¢(xm,zpn) = Df(:nm,PC’:n:cl) < D¢(xm, 1) — Dy(zp, 1),
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so that lim Dg¢(2y,,x,) = 0 and consequently lim ||z, — x| = 0. This implies
n,m—-+0o m,n—+00

{z,} is Cauchy sequence in E. Since FE is reflexive and C' is closed, there exists some
u* € C such that lim |z, —u*|| = 0.
n——+00

Next we prove that u* € NN, F(T;) N EP(g,C). Since z,11 € Cy11, then from (15),
we have Df(zpy1,vn) < Df(2py1,%n) + 7. From the definition of 7,, we get 7, — 0 as
n — +oo. It follows that Dy(xy41,v,) — 0 as n — 400 and essential consistency of f
guarantees that

|Tnt1 — vpnl| = 0 as n — 4o0. (33)
From (32) and (33), we obtain
lvn — zpn|| = 0 as n — 4o0. (34)

By Lemma 2.18, Vf is uniformly norm-to-norm continuous on bounded subsets of FE.
Thus, from (34), we get

IV f(vn) = Vf(zn)] — 0as n— +oc. (35)
From definition of v,, and condition 0 < o, < a < 1, we have

(1= an)(Vf(hn) = Vf(zn)) = Vf(va) — Vf(zn),

so that
1 1
IV ) = ¥ @)l = =94 () = V)| € [V w0) = T )]
It follows from (35) that
IV f(hy) —Vf(zy)| — 0asn— +oo. (36)

By Lemma 2.20, V f* is norm-to-norm uniformly continuous on bounded subsets of E*,
hence we have from (36) that

lhn — zn]| = 0 as n — 4o0. (37)

Since {xy} is bounded and V f is bounded on bounded subsets of E, then there exists
a real number say [ > 0 such that Df(p,x,) <1 for all n > 1. Therefore, from (26),
we have that D¢(p,u,) is bounded and consequently D¢(p, spn;), @ = 1,2,3,..., N are
bounded. The function f is totally convex and strongly coercive which is bounded on
bounded subsets of . Now, by Lemma 2.10 and Lemma 2.20, we conclude that V f* is
norm-to-norm uniformly continuous on bounded subsets of E* and therefore is bounded.
Hence, by Lemma 2.16, {u,} and {s,;}, i=1,2,3,..., N are bounded.
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Let r = max sup{||Vf(un)|, [|[Vf(sni)|l}. Then by (10), we have

1SiSNp>1

N
Dy(p,hn) = Dp(p, VF*(BroV f (tn) + Y BniVF(5ni)))

=1
N
= Vi (. BnoV I (Wn) + > BniVf(sni))
=1

N N
= £(p) = (. BroV I (un) + Y BuiVF(5ni)) + £ (BroV I (un) + Y BriVf(sni)).

i=1 i=1

By our assumption, f is uniformly Fréchet differentiable and bounded on bounded subsets
of E, therefore by Lemma 2.18 V f is uniformly continuous on bounded subsets which
implies by Lemma 2.19 f* is uniformly convex. Hence, from Lemma 2.17, we have

N
Df(p, hyn) < f(p) — Bn,0<p7 V f(un)) — Z 5n,i<pa vf(sn,i» + Bn,Of*(vf(un))

=1

N
+ > Buid (VI (50.0)) = BroBnipr(IV f () = V f (sn)]))
=1

N
= ﬁn,OVf(pa vf(un)) + Z Bn,ivf(pa Vf(sn,z)) - ﬁn,Oﬁn,zp;(va(un) - Vf(sn,z)H)
=1
N

= B0Dy(pun) + Y BuiDy(ps 5ni) = BuoBnilf IV f (un) = V f (sni)])-

=1

Since T;, ¢+ = 1,2,3,..., N are Bregman quasi multivalued mappings and s, ; € T, up,
we obtain

N

Df(p, hn) < 5n,ODf(pa Un) =+ Z 5n,i(1 + kn,i)Df(pa un) - ﬁn,Oﬁn,ip:(va(un) - vf(sn,z)H)
=1

N
= Dy(p,un) + Y BuikniDs(p,un) = BroBipr(|V f(un) = VF(sni)l).  (38)
i=1

Using (26), (27) in (38), Bno and B € (u,1 —p) fori=1,...,N and p € (0,1), we get

Dy(p.ha)

< Dy(pran) = (= blunl + MYSpD(p, 1) = Brofhnip? (17 £ ) = FF )
= Dy(p,n) — (5 = D lenl + 70 = B0t 1V (m) = Vf (501) )

< Dy(prn) — (5 = Dol + 70— 120019 fum) = f (). (39)

h d



M. H. Harbau and B. Ali / J. Linear. Topological. Algebra. 10(02) (2021) 153-177. 169

Now,

Dy(p;xn) = Dg(p, hn) = f(hn) = f(an) + (P — bn, Vf(hn)) = (p — 20, V[ (20))
— f(@n) +{p— 20, VI (hn)) + (Tn — hn, Vf(hr)) = (p — 20, V f (1))
— f(@n) +(p — 20, VI(hn) = Vf(2n)) + (20 — hn, V().

Therefore,

Dy(p,xn) = Dp(p, hn) < [f (hn) = f(@n)| + lp = 2al[ IV (hn) = V f ()|
Flan = a1V F (hn)]]-

Hence it follows from (36) and (37) that
D¢(p,xn) — D¢(p, hy) = 0 as n — 4o00. (40)

Using (40), it follows from (39) that

Er}rloo’ynHwnH =0 and ngriloopr(HVf(un) —Vf(sni)| =0 foralliec{1,2,3,...,N}.

n

By the property of p: we deduce lir_{l (IIVf(un) — Vf(sni)]| = 0 for all i €
n—-+0oo
{1,2,3,...,N}. As Vf* is norm-to-norm uniformly continuous on bounded subsets of
E*, we get
lim |juy, — sp4l| =0 forallie{1,2,3,...,N}. (41)
n—-+0oo

Thus, we obtain from Lemma 2.14

lim Dy¢(un,sni) =0 foralliec{1,2,3,...,N}. (42)

n—-+oo

Now,

N
Df(“m hn) = Df(un, vf*(/Bn,va(un) + Z 5n,zvf(5nﬂ))))
=1
N

< Bn,ODf (unv un) + Z Bn,in (u’m Sn,i)
=1

N
= Z Bn,sz (una Sn,i)-

=1

It follows from (42) that D¢(un,h,) — 0 as n — +o00. The fact that f is totally convex
on bounded subsets of F, then by Lemma 2.13, f is sequentially consistent and so

|, — hpnl| — 0 as n — +o00. (43)
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Since ||z — un|| < ||2n — Anl| + [|un — hy|l, then from (37) and (43), we get
||un — xn|| = 0 as n — 4oc0. (44)

Therefore, from (32) and (44), we get

|tn, — Unt1]] = 0 as n — 4o0. (45)
Also, from lim ||z, —u*|| = 0 and (44), we obtain
n——+oo
Jim lug — || = 0. (46)

Similarly, from (41) and (46), we have

EI—P l|sn,i —u|| =0 forallie{l,2,3,...,N}. (47)

For each i =1,2,3,..., N, let {d,;} be a sequence generated as follows:

dyi € Ti(s14) C T7 (u1), ds; € Ty(s2) C T (ug), ...,
dnﬂ' S CZji(Sn—l,i) C ,Tin(un—l)a dn—i—l,i € T’i(sn,i) C jjin—i_l(un)p cee

By our assumption, 7; is L;—Lipschitz continuous for each ¢ = 1,2,3,..., N, then

dn+1,i — Sn+1,i” + ||5n+1,i = Un g1l + |uns1 — unll + [Jun — Sn,i

|dn+1,i — Snll

<
< (L4 Li)llun — tnaa || + [[sn41,i — tnaa | + [[un — sn
Using (41) and (45), we obtain

lim ||dpt1:— snill =0 foralli€{1,2,3,...,N},
“+o0o

n—

and consequently from (47), we get

lim ||dpt1; —u®|| =0 foralliec{1,2,3,...,N}. (48)

n—+00
Since dpt1; € Ti(sni), dpt1i — u* as n — 400 and s,; — u* as n — +oo for
each i € {1,2,3,..., N}, then by closedness of T; we have that u* € T;(u*) for each
i€{1,2,3,...,N}, ie. u* € N F(T)).

We now show u* € EP(g,C). Let H(y) = nng(vn,y) + Dy(y,xn). Since Dg(.,.) is
continuous, it follows from Lemma 2.6 that

OH (y) = 0(ng(zn,y) + Df(y, zn)) = 1n029(zn,y) + V1D (y, zp).

Let pi,p5 € C, ¢f € Oag(zn,p}) and ¢4 € 02g(xn, p3), then

(1 —v,41) = 9(xn,p1) — 9(Tn,y) forall y € C, (49)
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and
(P2 =¥, %) = 9(xn, p3) — 9(@n,y) for all y € C. (50)
Setting y = p3 in (49), y = pj in (50) and combining the two inequalities, we obtain
(Pl — P32, 01 — 43) = 0. (51)
Observe V1 D¢ (p7,xn) = Vf(p}) — Vf(zn) and ViDs(p3,x,) = VF(05) — Vf(xn).

Since f is uniformly Fréchet differentiable and totally convex, then in view of Lemma
2.11(2) and Remark 2, we get

(b7 =05, Vf(01) = VI(03)) = e(llpi — p3l) = cllpi — 3. (52)
From (51) and (52), we have
(D} = 13, mndi — 13 + V(1) = VF(03)) > cllpt — p3]I*,
which implies
(P} = P31t + VI (01) = Vf(n) = (0ats + V(05) = Vf(@n))) = cllpi —p3)?.  (53)

Now, for p* € C, define M,,(p*) = nng*+Vf(p*) — Vf(x,) where ¢* € dag(zy,p*). Then
M., (p*) C OH (p*) for any p* € C. Therefore, it follows from (53) that

Py —p5. 1" (p) —t"(p3)) = cllpt —p3||* for all "(p}) € Mn(p}), t"(p5) € Mn(p3). (54)

Hence M,, is multivalued strongly monotone. Since

Yn = a""gmin{nng(xm y) + Df(y, xn) }7
yeC

then by Lemma 2.5 we have 0 € 0H (y,) + Nc(yn), i.e. =My (yn) € Nco(yn). Hence,
(Y = Yn,t"(yn)) 2 0 for all y € C, " (yn) € Mn(yn). (55)
Let pj, p5 be replaced by z,, y, in (54) respectively and y = x,, in (55), then
(@ = Yo t™(n)) = (@0 = Y 1" (Yn)) + clltn = ynll* = cllan — ynll? (56)

for any t"(x,) € My(z,) C 0H(xy), t"(yn) € Mu(yn) € OH(y,). The fact that
ViD¢(xp,x,) = 0, then t"(x,) € Nn02g(xn,xy). Since lirf |z, — u*|| = 0, we ob-
n—-—+0oo

tain from Lemma 2.8, 02g(2y, x,) C O2g(u*,u*). As 0 < n < 1, < 1 and using Lemma
2.9, it follows that {t"(x,)} is bounded. Thus, from (56) and boundedness of {xz,}, we
conclude that {y,} is bounded. Consequently boundedness of z, follows from its defi-
nition and boundedness of {x,} and {y,}. Then there exists a point say z € C such
that z, — z. Therefore since w, € 029(zn,x,), then by Lemma 2.8 and 2.9 we have
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that {w,} is bounded. From the definition of ~,, we get g(zn, z,) = M Since
lim 7y, |lw,] =0and 0 < h < d < 1, then
n—+o0o
nli)glwg(zn,xn) = 0. (57)
On the other hand, by condition (A1) and convexity of g(zy,.), we have
0= Q(Zm Zn) = g(zrn (1 - O-n)xn + Unyn) < (1 - Un)g(zna fEn) + Ung(znayn)-
Therefore, from the algorithm and (57), we obtain
aoy,
1 Df(ynvxn) < Un[g(znymn) - g(Zn, yn)] < Q(Zn,wn) — 0, as n — +oo. (58)
n

We consider the following two cases:

Case 1. If limsupo, > 0, then there exists ¢’ and a subsequence denoted by o, of o,
n——+0oo

such that o, — ¢’. From (58) and condition 7, € (n,1], 0 <n < 1, we obtain
D¢(yYn,xn) — 0, as n — +o0,
and using Lemma 2.14 we obtain

lim ||y, — x| = 0. (59)

n——+00

Case II: If liIJIrl on = 0, then let m be the smallest positive integer such that
n—-+0oo

«
g(zn,ma xn) - g(zn,m,yn) = fo(yn,:rn) and Znm = (1 — Jm)xn + o™yp.

n

Therefore for m — 1 < m, we have

«
Q(Zn,m—laxn) - g(zn,m—layn) < FDf(yn>$n)' (60)

n

Now from Lemma 3.2 and letting y = x,, we have
—=1g(@n,yn) Z (@n = Yn, V(@) =V (yn) = Dp(@n, yn) + D (yn, tn) Z Df(Yn, Tn),
ie.,
D (Yns Tn) < =0ng(Tn, Yn)- (61)
From (60) and (61), we get
9(znm—1,n) = 9(zZnm—1,Yn) < —g(Tn,Yn)- (62)
We know that there exists a subsequence of {y,, } denote it by {y,} such that y, — ¢ € C

as n — +oo. Also since z, — u* as n — +o00, then from the definition of 2, ,,—1, we
obtain zy ,—1 — u* as n — +oo (because ¢ = o). Therefore by conditions (Al) and
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(A4), it follows from (62) that (1 — a)g(u*,y") > 0. Since o € (0,1), then g(u*,y’) > 0

and consequently from (61), we have D¢(y,,2,) — 0 as n — +00. Again by Lemma 2.14,

we get liril |lyn — zn|| = 0. Since z, — u* as n — +o0, we have y, — u* as n — +o0.
n—-+0oo

Also from Lemma 3.2, we have

M9 (T Y) = Mg (Tns Yn) = (Y — Yn, VI (@n) =V f(yn)) forall y € C.

Allowing n — +oo by considering conditions (Al) and (A4), we obtain g(u*,y) >
0, for all y € C, which shows that u* € EP(g,C). Thus, u* € N, F(T;)NEP(g,C) = Q.
Next we show u* = P&{xl. Since z,, = Pénxl, then by Lemma 2.12(¢) we obtain

(wn —y, Vf(r1) = Vf(2)) 20 forall y € Cy.

Since Q C Cy, we have (z, — h, Vf(z1) — Vf(zy,)) = 0 for all h € Q. Allowing n — 400
in the equation above, we get (u* — h,V f(z1) — Vf(u*)) > 0 for all h € Q. and also, by
Lemma 2.12(i), we have u* = Pg;xl. This completes the proof. [ |

4. Application

Observe that in equation (1) if we set g(z*,y) = (y — 2%, Az*), where A : C — E*,
then the equilibrium problem reduces to classical variational inequality problem which
is problem of finding 2z* € C such that

(y—2",A2") 20 forallyeC. (63)

The set of solutions of problem (63) is denoted by VI(A,C). Therefore, in view of
Lemma 2.21, the strongly convex problem (13) becomes y,, = PéVf*(Vf(xn)—nnA(mn)).
Also equation (14) becomes (z), — Zpm, AZnm) = T%Df(yn, xn). With this, we have the
following linesearch algorithm for variational inequality problem.

Algorithm 2

Step 0: Let «, h, 0'6(0,1),625, de (h1),0<a,<a<l, n,€(nl, 0<n<1
and /Bn,0+zij\i1 ﬁn,i =1

Step 1: Let z1 € C1 = C.

Step 2: Set

Yn = P(J;Vf*(vf(l‘n) - nnA(zn)) (64)

Step 3: If y,, = z,, then set z, = x,. Otherwise find the smallest nonnegative integer m
such that

{ <$n — Zn,m, A(Zn,m>> P EDf(yna xn)7 (65)

Znm = (1 —0™)zp + 0" yy.
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Set 0, = 0™ and z, = zp,,m and go to step 4.
Step 4: Compute

h{xn—2n,A(2n))

n:va *v n_nAN’ n = W,yn#l‘n .
u VI (Vi(zn) —mA(z)), {0’ Otherwise

Step 5: Compute

vy =V (anV f(2n) + (1 — an)(BnoV f(un) + Zf\il BriV f(8n,i)))s
Cn+1 = {P €Chp: Df(p, Un) < Df(p, xn) + Tn}a (66)
Tpt1 = Pgn+1f€17 n =1,

where sy, ; € T'uy, and 7, = (1 — an)M,]ZVsupr(q,:L‘n) and MY = Zf\il Bn,ikn,i-
en
Step 6: Set n =n + 1 and go to step 2. !

We observe that in order to apply Theorem 3.3 to variational inequality problem,
conditions (A1)-(A4) must be satisfied. Clearly (Al) and (A2) are satisfied. condition
(A3) now becomes A : C'— E* is pseudomonotone on VI(A, C), that is; (y —z*, A(y)) >
0, Vz* € VI(A,C). Moreover if A: A — E* is such that for every sequence {z,} in A,
zn — z implies Az, — Az, then the corresponding function g is jointly continuous on
A x A (i.e. condition A(4)).

Theorem 4.1 Let C' be a nonempty closed convex subset of a real reflexive Banach
space F and f : E — (—o0,+0o0| be Legendre, uniformly Fréchet differentiable, strongly
coercive, totally convex and bounded on bounded subsets of E. Foreach:=1,2,3,..., N,
let T; : C — 2¢ be closed Bregman quasi asymptotically nonexpansive multivalued
mappings with sequences {k,;} and A : A — E* satisfies conditions (A1)-(A4) such
that Q@ = NY F(T;) NVI(A,C) # 0. If Bn; € (u,1 — p) for some p € (0,1), then the

sequence generated by Algorithm 2 converges strongly to u* = P(J;xl.

If7;, i=1,2,3,...,N are Bregman quasi nonexpansive multivalued mappings, then
Algorithm 1 reduces to the following algorithm.

Algorithm 3

Step 0: Let «, h, 06(0,1),6:5, de (h1),0<a,<a<l, n,e(nl,0<n<l1
and B0+ Y1 Bni = 1.

Step 1: Let z1 € C7 = C.

Step 2: Set

Yn = argmin{nng(:vm y) + Dy(y, xn)}- (67)
yeC

Step 3: If y,, = z,, then set z, = x,. Otherwise find the smallest nonnegative integer m

such that

g<zn,m7 xn) - g(zn,ma yn) 2 ,%Df(ym xn)7 (68)

Znm = (1 —0™)zp + 0" yy.
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Set 0, = 0™ and z, = zp,,m and go to step 4.
Step 4: Select w,, € 02g(2n, zy) and compute

hg(zn,7n)

. 2 s Yn Ln
Uy = Pg.Vf (Vf(wn) - Vnwn)a Tn = {0 leon yOtfi’éeT’w’ise.

Step 5: Compute

Un = Vf*(anvf($n) + (1 - an)(ﬁn,va(Un) + sz\il Bn,ivf@ﬂ,l’)))?
Cn—H = {p €Cy: Df(p, Un) < Df(p, xn)}a (69)
LTn+l1 = P(J;nﬂibl, n } 1,

where s,,; € T;(uy).
Step 6: Set n =n + 1 and go to step 2.
Using Algorithm 3, Theorem 3.3 reduces to the following corollary.

Corollary 4.2 Let C be a nonempty closed convex subset of a real reflexive Banach
space E and f : E — (—o00,+00] be Legendre, uniformly Fréchet differentiable, strongly
coercive, totally convex and bounded on bounded subsets of E. Foreach:=1,2,3,..., N,
let T; : C — 29 be closed Bregman quasi nonexpansive multivalued mappings and
g: A x A — R satisfies conditions (A1)-(A4) such that Q = Y, F(T;) N EP(g,C) # 0.
If Bni € (u,1 — p) for some p € (0,1), then the sequence generated by Algorithm 3
converges strongly to u* = Pé:z:l.

As a direct consequence of Remark 7 and Theorem 3.3, we have the following algorithm
and corollary.

Algorithm 4

Step 0: Let a, h, 0 € (0,1),c=12, de (h1),0<a,<a<l n €(nl], 0<n<1
and ﬂn,O"‘Zﬁ\;l Bn,i =L

Step 1: Let z1 € C7 = C.

Step 2: Set

. 1
Yn = argmzn{nng(xm y) + ié(ya mn)} (70)
yeC

Step 3: If y, = z,,, then set z, = x,. Otherwise find the smallest nonnegative integer m
such that

g(zn,rm -Tn) - g(Zn,ma yn) = %Qb(yn, ﬂ?n),

- R (71)
Znm = (1 —0™)zp + 0yn.

Set 0, = 0™ and z, = 2z, and go to step 4.
Step 4: Select w,, € d2g(2n, zy) and compute

hg(zn,x)
Up = HCJfl(J(xn) — ’ann), T = { TwallZ Yn 7 Tn

0, Otherwise
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Step 5: Compute

Un = J N and (@n) + (1 — an) (B0 (wn) + SN Brid (50.4));
Cn+1 = {p eCy: ¢(pa Un) < qb(p,:nn) + Tn}a (72)
Tn+l1l = HCW,_H:El’ n > ]-a

where s, ; € T'uy, and 7, = (1 — o) MY supé(p, z,,) and MY = Zfil B ikn,i-
qeN
Step 6: Set n =mn + 1 and go to step 2.

Corollary 4.3 Let C be a nonempty closed convex subset of a 2—uniformly convex and
uniformly smooth Banach space F with the dual E* and J : F — E* be a normalized
duality mapping. For each i = 1,2,3,..., N, let T; : C — 2° be closed quasi-¢- asymp-
totically nonexpansive multivalued mappings with sequences {ky;} and g : A x A = R
satisfies conditions (A1)-(A4) such that Q@ = NN, F(T))NEP(g,C) # 0. 1f B, € (1, 1—p)
for some p € (0,1), then the sequence generated by algorithm 4 converges strongly to
u* = P(J;.Z'l

Remark 3 The results presented in this paper generalize among others the results of
Eskandani et al. [18] and Joumande and Moradlou [21] in the following sense:

(1) Apart from the fact that Theorem 3.3 considered a more general class of maps
(Bregman quasi asymptotically nonexpansive multivalued) than those studied in
Eskandani et al. [18] (Bregman relatively nonexpansive multivalued maps), the
Bregman Lipschitz conditions there were dispensed with.

(2) Corollary 4.3 generalizes Theorem 4.1 of Joumande and Moradlou [21] from
single wvalued relatively nonexpansive mapping to finite family of quasi-¢-
asymptotically nonexpansive multivalued mappings.

References

[1] Y. I. Alber, Metric and generalized projection operators in Banach spaces: properties and applications, In
theory and applications of nonlinear operators of accretive and monotone type, Lecture Notes Pure Appl.
Math. (1996), 15-50.

[2] A. Ambrosetti, G. Prodi, A Primer of Nonlinear Analysis, Cambridge University Press, Cambridge, 1993.

[3] P. N. Anh, A hybrid extragradient method extented to fixed point problems and equilibrium problems,
Optimization. 62 (2) (2013), 21-283.

[4] J. P. Aubin, Optima and Equilibria, Springer, New York, 1998.

[5] H. H. Bauschke, J. M. Borwein, P. L. Combettes, Essential smoothness, essential strict convexity and Legendre
functions in Banach spaces, Commun. Contemp. Math. 3 (2001), 615-647.

[6] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Mathematics
Students. 63 (1994), 123-145.

[7] J.F. Bonnans, A. Shapiro, Perturbation Analysis of Optimization Problems, Springer, New York, USA, 2000.

[8] L. M. Bregman, The relation method of finding the common points of convex sets and its application to
solution of problems in convex programming, USSR, Comput. Math. Math. Phys. 7 (1967), 200-217.

[9] D. Butnariu, A. N. Lusem, Totally Convex Functions for Fixed Point Computation and Finite Dimensional
Optimization, Kluwer Academics Publishers, Dordrecht, 2000.

[10] D. Butnariu, E. Resmerita, Bregman distance, totally convex functions and method for solving operator
equation in Banach spaces, Abst. Appl. Anal. (2006), 2006:84919.

[11] D. Butnariu, A. N. Iusem, C. Zlinescu, On uniform convexity, total convexity and convergence of the proximal
point and outer Bregman projection algorithms in Banach spaces, J. Convex Anal. 10 (2003), 35-61.

[12] C. Byrne, A unified treatment of some iteratve algorithms in signal processing and image reconstruction,
Inverse Problems. 20 (2004), 103-120.

[13] L. C. Ceng, J. C. Yao, A hybrid Iterative Scheme for mixed equilibrium problem and fixed point problem, J.
Comput. Appl. Math. 214 (2008), 186-201.

[14] Y. Censor, A. Lent, An iterative row-action method for interval convex programming, J. Optim. Theory.
Appl. 34 (1981), 321-358.

[15] I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, Kluwer Academic
Publishers, Dordrecht, 1990.



[16]
[17]
18]
[19]
[20]
[21]

(22]

M. H. Harbau and B. Ali / J. Linear. Topological. Algebra. 10(02) (2021) 153-177. 177

V. H. Dang, Weak and strong convergence of subgradient extragradient methods for pseudomonotone equi-
librium problems, Commun. Korean Math. Soc. 31 (2016), 879-893.

P. Daniele, F. Giannessi, A.Maugeri, Equilibrium Problems and Variational Models, Kluwer Academic, Dor-
drecht, The Netherlands, 2003.

G. Z. Eskandani, M. Raeisi, T. M. Rassias, A hybrid extragradient method for solving pseudomonotone
equilibrium problems using Bregman distance, J. Fixed Point Theory Appl. (2018), 20:132.

D. V. Hieu, Common solutions to pseudomonotone equilibrium problems, Bull. Iran. Math. Soc. 42 (2016),
1207-1219.

D. V. Hieu, Convergence analysis of a new algorithm for strongly pseudomonotone equilibrium problems,
Numer. Algorith. 77 (4) (2018), 983-1001.

Z. Jouymandi, F. Moradlou, Extragradient and linesearch algorithms for solving equilibrium problems and
fixed point problems in Banach spaces, arXiv:1606.01615[Math].

Y. Li, H. Liu, Srong convergence of hybrid Halpern iteration for Bregman totally quasi-asymptotically nonex-
pansive multivalued mappings in rreflexive Banach spaces with application, Fixed Point Theory Appl. (2014),
2014:186.

V. Martin-Marquez, S. Reich, S. Sabach, Iterative methods for approximating fixed points of Bregman
nonexpansive operators, DCDS. 6 (2013), 1043-1063.

E. Naraghirad, J. C. Yao, Bregman weak relatively nonexpansive mappings in Banach spaces, Fixed Point
Theory Appl. (2013), 2013:141.

J. W. Peng, Iterative algorithms for mixed equilibriums, strict pseudocontractions and monotone mappings,
J. Optim. Theory. Appl. 144 (2010), 107-119.

N. Petrot, K. Wattanawitoon, P. Kumam, A hybrid projection method for generalized mixed equilibrium
problems and fixed point problems in Banach spaces, Nonlinear Anal. Hybrid Syst. 4 (2010), 631-643.

R. R. Phelps, Convex Functions, Monotone Operators and Differentiability, Springer, Berlin, Germany, 1993.
X. Qin, Y. J. Cho, S. M. Kang, Convergence theorems of common elements for equilibrium problems and
fixed point problems in Banach spaces, J. Comput. Math. Appl. 225 (2009), 20-30.

S. Reich, A weak convergence theorem for the alternating method with Bregman distance: Theory and
Application of Nonlinear Operators, Marcel Dekker, New York, (1996), 313-318.

S. Reich, S. Sabach, A strong convergence theorem for a proximal-type algorithm in reflexive Banach spaces,
J. Nonlinear Convex. Anal. 10 (2009), 471-485.

S. Reich, S. Sabach, Two strong convergence theorems for a proximal method in reflexive Banach spaces,
Numer. Funct. Anal. Optim. 31 (2010), 22-44.

J. J. Strodiot, V. H. Nguyen, P. T. Vuong, Stong convergence of two hybrid extragradient methods for solving
equilibrium problems and fixed point problems, Vietnam J. Math. 40 (2) (2013), 371-389.

A. Tada, W. Takahashi, Weak and strong convergence theorems for a nonexpansive mapping and equilibrium
problem, J. Optim. Theory. Appl. 133 (2007), 359-370.

W. Takahashi, Convex Analysis and Approximation of Fixed Points, Yokahama Publishers, Yokahama, 2000.
S. Takahashi, W. Takahashi, Viscosity Approximation methods for Equilibrium problems and fixed point
problems in Hilbert Spaces, J. Math. Anal. Appl. 331 (2007), 506-515.

W. Takahashi, K. Zembayash, Strong convergence theorem by new hybrid method for equilibrium problems
and relatively nonexpansive mappings, Fixed Point Theory Appl. (2008), 2008:528476.

J. V. Tiel, Convex Analysis: An Introduction, Wiley, New York, 1984.

Q. D. Tran, L. D. Muu, H. V. Nguyen, Extragradient algorithms extended to equilibrium problems, J. Optim.
57 (2008), 749-776.

G. C. Ugwunnadi, B. Ali, I. Idris, M. S. Minjibir, Strong convergence theorem for quasi-Bregman strictly
pseudocontractive mappings and equilibrium problems in Banach spaces, Fixed Point Theory Appl. (2014),
2014:231.

Q. Yuan, M. J. Shang, Ky Fan inequalities, ¢-distances, and generalizesd asymptotically quasi-¢-nonexpansive
mappings, J. Fixed Point Theory. (2013), 2013:4.

C. Zlinescu, Convex Analysis in General Vector Spaces, World Scientific Publishing, USA, 2002.

Q. N. Zhang, H. L. Wu, Hybrid algorithsms for equilibrium and common fixed point problems with applica-
tions, J. Inequal. Appl. (2014), 2014:221.



