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Abstract. In this paper, we give an explicit formula for the Moore-Penrose inverse of W,
denoted by W, on L? (X). As an application, we give a characterization for some operator
classes that are weaker than p-hyponormal with W1. Moreover, we give specific examples
illustrating these classes.
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1. Introduction and preliminaries

Let (X,X,u) be a sigma finite measure space and let ¢ : X — X be a mea-
surable transformation such that p o ¢~! is absolutely continuous with respect to .
It is assumed that the Radon-Nikodym derivative h = du o p~1/dp is finite valued
or equivalently (X, (X)) is sigma finite. We use the notation L?(¢~1(X)) for
L (X, o (D), -1 (s)) and henceforth we write p in place of p,-1(x). All comparisons
between two functions or two sets are to be interpreted as holding up to a p-null set.
We denote that the linear space of all complex-valued »-measurable functions on X by
L°(X). The support of f € LY(X) is defined by o(f) = {z € X : f(x) # 0}. For a finite
valued function u € L°(X), the weighted composition operator W on L?(X) induced by
¢ and u is given by W = M, o C, where M, is a multiplication operator and C, is a
composition operator on L?(X) defined by M, f = uf and Cyf = f oo, respectively.
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Let A = p7}(X), 0 < ue LYT). If p~1(T) C %, there exists an operator E :=
E¥ () . [P(¥) — LP(A) which is called conditional expectation operator. D(E), the
domain of F, contains the set of all non-negative measurable functions and each f €
LP(X) with 1 < p < oo, which satisfies

[ran= [ Bhan, e,

Recall that E : L?(X) — L2?(A) is a surjective, positive and contractive orthogonal
projection. For more details on the properties of E see [16, 22, 23]. Since by the change
of variable formula,

[ sovu= [ nfan. rerm.

then [|[Wf|a = [[W/RE([u]?) o o= 1f|2. Put J = hE(Ju|?) o o~ 1. It follows that W is
bounded on L?(¥) if and only if J € L>®(X) (see [17] and also [8] for a discussion of
E(-) o =1 when ¢ is not invertible).

Composition operators as an extension of shift operators are a good tool for separating
weak hyponormal classes. Classic seminormal (weighted) composition operators have
been extensively studied by Harrington and Whitley [15], Lambert [17, 22], Singh [24],
Campbell [6-8] and Stochel [11]. In [4, 5] some weak hyponormal classes of composition
operators are studied. In those works, examples were given which show that composition
operators can be used to separate each partial normality class from quasinormal through
w-hyponormal. But in some cases composition operators can not be separated some
of these classes. Hence, it is better that we consider the weighted case of composition
operators. In [10, 18], the authors generalized the work done in [4] and have obtained some
characterizations of related p-hyponormal weighted composition operators as separately.
In [18] some examples were presented to illustrate that weighted composition operators
lie between those classes. We then give specific examples illustrating these classes.

Given a complex separable Hilbert space H, let B(H) denote the linear space of all
bounded linear operators on H. N(T') and R(T) denote the null-space and range of an
operator T, respectively. Let T' = U|T| be the polar decomposition of T'. Associated
with 7' € B(H) there is a useful related operator T = |T|2U|T|'/2, called the Aluthge
transform of T'. Let CR(H) be the set of all bounded linear operators on H with closed
range. For T € CR(H), the Moore-Penrose inverse of T, denoted by T, is the unique
operator TT € CR(H) that satisfies the following:

TT'T =T, T'TT' =T" (TT")* =TT!, (T'T)" =TT

We recall that T'T exists if and only if ' € CR(H). The Moore-Penrose inverse is designed
as a measure for the invertibility of an operator. If T = U|T| is invertible, then T—! = T,
U is unitary and so |T'| = (T*T)Y? is invertible. It is a classical fact that the polar
decomposition of T* is U*|T*|. It is easy to check that U*|T*|! and |TT|zU*|T"|z are
the polar decomposition and Aluthge transform of T'f, respectively. For other important
properties of TT see [1-3, 9, 12, 13, 20].
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2. Main results

Let CR(H) be the set of all bounded linear operators on H with closed range. Also,
W € CR(L?(Y)) if and only if J is bounded away from zero on o(J) (see [17]). In the
following we give an explicit formula for the Moore-Penrose inverse of W. In addition, to
avoid tedious calculations, we investigate some characterizations of weak p-hyponormal
and A(p) classes of Moore-Penrose inverse of weighted composition operators on L?(X).
We give specific examples illustrating these classes. From now on, we assume that W has
closed range.

Theorem 2.1 Let W € CR(L?*(X)). Then W1 = Mxo, W* and (W*)T = Mxo(som W.

Jop

Proof. Since W ¢ CR(L?*(X)) has closed range. Put A = Mx,,, W*. Then A €

CR(L?(X)), because *22 is bounded away from zero on X. Since for each f € L*(X),
W*f = hE(uf) o', then we have

WAW f =u(AW f)op
= a2 hE@) 0 o
Xf}‘]) hE(u?) e~ f)oe

= U’XO'(JO(p)f °@.

:u(

Since, u > 0 and o(ho ) = X, 0(J o)) = o(ho pE(u?)) = o(E(u?)) 2 o(u), and so

WAW f = (UXo(u)) Xo(Bw2) f © ¢
= (U’Xo'(u))f cp=WF.

Also,
AWAF = o RE(uWAf) ot

= Xew hE(W?(Af)op)op™!

J

= X MEW?)(Af)op) o

J

= Yo (hE(u?) o o7 )Af

J

= Xo()Af = Af.

Similar computations show that

WA = Moxouy EM, = (WA)*

E(u?2)

and AW = M, ,, = (AW)*. This completes the proof. [ |

Corollary 2.2 Let O, € CR(L*(X)). Then C,f = Mxo C,*.
h

Theorem 2.3 Let W € CR(L?(X)). Then |[WT|| = H%HC>o
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Proof. We have W1 = Mx,, W*. Put w := X242 hence W1 = M,W*, and so (WT)* =
W M,,. Then for each f € LQ(Z), we get that

oo > (WY = (WM /|2 = /X [ (f o 9)(w o ) Pdu
— [ B o pPu= | (W) 057 fuldn
X X

- /X VT fPdp = | M, 1

Thus,
W = 1M 70 = oV T oo = 1252 e
VI
|
Ezxample 2.4 Let w := {my,}>2,; be a sequence of positive real numbers. Consider

the space £?(w) = L%(N, 2", 1), where 2" is the power set of natural numbers and y is
a measure on 2V defined by p({n}) = m,. Let u = {u(4)}32; be a sequence of non-
negative real numbers. Let ¢ : N — N be a non-singular measurable transformation.
Direct computation shows that (see [22])

1
JRy=— > (u(j)*m;
k
jep=t (k)
Thus o(J)¢ = {k € N : o7 (k) = 0 or u(p~'(k)) = {0}}. It follows that |[WT|| = %,
where

= inf L Z (u(4))*m; > 0.

k€o(J) My o)

In particular, if h € *°(w) and bounded away from zero on o(h), then HCLH = %, where
A= inf{- D e (k)™M ¢~ (k) # 0}

Now, let B and C be bounded and positive operators on H such that BC = CB. Put
A = BC. Then by using of the functional calculus we obtain A? = BPCP, for each p > 0.
In particular, take B = M, and C' = M,EM,, where 0 < v € L°(A) and 0 < w € LY(%).
Then we can obtain from direct computations that C? = M, g(,2y»-1 EM,,. Consequently,
we have the following lemma.

Lemma 2.5 [19]Let 0 < v € L°(A),0 < w € L°(X) and let A := M,,EM,, € B(L*(%)).
Then for each p € (0,00), AP = M, p(u2)r-1 EM,,.

Let p > 0, in the following two theorems, to avoid tedious calculations, we investigate
only p-hyponormal and p-quasihyponormal classes of Moore-Penrose inverse of weighted
composition operators. Note that an operator T' € B(H) is p-hyponormal if and only
it (T*T)? > (TT*)P, for 0 < p < 1[1]. If p = 1, T is called hyponormal, and T is
p-quasihyponormal if and only if T*(T*T)PT > T*(TT*)PT. An operator T is said to
be p-paranormal if |||T|PU|T|Pz| > |||T|P=||* and operator T is absolute-p-paranormal
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operator if |||T|PTx|| > ||Tz|PT?, for every unit vector z € H. From now on, we assume
that K := hE(u) o ¢!

Theorem 2.6 [5] W is p-hyponormal if and only if o(u) C o(J) and

w?(E(u?))P X0

(W o @) B(——2

)< L.

Theorem 2.7 Let W € CR(L*(X)). Then W is p-hyponormal if and only if

(£(u))?

1
- 77 > .
(To PP E(a) = Jr on o(Jop)

Proof. Let f € L?(X). By direct computations and Lemma 2.5, we get that

WT* T\ f — 120 ¢ _ M g
* 1
(VVTVVJr Wi = \W*T]QPf —
Jpr
Then WT is p-hyponormal if and only if
Xo(Joyp) 1
(Toppra "t = h 520 0

Put f = x,-15 with (¢ 'B) < co. Hence, (1) holds if and only if

Xo(Joyp) _ i S
/M{u I Rl T

Equivalently,

/B{W(E(U) I

But, this is equivalent to

1

Xo(J 1,2
—(E(u)op™) T Jropd >

)
JPE(u?) o
on o(J). Equivalently, by composing with ¢, we get that

(Bw? 1
(Jop)PEu2) ~ Jp’

on o(J o). Then WT is p-hyponormal if and only if

(Bw? 1
(Jop)PE(u2) = Jp’
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on o(J o). [ |
Corollary 2.8 Let C,, € CR(L*(X)). Then G, is p-hyponormal if and only if (h o ¢)P <
hP.

Lemma 2.9 [21] Let a and § be nonnegative and measurable functions. Then, for every

feL?x),
/ olf[2dp > / B(8F)2du
X X

if and only if o(8) C o(«) and E( Xa(a))

Theorem 2.10 Let W € CR(L?(X)). Then (VV*)1L is p-hyponormal if and only if o(u) C
o(J) and

u?

E(5Xo(n) < (J7 0 @) E(u %).
Proof. Let f € L?(X). Since (W*)! = (W1)*, then we get that
(W (WP 1, 1) = (W PL, f) = /X X7 2,
and

(O )OIVPLE) = (W WOPFf) = [ S o o) (B6) Bus) fo

= [ BRI 0 o o) (B2 up) Pl

(Jop)P
Xo(J) — XoWoo) (K% 2\ 2, — UXo (Jop) -
Put o = 252 and § = 75557 (h3 0 @)(E(u?)7 u o) E (B . Then o(a) = o(J)
and o() = o(u). Now, the desired conclusion follows from Lemma 2.9. [ |

Let B(H) be the algebra of all bounded linear operators on the infinite dimensional
complex Hilbert space H. Let T' = U|T| be the polar decomposition for T € B(H), where
U is a partial isometry and |T'| = (T*T)'/2. In the following we concentrate on the polar
decomposition of W and (W*)1.

Proposition 2.11 Let W € CR(L?(X)). Then W = U*|W1| is the polar decomposition
of W1, such that

T XU’(JO(,D) wE(u
Ur(f) = <%>5W*f.

Proof. Let f € L*(S). Then (WIW1)(f) = {552 u(h o ) B(uf). Now [WT| follows

from Lemma 2.5. Moreover, by direct computations we have U* = M x(,) W*. Moreover,

it is easy to check that U*|W'| = Wi, U*UU* = U* and N (U*) = N(W*) = N(WT).
This completes the proof. [ |
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Similar to above result we obtain the following proposition.

Proposition 2.12 Let W € CR(L?*(X)). Then (W*)I = U|(W*)T| is the polar decom-
position of (W*)! such that

(WH(f) = jjm,
U(f) = W

Example 2.13 Let X = (0, 1), equipped with the Lebesgue measure p on the Lebesgue
measurable subsets. Set u(z) = /= and let ¢ : X — X is defined by

It follows that J(z) = 3 (u*(%) + (1 — %)) = 3, Jop = E(u®) = 3. Hence we get that

W) = ﬁﬂ;) 1= =5
WI(F) = V2e{vaf(@) + V- af(l - )}
U(f) = Vol () + V2= f( = 3);

e | 2VEf(22) 0<xz<i,
ug (f)_{z\/g?f(2—2x) %<x<21;

(W)T|(f) = V2(5);

V2zf(2x) 0<z<i,
vi) {\/ﬁf(2—2x) i< <21

Theorem 2.14 [14] Let W € L?(X). Then W is p-quasihyponormal if and only if
E(u®J?) = (B o o) (E(u?)P*,

Theorem 2.15 Let W € CR(L?*(X)). Then W is p-quasihyponormal if and only if
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Proof. Let f € L?(X). Direct computations show that

XU(JOQO)
(Jop)(Jop?)PE(u?)op

WhH (Wi W )Pwif = mu(h op)E(uf):=bf.

(WhH(WhHy whrw'f =

uuo Q) B D hEuf) o g7 0 p i=af,

Then WT is p-quasihyponormal if and only if

(af =0f.f) 20 (2)
for each A € (0,00). Put f = x,-1p5 with pu(p ' B) < cc. Hence, (2) holds if and only if
Xo(Joyp) Xo(J) -1
E(u———*hE
/B{(JOQO)(JOSOQ)I)E(UQ)OQOU(UOSO) (u 7 (u)op™)op
Xo(Joyp)

- Wu(h op)E(u)}du =0

Equivalently,

/{ (Jf";ﬁ% )(E(“))(E(“)WI)E(U%J(J)hE(U)ocpl)

_ Xo(J)
Jp+2

hE(u)? o o~ hdp > 0

This is equivalent to

K.  Xo)

e (B@)(B(w) o o™ )E(5) = S hEwW? 07! >0,

(To QP E(2)

on o(J). Then WT is p-quasihyponormal if and only if

Corollary 2.16 Let C, € CR(L?*(X)). Then C,' is p-quasihyponormal if and only if
h = (hog) on o(h).

Theorem 2.17 Let W € CR(L*(X)). Then (W*) is p-quasihyponormal if and only if

2

(W o @) (B ECL) 21, on ().

Proof. Let f € L?(X). It is easy to check that

u2
Wi WPy r = Z2hB(S) 00!,

J2

WhHW Wity s =22 .
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Thus, (W*)' is p-quasihyponormal if and only if

hE(%) 0! 1
J? = et

on o(J). Equivalently, (h? o go)(E(uQ))p_lE(;—i) >1 on o(J). [ |

For k > 0, an operator T' € B(H) belongs to class A(p) if (T*]T\QPT)zo%1 > |T|? ([26]).

Theorem 2.18 [18] Let W € L?(X). Then is belongs to class A(p) if and only if
B(u?J?) = (" 0 o) (B(u?))*.

Theorem 2.19 Let W € CR(L?*(X)). Then WT is belongs to class A(p) if and only if

PHE(T) 00 > (S

Proof. Let f € L?(X). By easy calculations we get that

Xo(Jop) Xa(J)

WhHWiPPWwif = E(u=Z2 W
(WO WTPWTf (Jo¢)(JO¢Q)p(E(u2)O(p)(uotp) (u==W" f),
t12 ¢ _ Xo(Jop)
Then by similar to the proof of Theorem 2.15, the proof is complete. [ ]

Lemma 2.20 Let T' € B(H) and let U|T| be its polar decomposition. Suppose p is a
positive real number. Then we have the following assentations:
(i) [26] T is p-paranormal if and only if for each A > 0,

[ T*[P|T|*P|T*[P — 2| T*[* 4+ A* > 0.
(ii) [26] T is absolute-p-paranormal if and only if for each A > 0,
T*(|T1%|T%| — (p + 1)NP|T** + pAPT" > 0.

Theorem 2.21 Let W € CR(L*(Z)). Then The following statements are hold.
(i) WT is p-paranormal if and only if

E(u) u Jop
52 P ) 2

¥, ono(J).

(ii) WT is absolute-p-paranormal if and only if

E(u) u Jop.,
VI B 2 (50, ().
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Proof. (i) Let f € L?(X). It is easy to check that

Xo(Jop)

|WT’2pf = WUE(Uf),
1 . Xo(Joyp) wE(u

* 1
T*12p ¢ _
Wy = 5.

It follows that

XU(JO(p) wE Uf )

it 2zt e e —
WP PS = ().

Now, by Lemma 2.20 (i), WT is p-paranormal if and only if

e o ) T D 20 0

for each X € (0,00). Set f = x5 with p(p ' B) < cc. Hence, (3) holds if and only if

Xo(J) UX 0P Xo(J) )
ull —2A L 09)+ A2}du > 0.
/WB{ JP(J o p)P E(u?) ) Jr w0 @)+ A ydp
Equivalently,
/ Xo()E(u) oo™t By _1—2>\M+)\2}hd -
B VI o LIPE) 0t VI T JPo T =
This is equivalent to
-1
Xo(nEu) o ¢ u -1 Xo(J) 9
E —2) A2 >0
TFop By o e 1o 7F T R
Put
E(u)op™! u .
E O =a
VIP o o LJPE(u?) o p=t (\/ﬁ) ¥
and
1
b:= Frood

Then, W1 is p-paranormal if and only if

D) :=a—2bA+X2 >0, A€ (0,00).
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Since minyg(g,00) D(A) = D(b), it follows that

D) >0<=a>b

E(u)op™! u -1 [
— E >
/Tpogp_l,]pE(uQ)O(p_l ( /Tp)0<,0 (Jpogo_l)

VIP(IP o @) E(u?) I T T

E(u) u Jop
E > P ono(J

S B > (G5 ono()

(ii) The proof is similar to part (i). [ |

Example 2.22 Let X = (0,1), equipped with the Lebesgue measure du = dx on the
Lebesgue measurable subsets of X and let ¢ : X — X be a non-singular measurable
transformation defined by and

(2) 2x 0<x<%,
€Tr) =

v 2-2 l<a<l
Then for each f € L?(X) and z € X we have

() = )+ e (B

(Bf)(r) = DA,

X

(B(f) oo™)(@) = 5(F(3) + F(1— ).

Put u(z) = \/z. Direct computation show that

1/]__
E(U):—\/EjL =
2
B &_i_ 1_£
E(U)Oﬂpl— 2 2 2)
1
EW?) = =;
() = 3;
2 1 1
E(u?)op~! =
2
1
J ==
2’
1
J = —.
O(p 2

Then by Theorem 2.20, W' is p-hyponormal if and only if z = % Also, by Theorem
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2.15, Wt is p-quasihyponormal if and only if

<1+2m>{\/<\/§+ J-Defi-ofs+ -y e /i i- b
0

In particular, if p > 0, x = % then W1 is p-hyponormal, but (4) is not holds on X = (0, 1).
So W is not p-quasihyponormal, for every p > 0. Also W is p-paranormal if and only if

(Vz — V1 —z)(VPz — /1 —20z) > 2/2P.

But, the above inequality is not holds on X = (0,1), then WT is not p-paranormal, and
also W1 is absolute-p-paranormal if and only if v2(v/z — 1 — 2)(v2z — 1 —22) > 1.

But this relationship is hold on the (0.5, 1), then WT is absolute-p-paranormal on (0.5, 1).

Exzample 2.23 Let X = (1,00), equipped with the Lebesgue measure du on the

Lebesgue measurable subsets. The transformation ¢ and the weighted function wu(z)

are given by ¢(z) = /z and u(x) = \/11-Tz Then h(z) = 2z, E = I, J(x) = %,

hoo(x) =2z, Jopx) = % So, by using the above theorems p-hyponormality,

p-quasihyponormality and Belonging to class A(p) for W is equivalent to J > J o .
Therefor, W dose not lie in the above classes. Also, p-hyponormality of W' is equiv-
alent to J > Jo ¢, then Wt is not p-hyponormal. Moreover, p-quasihyponormality of

Wt is equivalent to J > Jo¢ and also W' is a class A(p) operator if and only if
(i—\f)p V1 + 22 > 1. In particular, if p = 1, then W is not p-quasihyponormal but it is
in the class of A(p), while for very large values of p, WT is not in none of the classes of

A(p) and p-quasihyponormal.
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