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Abstract. In this paper, our aim is to introduce the concept of a frame in n-Hilbert space and
describe some of its properties. We further discuss tight frame relative to n-Hilbert space. At
the end, we study the relationship between frame and bounded linear operator in n-Hilbert
space.
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1. Introduction and preliminaries

In the study of vector spaces, one of the most fundamental concept is that of a basis.
A basis provides us with an expansion of all vectors in terms of its elements. In infinite-
dimensional Hilbert space, we are forced to work with infinite series and so depending
on the work on infinite series, different concepts of basis has been established which may
contain infinitely many elements namely, Schauder basis, orthonormal basis etc. In fact, in
a separable Hilbert space every element can be expressed as a infinite linear combination
of an orthonormal basis. The condition linearly independentness is not being assumed to
define such Schauder basis or orthonormal basis but Schauder basis or orthonormal basis
automatically becomes linearly independent. A frame is also spanning set of a Hilbert
space but it is a redundant or linearly dependent system for a Hilbert space. So, frame
can be considered as a generalization of orthonormal basis. In fact, frames play important
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role in theoretical research of wavelet analysis, signal denoising, feature extraction, robust
signal processing etc.

In 1946, Gabor [7] first initiated a technique for rebuilding signals using a family of
elementary signals. In 1952, Duffin and Schaeffer abstracted Gabor’s method to define
frame for Hilbert space in their fundamental paper [4]. Later on, frame theory was popu-
larized by Daubechies et al. [5]. The concept of 2-inner product space was first introduced
by Diminnie et al. [6] in 1970’s. In 1989, Misiak [12] developed the generalization of a
2-inner product space for n > 2.

In this paper, our focus is to study and characterize various properties of frame and
tight frame in n-Hilbert space. Finally, we shall established that an image of a frame
under a bounded linear operator will be a frame if and only if the operator is invertible
and give a characterization of frame in terms of its pre-frame operator in n-Hilbert space.

Throughout this paper, H will denote separable Hilbert space with inner product (-, -)
and [2(N) denote the space of square summable scalar-valued sequences with index set
of natural numbers N.

We recall some basic definitions and results.

Theorem 1.1 [3] Let Hy, Hy be two Hilbert spaces and U : H; — Hj be a bounded
linear operator with closed range Ry;. Then there exists a bounded linear operator U :
Hy — Hj such that UUTx = x for all z € Ry.

The operator UT defined in Theorem 1.1 is called the pseudo-inverse of U.

Theorem 1.2 [11] The set S(H) of all self-adjoint operators on H is a partially ordered
set with respect to the partial order < which is defined as for T, S € S(H):

T<Se(Tf f)<(Sf.f) VfeH.

Definition 1.3 [11] A self-adjoint operator U : H — H is called positive if (Uz,z) >0
for all x € H. In notation, we can write U > 0. A self-adjoint operator V : H — H
is called a square root of U if V2 = U. If, in addition V > 0, then V is called positive
square root of U and is denoted by V = U'/2.

Theorem 1.4 [11] The positive square root V : H — H of an arbitrary positive self-
adjoint operator U : H — H exists and is unique. Further, the operator V' commutes
with every bounded linear operator on H which commutes with U.

Definition 1.5 [3] A sequence {f;};o; C H is said to be a frame for H if there exist
positive constants A and B such that

AlFIP <Y I P < BIFI? Ve H. (1)

=1

The constants A and B are called frame bounds. If the collection {f;};, satisfies only
the right inequality of (1), then it is called a Bessel sequence with bound B.

Theorem 1.6 [3] Let {f;};°, be a sequence in H and B > 0 be given. Then {f;};°, is a
Bessel sequence with Bessel bound B if and only if the operator T : [?(N) — H defined

[e.e]

by T{c;} = 3 ¢;if; is bounded and |T| < vB.
i=1

Definition 1.7 [3] Let {f;};2, be a frame for H. Then the bounded linear operator
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T : I>(N) — H defined by T{c;} = _ ¢;fi is called pre-frame operator and its adjoint
i=1

operator T* : H — [?(N), given by T*f = {(f, fi)};2, is called the analysis operator.

The operator S : H — H defined by

Sf=TTf=> (f.f)fi VfeH

i=1
is called the frame operator.

The frame operator S is bounded, positive, self-adjoint and invertible [3].

Definition 1.8 [9] A n-norm on a linear space X (over the field K of real or complex
numbers) is a function

(T1, @2, s an) V> |21, 22, @, @122, 20 €X
from X" to the set R of all real numbers such that for every z1,x2,---,z, € X and
a €K,
(1) ||z1, 22, , 2] =0 if and only if x1,--- , x, are linearly dependent,
(2) |lx1,x2,- - , x| is invariant under permutations of x1,xa, - , Zp,
(3) HO[$1,CU27 o 7:1:71” - ’a‘ Hxtha o J'rn"?
(4) Hx + Y, Lo, 7an < ”$,IIZ’2, o 7xTLH + ”y7$27 T 7an
A linear space X, together with a n-norm ||-,--- ,-||, is called a linear n-normed space.

Definition 1.9 [12] Let n € N and X be a linear space of dimension greater than or
equal to n over the field K, where K is the real or complex numbers field. A n-inner
product on X is a map

(xava%'” ,CCn) — <$,y|$2,”- ,.Z'n>, T,Y, T2, " , Ty € X
from X"t to the set K such that for every z,y,z1, 22, -+ ,2, € X and a € K,
(1) (x1,x1|x2, - ,20) = 0 and (x1,21|z2, -+ ,2) = 0 if and only if x1, 29, ,x, are
linearly dependent,
(2) (x,y|zo, -+ ,zn) = (x,y|Tip, -, x;, ) for every permutations
(/iQ)"' 7/LTL) Of (25 )n)v
(3) <x7 y‘a:?? T 7xn> = <y,x|:c2, T 7xn>7
(4) {(ax,ylza, - ,zn) = a{x,ylze, -+, 2y),
(5) (x+y,z|lza, - zn) = (T, 2T, - y20) + (Y, 2|T2, -+, T0).
A linear space X together with n-inner product (|-, ,-) is called n-inner product
space.
Theorem 1.10 [8] For n-inner product space (X, (-,-|-,---,)),
’<$,y‘$2, T 7xn>‘ < HQ?,HJQ, e ﬂan Hva?v e 7x7l”

hold for all z,y,xo, -+ ,x, € X, which is called Cauchy-Schwarz inequality.
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Theorem 1.11 [12] For every n-inner product space (X, (-,|-,--+,-)),

||.’B1,ZL’2,' o 7an - \/<x1,$1|$2," ' ,.Tn>

defines a n-norm for which

1
T, Y|x2,: ", Tn S~ Uy, x2, - ,Tn — T =Y, X2, 5, T
(o )= (o + 21 I2)
and
Hl’ +y,x2, 7an2 + H.’II — Y, X2, 7$n”2 =2 (HIE,JJQ, o 7xn”2 + ”y7‘r27 o 7an2)
hold for all x,y, x1,x9, -+ ,z, € X.
Definition 1.12 [9] Let (X, ||-,---,-||) be a linear n-normed space. A sequence {xj} in

X is said to converge to some x € X if

lim ||xp —x,e9, - ,en]| =0
k—o00
for every eg, - ,e, € X and it is called a Cauchy sequence if
lim |z — xp, €2, ,en|| =0
l,k—o00
for every eo, -+ ,e, € X. The space X is said to be complete if every Cauchy sequence

in this space is convergent in X. A n-inner product space is called n-Hilbert space if it
is complete with respect to its induce norm. 2-Hilbert space [2] is a particular case of
n-Hilbert space for n = 2.

Definition 1.13 [1] Let (X, (-,+|-)) be a 2-Hilbert space and £ € X. A sequence { f;};2; C
X is said to be a 2-frame associated to & if there exist positive constants A and B such
that

ALEP <Y WL FIOP <BIFEIP Ve X
=1

Theorem 1.14 [1] Let L¢ denote the 1-dimensional linear subspace of X generated by
a fixed £ € X. Let M be the algebraic complement of L¢. Define <:c,y)g = (z,yl§) on
X. This semi-inner product induces an inner product on the quotient space X/L¢ which
is given by

(r+ L,y +L£>g = (z,y)¢ = (2,y§) Vz,ye X

By identifying X/L¢ with M¢ in an obvious way, we obtain an inner product on M;.
Define ||zf|; = |/(z,2), (z € Mg). Then (Mg, | - [l¢) is a norm space. Let X¢ be the
completion of the inner product space M.

Theorem 1.15 [1] Let (X, (-,-|-)) be a 2-Hilbert space and £ € X. Then a sequence

{fi};2; in X is a 2-frame associated to £ with bounds A&B if and only if it is a frame
for the Hilbert space X¢ with bounds A&B.
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2. Frame and it’s properties in n-Hilbert space

In this section, we introduce the notion of frame in n-Hilbert space and then we discuss
its several properties.

Proposition 2.1 Let (X, (-,:|]-,---,-)) be a n-inner product space and z1,--- ,z, be
elements in X. Then

|21, 22, @pl| = sup {[{z1, ylza, - - 2n)| 1y € X, [ly, 2, -+ 2| = 1}
Proof. Now,
€1
‘|z17$27"' ;an = X1, |$27"' y Tn
||$1a$27"' 7'7}TLH

< Sup{le,y\xz,--- 7xn>’ ) € X and Hyax27"' 7$TL|| = 1}

i )
where y =
||$17$2’ e 7an

< Sup{||x1,x2, T 7:CTLH Hy7x27 e 7:L‘n|| : ||y,x2, T aan = 1}
[by Cauchy-Schwarz inequality]

= |lz1, 2, @l

This completes the proof. [ |

Let Lp denote the linear subspace of X spanned by the non-empty finite set F =
{ag,as,-- ,a,}, where ag,as, - ,a, are fixed elements in X. Then the quotient space
X/Lp is a normed linear space with respect to the norm, ||z + Lr|p = ||z, a2, -, ay|
for every x € X. Let Mp be the algebraic complement of L, then X = Lp@® Mp. Define

<1:ay>F = <1’,y|(12,"' 7an> on X.

Then (-, ) is a semi-inner product on X and this semi-inner product induces an inner
product on the quotient space X/Lp which is given by

<x+LF7y+LF>F:<$7y>F:<x7y’a27"'7an> V%yEX'

By identifying X/Lpr with Mp in an obvious way, we obtain an inner product on Mp.
Now, for every x € Mp, we define ||z||p = \/(z, ) and it can be easily verify that
(Mg, |- ||7) is a norm space. Let X be the completion of the inner product space Mp.

For the remaining part of this paper, (X, (-,+|-,---,-)) is consider to be a n-Hilbert
space. Ir will denote the identity operator on Xr and B(Xr) denote the space of all
bounded linear operator on Xp.

Definition 2.2 A sequence {f;};2; in X is said to be a frame associated to (ag,--- , an)
for X if there exist constants 0 < A < B < oo such that

Allfraz, anl® < SO filaz, - an) < Bl foaz, - ,anl?

]
i=1
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for all f € X. The infimum of all such B is called the optimal upper frame bound and
supremum of all such A is called the optimal lower frame bound. If the sequence {f;}:2,
satisfies only

oo
Z‘(fvfi’a27”' ,G/n>|2 g BHf,CLQ,"' 70'77»H2 vf €X7
i=1

is called a Bessel sequence associated to (ag,--- ,a,) in X with bound B.

Theorem 2.3 Let (X, (-,+]-,---,-)) be a n-Hilbert space. Then {f;};2; C X is a frame
associated to (ag,--- ,a,) with bounds A& B if and only if it is a frame for the Hilbert
space X with bounds A&B.

Proof. This theorem is an extension of the Theorem 1.15 and the proof of this theorem
directly follows from that of the Theorem 1.15. [ |

Theorem 2.4 Let {f;};°; be a Bessel sequence associated to (ag,--- ,a,) in X with
bound B. Then the operator given by

[e.9]
Tp: P(N) = Xp, Tr ({ei}S,) = Y aif;
i=1
is well-defined and bounded. Furthermore, the adjoint operator of T is given by

T;‘ : XF — lz(N)aT;‘(f) = {<f7 fi’a27 e 7a‘n>};.i1 Vf € XF

Proof. Let {¢;};2; € [*(N). Then

l k 2 ! 2
Yoafi=Y afil| =D cifiaz,--an
i=1 i=1 F i=k+1
] 2
= sup < Z Cifi,y|a27"' 7an> : Hy7a27"' 7anH:1
yeX i=k+1
. 2
= Sup Z Ci <f’i7y‘a27"' 7a”n> : ||y7a27'” ,CLnH:].
veX | lizk+
1 l
2 2
< Z |CZ‘ Sup{ Z |<fiay’a2>"' 7an>| : Hyva%"' >an|| = 1}
i=k+1 YEX Lizkt1
[using Cauchy-Schwarz inequality]
!
<5y o
i=k+1
[since { f;};= is a Bessel sequence associated to (ag,--- ,an)].

o0
This implies that 3" ¢;fi is convergent in X if {¢;}22, € I>(N). Using the continuity of
i=1
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n-norm function, we get

o0 2 o0
> eifi| <BY el = ITr {e)Zily < VB el
1= F 1=

The above calculation shows that Tr is well-defined and bounded. To find the expression
for Tf, let f € Xp and {¢;};2; € I2(N). Then

T (62 oo an) = (£ 5 coflan ) = S . floa, -+ ).
The convergence of the series > ¢ (f, filaz, -+ ,a,) for all {¢;};2; € I?(N) implies that

i=1
{{f, filaz, - -+ ,an)}i2, € 13(N), (see page 145 of [10]). Therefore,

(f,Tr{citiZy) p = (S, filaz, -+ s an) 12y e} 20 e
and hence T5(f) = {(f, filaz, -+ ,an) };=, for all f € Xp. This completes the proof. W

Remark 1 The operator Tr, defined in Theorem 2.4, is called pre-frame operator and
the adjoint operator of Tr is called analysis operator for { fi}io;.

Definition 2.5 Let {f;};2, be a frame associated to (a,- - ,an) for X. Then the oper-
[&.8]

ator Sp : Xp — X defined by Sr(f) = > ([, filag, -+ ,ay) fi for all f € X is called
i=1

the frame operator for {f;};2,. It can be easily verify that

[e.9]

(Sef, flag, -+ an) =Y [(f, filaz, -+ an)]* Vf € Xp. (2)
=1

Theorem 2.6 Let {f;};2, be a frame associated to (ag,--- ,an) for X with bounds
A& B. Then the corresponding frame operator S is bounded, invertible, self-adjoint and
positive.

Proof. For each f € Xp, we have

||SFf||%‘ = HSFf,CLQ,‘ T 7anH2

= sup {|(Spglan, - o)l g0, anll = 1)

= sup ‘<Z<f7f’b|a27 ,an>fi,g]a2,~-- 7an>
i=1

2

: Hg,(IQ,"' 7anH =1

o o
< Sup{ZKfﬂ fi|a27”' 7QN>‘2Z’<g7fi’a27'” 7an>|2 : Hgva27"' 7anH = 1}
=1 =1

[ using Cauchy-Schwarz inequality]
< Blf,ag,- - ,anH2 B [since {f;};=,is a frame associated to (ag,- - ,an)]

= B?|f,a2,--- ,anl® = B?|| f|%.

This shows that S is bounded. Since Sp = TFrT}, it is easy to verify that Sp is self-
adjoint. By (2), frame inequality of Definition 2.2 can be written as
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A<f7f|a27”' 7an>< <SFf7f’a27'” 7an><B<f7f’a27'” 7an>

and therefore according to the Theorem 1.2, we can write Alp < Sp < Blp. Thus, Sp
is positive and consequently it is invertible. |

Remark 2 In Theorem 2.6, it is proved that Alp < Sp < Blp. Since S;l commautes
with both Sy and Ip, multiplying in the inequality, Alp < Sp < Blp by S;l, we get
B7p < Spt < AL

Theorem 2.7 Let {f;}:2, be a frame associated to (ag, - - - , ay) for X with frame bounds
A, B and Sg be the corresponding frame operator. Then {S;l fi}zl is also a frame
associated to (ag,--- ,a,) for X with bounds B~! and A~

Proof. By Theorem 2.6, S;l : Xp — X is self-adjoint. Now, for each f € Xp, since

{fi}52, is a frame associated to (ag,- - ,a,), we have
o0 o N )
Z ‘<fa Sglfi’aﬂv e 7an>’2 == Z ‘<(SE1) fa fi|a27 e aan>
i=1 =1
- Z ’<Sglf7 fi|a27 e 7an>{2
i=1
< B HS;lf, ag, - 7anH2
<B HSI;IHQ ||f7 ag, - -+ 7an||2 :
This shows that {Sglfi}ioil is a Bessel sequence associated to (ag,--- ,ay,) in X. Also,
for each f € Xp, we have
z <f7 Sglfi|a27 T 7an> Sglfl = SEI (Z <SE1f> fi|a27 T aan> fz)
i=1 =1
_ 577 (i (5511)) = S5 )

This shows that Sgl is the frame operator for {S;l f,}zl Now, for each f € X, using
the inequality B~ I < S;l < A Mg, we get

Bil”faa%"' 7a‘7LH2 < <51;1f7f‘a27"‘ 7an> < A71||f7a27"' 7anH2'

Now, using (3),

<S;1faf’a27”' aan> z<f7‘s;1fi|a27"' 7an> Sglf’iaf|a27"' 7an>

=1

Z <f> Sglfi|a21 e aan> <S}:1fi7f’a27 T 7an>
=1

= Z ‘<f7 Sglfi‘a27 T 7an>‘2 .
=1

Therefore, for each f € Xp,
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oo
_ - 2 _
B 1||f>a27"' ,CLnH2 < Z ‘<faSF1fi|a2,"' ,(In>’ < A 1||f7a27' o 7anH2‘
i=1
Hence, by Theorem 2.3, {S}?lf,;}?il is a frame associated to (ag,--- ,a,) for X with
bounds B! and A1, [ |

Remark 3 From the Theorem 2.7, we can conclude that if { f;};=, is a frame associated
to (ag,--- ,ay) with optimal frame bounds A and B, then B~! and A~ are also optimal
frame bounds for {S;lfi}zl. The frame {Sﬁilfi}zl is called the canonical dual frame
associated to (az, - ,an) of {fi}ieq-

Proposition 2.8 Let {f;};°, be a frame associated to (ag,--- ,ay) for X and Sy be the
corresponding frame operator. Then, for every f € Xp,

=Y (£S5 filag,- - an) fiand f =Y (f, filaz, -+ ,an) S5 fi,
=1 =1

provided both the series converges unconditionally for all f € Xp.

Proof. Let f € Xp. Then
f=SpSz'f="5r <§; (f, S5 filag,- -~ s an) S;ffz) [using (3)]
= i (£,8p filaz, -+ ,an) Sp (S5 f:)
= il (f, 85 filag, -+ ,an) fi.

Since {(f, Sp'filas, - - ,an>}:il € [?(N) and {f;};2, is a Bessel sequence associated to
(ag,- -+ ,ay) in X, the above series converges unconditionally. On the other hand,

f = SEISFf = ‘S’El (2:1<f,fz|612, 7an> f2> = 21<f’ fi|a2a"' 7an> Sglfl
for all f € Xp. This completes the proof. [ |

Definition 2.9 A sequence {f;};2; in X is said to be a tight frame associated to
(ag,- - ,ay) for X with bound A if for all f € X,

oo
ST filaz, - an) P = Allfoaz, - an]? (4)
i=1
If A =1 then it is called normalized tight frame associated to (ag,--- ,ay,). From (4), we
have
00 1 2 )
y —=Jild2, 0, 4 = ; A2, 0,0 .
E(r gt )| =1 al
Therefore, if {f;};°, is a tight frame associated to (ag,---,a,) with bound A, then
1 o0
family { 7a fi} is a normalized tight frame associated to (ag,--- ,ay). According to
i=1
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Theorem 2.3, {fi}:=, is a tight frame associated to (ag,--- ,an) for X with bound A if
and only if it is a tight frame for X with bound A.

Proposition 2.10 Let {f;};2, be a tight frame associated to (ag,--- ,ay) for X with
frame bound A. Then, for every f € Xp,

= %Z<f7fi|a27"' 7an>f’i-
i=1

Proof. Since {f;};2, is a tight frame associated to (ag,- - ,ay) for X with bound A, we
have

o0

Z’(f fl’a27 7an> ‘2:AHf7a27”' 7an||2 VfGXF

Let Sp be the corresponding frame operator for {f;};2,. Then, by (2),

<SFf7f’a27"' 7an> :Z|<f)fi|a2)"' ,an>\2:AHf,a2,-~ ,(In||2:<Af7f|(I2,"' 7an>
k=1
= ((SF—AIF)f,f]a2,~- ,an> =0 VfGXpi»S'F:AIF.

Therefore, for each f € X, we get

Af = Sp(f) = (f, filag,-+ an) fi = f = %Z<fafi|a27”' s an) fi-
=1 =1

]
Theorem 2.11 Let {f;}3°, be a frame associated to (ag,--- ,ay) for X and Sp be the

o0
corresponding frame operator. Then {S;l/ 2 fl} is a normalized tight frame associated
i=1

to (ag, - ,ay) and furthermore, for each f € Xp,

fe Z <f, S;”in\az, . ’an> S;l/in'

i=1

Proof. By Theorem 1.4, a unique positive square root S;l/ 2 of S;l exists, which is
self-adjoint and commutes with Sg. Therefore, each f € X can be written as

f= S;1/2S;1/2 (SFf) _ Sgl/st (S;1/2f>

— 5;1/2 (Z <S;1/2f, Filag, - ,an> fi)

i=1

> (S5 21, flaz, -+ an) S

1

%

tnqg

(1.0 filaz, - an) S5

1

%
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Now, for each f € X, we have

||f,a2"" 7anH2: <faf’a27"' aan>

= <Z <f7 Sy filaz, - 7an> Sp 2 i, Flag, -+ ;an>

i=1

<f7 S;lﬂfi‘az, R 7an> <S;1/2fi,f’a27 c. ,an>

=1

’<f7S;1/2fi’a27... ,an>‘2

o

i=1

Hence, {5’;1/2]‘@-}

oo
. is a normalized tight frame associated to (ag, - ,a,) for X. H
(2

3. Frame and operator in n-Hilbert space

In this section, we establish that an image of frame associated to (ag, - ,ay) becomes
a frame associated to (ag,---,a,) under a bounded linear operator if and only if the
bounded linear operator have to be invertible. In general, a Bessel sequence does not
form a frame in n-Hilbert space. We give some sufficient condition for Bessel sequence
associated to (ag,--- ,a,) to be a frame associated to (ag,--- ,a,) in n-Hilbert space.

Theorem 3.1 Let {f;}°, be a frame associated to (ag,- - ,a,) for X with bounds A
and B, Sg be the corresponding frame operator and U : X — X be a bounded linear
operator. Then {U f;};2, is a frame associated to (ag,--- ,ay) for X if and only if U is
invertible on Xp.

Proof. Suppose U : Xp — X is invertible. Then, for each f € Xp,

”f7 az, - - 7an||2 = H(Uﬁl)*U*fa az, - - 7anH2 < HU71H2 ||U*f) ag, - - 7anH2 . (5)

Since {f;}32,is a frame associated to (ag,--- ,ay) for each f € Xp,
S WS Ufilag, -+ an)> =D [US, filag, -+ s an)|?
i=1 =1

> A ||U*f7 az,--- ,anHZ

> AU NIzl By (5)].
On the other hand, for each f € X, we have
i (f, Ulilaz, - an)|* = i (U, filaz, -+ an)* < BUIP|If a2, am .
Hence, {U f;}:°, is a frame associated to (ag,- - ,ay) for X.

Conversely, suppose that {U f;};2, is a frame associated to (ag,--- ,ay) for X. Now,
for each f € Xp, we have
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i=1

S (L Ublaa. ) Uf; =U <§°: (U f, ilas, - >) _ USRS,

This shows that USpU* is the corresponding frame operator for {U f;}?2,. By Theorem
2.6, USFU™ is invertible and hence U : Xr — X is invertible. [ ]

Corollary 3.2 Let {f;}32; be a frame associated to (ag, - - ,ap) for X and U : Xp — Xp
be a bounded linear operator Then {f; + U fi};2, is a frame associated to (ag,--- ,an)
for X if and only if I + U is invertible on Xp.

Proof. For each f € Xp, we can write
zlefa fz+Ufz|a27 7an>|2 = Z:1|<(I+U)* fa fi|CL2,"' 7an>|2'

Thus, {f; + Uf;};2, is a frame associated to (ag,--- ,ay) for X if and only if {f;}52, is
a frame associated to (ag,--- ,a,) for X. By Theorem 3.1, the family {f; + Uf;};2, is a
frame associated to (ag,--- ,ay) for X if and only if I + U is invertible on Xp. [ |

Remark 4 Furthermore, for each f € Xp, we have
Z(fvfi+Ufi|a27"'7 > fZ+Ufl Z f7 I+Uf2|a27 aan>(I+U)fZ
i=1 =1

I+U Z I—l—U ffz‘a% 7an>fi
=1
— ([+U)Sp(I +U)*f

This implies that (I + U)Sp(I + U)* is the corresponding frame operator for the frame
{fi+Ufi}iZ,.

Corollary 3.3 Let {fi}°;, and {g¢;};°; be two Bessel sequences associated to
(az,- -+ ,ay) in X with pre-frame operators Tr and T}, respectively. Then, for Ly, Ly €
B (XF), the sequence {L1 f; + Lag;};-, is a frame associated to (ag,- - - ,a,) for X if and
only if [TrLj + (Tf)" L3] is an invertible on Xp.

Proof. Since Tr and T} are pre-frame operators for {f;}5°; and {g;}3°,

Ti(f) = {{f. filaz,- -+ san)}2y, and (T)" (f) = {{f. gilaz, -+ ,an)}2, Vf € Xp.

By Theorem 3.1, {L1 f; + Lag; } ;= is a frame associated to (ag,- - ,ay) for X if and only
if its analysis operator T : X — [2(N) defined by

T(f) ={(f,L1fi + Lagilaz,--- ,an)};oy Yf € Xp,

is invertible on X . Now, for each f € Xp,

T(f)

{(fs L1fi + Logilaz, -+, an) }i24

{(f; L1filag, - an) + (f, Logilaz, -, an)}i24
{

=

)+
< 1f fz‘a% 7an>} 1+{< ;f,gi‘a%"' 7an>}§il
THLT+ (Tr) " L3] f.
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Therefore, {L1f; + L2g;};o; is a frame associated to (ag,--- ,a,) for X if and only if
[THL; + (T)" L3] is an invertible on Xp. [
Theorem 3.4 A sequence {f;};2, in X is a frame associated to (ag,--- ,ay) for X if

and only if Tr : {¢;}52, — > ¢ f; is well-defined mapping of I?(N) onto Xp.
i=1

Proof. First we suppose that {f;}:;2; is a frame associated to (ag,--- ,a,) for X. Then,
by Theorem 2.4, Tr is well-defined bounded linear operator from [?(N) onto Xg. Also,
by Theorem 2.6, the frame operator Sg = TrT} is surjective and hence T is surjective.

Conversely, suppose that Tr is well-defined mapping of I2(N) onto Xr. By Theorem
1.6, Tr is bounded and that {f;}:°, is a Bessel sequence associated to (as,--- ,ay,). So,
Trf = {{f, filaz, -+ ,an)};=y. Since Tp is surjective, by Theorem 1.1, there exists an

operator T} : Xr — [?(N) such that TFT;& = Ip. This implies that (T}) Tr = Ip.
Then, for each f € X, we get

1, el < [ (1)

2 2 X
2
1T fraz, - sanll® < | TE 2 14F Sila, -+ san) 2
i=1

[e.9]

1
o s a2 < SN filan e an)
|7
Therefore, {f;}32, is a frame associated to (ag,--- ,ay) for X. [ |
Theorem 3.5 Let {f;};2, and {g;};-, be two Bessel sequences associated to (az, - - - ,an)

in X with bounds CandD, respectively. Suppose that 7% and T} be their pre-frame
operators such that T (T}:)" = Ip. Then {f;};2, and {g;};-; are frames associated to
(ag, -+ ,ap) for X.

Proof. Since Tp and T}, are pre-frame operators for {f;};-, and {g;};=,, respectively.
For each f € X, we have

‘|T;'f||%‘:z:|<f7fl|a27 7an>|2 and H(TIIJ‘)*f”§$:Z|<f>gZ|a‘27 7an>|2'
=1 =1

Now, for each f € Xg, we have

If,az, - anl* = [(f, flaz, -~ an)]”
= [(Tr (T})" £, flag, -+, an)]? [sinceTr (Tj)" = Ir]
= [((T4)" 1, Ti flaz, -+ )]
<TEFIZ |(Te)" £ by Cauchy-Schwarz inequality]

= Z ’<f7 fi|a2;"' 7an>‘22 ’<fagi’a27"' 7an>’2
=1 =1

o0

< Z ’<f>f’i|a27” : 7an>‘2D”f7a27” : 7an||2
i=1
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o0

1 2
= 5”f7a27"' ’anHZ g Z|<f7fi’a27"‘ 7an>| .
i=1
Hence, {f;};=, is a frame associated to (ag,--- ,a,) for X. Similarly, it can be shown
1
that {g;};-, is a frames associated to (ag,--- ,a,) for X with the lower bound —. ®

C

4. Conclusion

In this paper, in the setting of n-Hilbert space, we give the idea of frame and tight
frame and establish some characterizations of them. Yet it remains to establish another
few important concepts of frame theory like, perturbation, stability etc. in the setting of
n-Hilbert space.
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