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On computing of integer positive powers for one type of tridiagonal
and antitridiagonal matrices of even order
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Abstract. In this paper, firstly we derive a general expression for the mth power (m € N) for
one type of tridiagonal matrices of even order. Secondly we present a method for computing
integer powers of the antitridiagonal matrices that is corresponding with these matrices.
Then, we present some examples to illustrate our results and give Maple 18 procedure in
order to verify our calculations.
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1. Introduction and preliminaries

In recent years, computing the arbitrary positive integer powers of tridiagonal ma-
trices and antitridiagonal matrices have been a very popular problem for researches.
Tridiagonal matrices and antitridiagonal matrices are used in different areas of science
and engineering. For instance; solution of difference systems [1], the numerical solution
of PDE’s [6], telecommunication system analysis [6, 7], texture modeling [11], image pro-
cessing and coding [17]. In these areas, the computation of the powers of these matrices
are necessary. Therefore, there are a lot of studies dealing with the integer powers of these
matrices using the well-known expression A™ = T J™T~! [5], where J is the Jordan’s
form of A and T is the transforming matrix. Rimas and others have presented several
papers on computing the positive integer powers of various kinds of tridiagonal matrices
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[2-4, 8-10, 13-16]. In this paper, firstly we obtain a formula for computing the entries of
positive integer powers of an n-square tridiagonal matrix of the form:
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where n = 2p (p € N). Rimas in [13] presented a formula for computing entries of the
matrix (1). The formula that we obtain in this paper is simpler than the Rimas formula.
We also give a method for computing positive integer powers of the antitridiagonal ma-
trices that is correspond to matrix (1). Now, we are beginning with following definition
and lemma.

Definition 1.1 The Chebyshev polynomials T},(z) of the first kind are polynomials in
x of degree n defined by the following relation

T, (x) = cosnf,when z = cosf,n =0,1,2,--- . (2)
The first few Chebyshev polynomials of the first kind define by

To(z) = 1, Ty (z) = , To(x) = 22 — 1, T3(x) = 42> — 3z. (3)

According to the following lemma, Rimas obtained eigenvalues for matrix (1).

Lemma 1.2 [13] The eigenvalues of matrix (1) are as follows:

(k—1m

k=1,2,--- n. 4
k=12, @

A, = —2cos

Since all the eigenvalues Ay for £ = 1,2,...,n are simple, for each eigenvalue g
corresponds single Jordan cell J;(A\g) in the matrix J. Taking this into account, we write
down the Jordan’s form of the matrix A

J = diag()\lv )‘25 >\3) e 7)\71) (5)
and apply the relation \y = =\, _x41,k=1,2,--- , 5, we can write
J = diag(A1, A2, Az, -, = A3, = A2, —A1). (6)

2. The main result and its applications

In this section, we firstly find a formula for computing (4, 7)th entry of the matrix
A™ for (m € N). Secondly we present a method for computing integer powers of the
antitridiagonal matrices correspond to the matrix A.

From relation T-'AT = J, we have

AT =TJ. (7)
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Here, T = [T1,T5,--- ,Ty] and T; = [T1;, Ty, -+ , Tpi]* for i = 1,2,--- ,n, then we can
write

A[Tla T27 T37 T aTn] = [Tla T27 T37 T 7Tn]diag()‘17 )‘27 )‘37 U 7)\11) (8)
Now, we have
ATy = \Thi=1,2,3,- . 9)
It follows from (9) that
2T [ AT |
Thi+ T3 AiT
: : ,1=1,2,3,...,n. (10)
| 2T RYEN

Let Ty; = m; for i = 1,2,3,...,n,. Then, by solving the set of system (10), we find the
entries of the eigenvectors of the matrix A for ¢ = 1,2,--- ,n as follows:

A.
T =miTi1 (), k= 1,2.3,....n, (11)

where Tj_1 is Chebyshev polynomial of the first kind.
Using (11), eigenvectors of A are defined by the following expression

Ty
Ts; : Ai .
Ti=| o | =millo(5), T (), ,Tn_l(é)]T,z: 1,2,...,n. (12)
Tni
We consider m; = mg = --- = m,, = 1 arbitrarily. Now, by considering (12), the matrix
T is identified as follows:
To(%)  To(%) To(i"il) To(%)
Ti(%) Ti(%) Ti(~5t)  Tu(3)
T= : : . : : (13)
Tn—2(%) Tn—2(%) : Tn—Z(i”zfl) Tn—2()\7">
L n—l(%) Tn—l(%) Tn—l( ”271) Tn—l(%)_
From relation T-'AT = J, we have
T'A=JT71, (14)
here, T_l = [7_177_277—3"' ' 7Tn71a7-n] and T, = [Tli77_2i77—3i7" ' 7Tni]T for ¢+ = 1727“' y 1.
Then we can write
[Tla T2, T3, " aTn—lan]A - J[T1)7—277—35 oy Tp—1, Tn]- (15)
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From (15) follows

[T2, 271

or equivalently

T12
722
732

Tn2

+T37T2+T47'.‘

27111 + T13
2791 + To3
2731 + T33

T12 + T14
T2 + To4
T32 + T34

Tn—12 2Tp—11 + Th—13 Tn—12 + Tn—14 - **

271 + T3 Tn2 + Tna
A1T11 A1T12 A1T13
A2To1 A2T22 A2To3
A37T31 A3T32 A3733

y Tn—1 T 2Tn7 7-n—l] =

[JT1, 19, -

Tin—1 + 271p
Ton—1 + 27op,
T3n—1 + 273p

Tan—1 + 2Tnn

M Tin—1
A2Ton—1
A3T3n—1

Tn—1n—1 + 2Tp—1n Tn—1n—1
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7JTTZ—17 JTn]

Tin—1
T2an—1
T3n—1

Tnn—1

AMTin
A2Top
A3T3n

AnTnl

Let Til = My fOri:LQ,---,

An—1Tn—11 Ap—
AnTn2

A—1Tn—1n—1 An—1Tn—1n
AnTan—1 AnTan

1Tn—12 Ap—1Tn—13 * * -
)\nTnB

n. Then, after solving the set of system (16), we find the

matrix 71

as follows:

I m1T0 71) 2m1T0(%) 2m1T0(%) mlTo(&) i
2m2T1(7) ngTl(%) ngTl(%) 2m2T1(72)
71— . ) .
2mn 1Tn 2( 2 ) 2mp—1Tn— 2()%271) e 2mp 1 T— 2()\71271) 2mn71Tn72(>\n271)
()\TW) 2mp T - 1()\7) 2mp T 1()\7) mnTn—l(%) J
(17)
It follows from (4), (13) and (17) that

1 1 1 1 1 17

—1 —cos 75 —cos 2“1---c0s% cos 15 1
1 cos % cos 4—”1 cos % cos % 1

T=]: : , (18)

—1 cos 2”1 —cos%---cos‘l—”l—cosml
1 —cos 5 COS% -cos%—cosﬁl

| —1 1 -1 1 -1 1]

i mi —2m1 2m1 —2m1 2m1 —m 1
mo —2cos leg 2 cos n2”1m2 2 cos Q“Img —2cos My mo
ms —2cos 2—mg 2 cos 4—m3 —2cos 4—m3 2 cos Q—mg —ms

71 = :

Mip—2 2COS - 2n lmn 2 2cos Ar lmn 9 - 2cos s lmn 2 2cos 2n lmn 9 Mp_9
My — 12COS T Min— 12008n2 M1 —2cos 2 1mn 1 2008 1mn 1 —Mp_1

| My an 2my, an an My |

(19)
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We have T~IT = I, by substituting (18) and (19) in the latter equality and doing the
necessary computations follows

1
— n = 2
my=m T (20)
and fori=2,3,--- ,n—1
31 9
T
(2+4 ) =1 21
m;(2 + Zz;cos _1) (21)
It follows from n = 2k that
— 2
2 —
mz(2+4;cos 1) =L (22)
From (22), we have
k 20i — )
2 201 — _
Now, by cos? a = % + %COS 2a, we get
mi(2 + 4((k Zc 20 = 1myy . (24)
2%k —1
We can write
22 —1 1 21 —1 21 —
o (i—1)m _ (sin( i—Dm (20 3)7r) (25)
2k —1 2sin 5 2k —1 2k —1
If follows from (24) and (25) that
k . .
1 1 1 . 2i—-Dmr . (20 -3)7
(24+4((E—1)= + = - =1. 2
mi(2+4(( )2+2(§2sm2kﬁ_1(sm =1 g ) (26)

Now, we convert the sum into a telescoping sum, which we can evaluate directly as

1 1 1 . k-7 . o«
m; 4((k - 1)= + = - sin — sin = 7
(2+4(( 1)2+2(2smﬁ( 2k — 1 2]4:—1)))) 1 (27)
Hence,
1 1
2+4((k-135+ 552 (0 — sin ) = (28)



64 M. Beiranvand and M. Ghasemi Kamalvand / J. Linear. Topological. Algebra. 10(01) (2021) 59-69.

By a little computations, we obtain

1 1
; = }=2,3,--- — 1. 29
mZ zk _ 1 n _ 1’7/ 9 b 7n ( )
Now, from (19) and (29), we have
(1 -2 2 -2 2 —17
2 élcos—lélcos,nZ1 --- 4cos 2”1 —4cos 5 2
) 2 4cos 7 4cos 4“1 - —4 cos 4“1 4 cos 2”1 -2
7! = 30
s S T R
2 dcos 5 4dcos T -0 4cos Ty 4cos n”1 2
2 4cos Ty 4cos nzfl -+ —dcos 5 2” —4cos -1 —2
1 2 2 .. 2 2 1]

By substituting (5), (18) and (30) in the equality A™ = T.J™T~!, and doing the necessary
computations, we compute the mth powers of matrix A of even order. (i, j)th entry of
the matrix A™ can be given as:

1
[A™;; = [TJ™T™7] 575 X
cij Zgzl my, COs (Fl%(f;'l)ﬂ cos Y= 1T)L(k 1)7r)\7€”) if i,j=1,2,---,%
CZ](Zk (= 1)k Ly cos (n_g(_kl_l)”c U= 17)1(_1 Dm )\ZL) fi=54+1,5+2,--,n7=12,--
cZJ(Zk:l( ) kaOS (- 1T)L(_k;1_1)7rcos (n— jk-(_kl L )‘ZL) 1fZ:1727 5%7j2%+1’%+27
cl-j(zlle My, COS (nfir)L(ikfl)ﬂ cos 2= Jnfkl 1)ﬂ>\2”) if Lj=5+1,5+2,---,n
(31)
where
(1) 4 (=1)™) if,j = 1,n,i = 12~Wn lif, k=1
Cor — o
Y 2((=1)" + (=1)™) if 4,5 = 2,3, - —li=12"" 2if k> 1

In the continuation, we present a method for computing the positive integer powers of
the antitridiagonal matrices correspond to the matrix (1) as follows:

o
—
SN
—= o

S =

oo -
N
o

3 w3
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Let

Lemma 2.1 If matrices A, B and J have the form (1), (32) and (33) respectively, then
B=JA. (34)

Proof. According to the definition of the multiplication of matrices, we have

2if i=1,j=mn—1,
n 2 if i=mn,j =2,
AL =Y ikl = [Alnt1-i5 = { ] ipn 11— (i+j) =41, = Blig (35
=1 0 if otherwise.
]

Theorem 2.2 If the matrices A, B and J have the form (1), (32) and (33) respectively,
then rth power (r € N) of matrix B computes as follows:
For k=1,2,3,---.

Br:{A for r =2k (36)

JA" forr =2k —1

Proof. We prove this lemma by induction on k. The base case of k = 1 is true, because
from lemma 2.1 and from that AJ = JA and J = J~! follows

B =JA,B* = A% (37)

Suppose that the result is true for k£ > 1 and consider case k + 1.
By the induction hypothesis we have

B2 — A%k g2k-1_ jp2k-1 (38)
We show that case k + 1 also is true
B2k+2 _ g2k g2 _ g2k 42 _ p2k+2 (39)
and
B2kl _ pl+2k _ pp2k — JAAk — JA2kt+L (40)

Thus the formulas also hold for k£ + 1 and the induction arguments are completed. R

We can compute (4, j)th entry of matrix B” in (32) by using formula (31) and Theorem
2.2.
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3. Numerical considerations
In this section, we give two examples. One of them calculates the powers of the matrix

(1) and the other solves the system equations difference with coefficients in form matrix
(1), to verify formula given in (31).

Ezxzample 3.1 Let A; be a 4 x 4 tridiagonal matrix given in (1) as in the following:

0200
1010
A=10101
0020
The second, third, and fourth powers of the matrix A; are computed as in the following:
From (4), eigenvalues of matrix A; can be written for £k = 1,2,--- ,4 as:
(k—1)mw

Ak = —2cos ~——. Namely, \y = =2, s = =1, A3 =1 and \y = 2.
From (18) and (30) we can write the transforming matrix 7" and its inverse as:

1 1 11 1 1 11
T_ —l—cosé cosrf}r 1 _ _1_§ %11
I —cos=g —cos 7 1 1 —3-11
—1 1 -1 1 -1 1 —-11
and
1 1 1 1
1 §4_2W 427r_21 § 73 4°
T*].:i - COSE_ COSE _ §_13 _§ g
2(4) —2 |2 4cos g7y —4cos ;g —2 53 3 ~1
bz 2 1 §3 3 5
Then we get
1 1 1174000 %—% T -3 2020
1 |-1—F L1 |o100||5—5—3% 3 0301
A2 =TJ*T7 ! = ? 2 575773 | = ’
L =331 |00101 15 5 —3 -3 1030
-1 1 -11] [0o004) |1 1 11 0202
1 1 111[-8000 %—%é—é 0602
- -1-+ 210 -100||L-1-11 3050
3 _ 31 _ 5 5 o
A= LI o 0o g%—z—é 0503
-1 1 —-11 0 008 5 3 % % 2060
1 1 11][16000 %—%%—% 60100
o |-1-3iaf|oroo0||[i-1-11 01105
4 _ popdp—1 _ 5 y o
s LI oot %%—i—; 50110
-1 1 —-11 00016 z 3 % % 010 0 6
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(i,7)th entry of the matrices A%, A3 and A} can be verified by the formula given in
(31).

Ezxzample 3.2 Find all functions y1, ¥, y3 and y4 such that

y:1 = 2y
Yo =W + Y3
yg = Y2+ Y4
y4—2y3

with initial conditions y;(0) = y2(0) = y3(0) = y4(0) L.
We can write above example in matrix form as 3y = A,y with

yi(z) vy (x) 0200 1

| ye(x) ¢ | ys(x) 11010 |1
Y=yl | Y T ) | M T |oro1 | @ =1y
Ya(z) yy(x) 0020 1

The following MATLAB program calculates the solution of this system.

>> inits =" y1(0) = 1,12(0) = 1,y3(0) = 1,y4(0) = 1';

[Y1, Y2, Y3, ya] = dsolve('Dyy = 2y5," Dys = y1 + y5,' Dys = ya + vy’ Dya = 24, inits).
Therefore

Y1 = yo = y3 = ys = e~

In generally, solution of this type system as follows
y(x) = I+ Z Ak il
For k = 4 we can write approximate solution as:
Arey 2 3 4
= et (1 A¥ I+ zA A A A
y(x) =e —i—Z 1/~c' =+ L+t —1-24 1)y(0).

Thus, by using Example 3.1, we have

1000 0200 2020 0602
0100 1010 22 (0301 22 3050
v@)~(go10l T 0101|732 |1030| T 0503
0001 0020 0202 2060

60100 1 14 2z + 222 +4x3+§4 ~yl

z* 011 05 yx [ = 1+2;c+2x+i %4 | ~y2

24 150110 1|~ | 14224222 +2x3+ 4T [ ~y3

010 0 6 1 142z + 222 + 32°% + 2! ~yd
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The graphs of the exact solution (blue) and approximate solution (red) for Example
3.2 are given in Figure 1.

10 Exact solution(y1=y2=y3=y4)(blue) and Approxomate solution( ~y1l=~y2=~y3=~y4)(red)
T T T T

exp(2*x)
— 142nx20x 2447 (x 513+ 2¢(x. )13

1 1 1 1 1 1
0
0 0.2 0.4 0.6 0.8 1 12 1.4

Figure 1. Comparison between exact solution (blue) and approximate solution (red) for k = 4.

Appendix A. Following maple 18 procedure calculates the mth power of n—
square tridiagonal matrix given in (1) of even order.
>restart:

with(ListTools):

Am :=proc(n, m)

local mm, kk, lambda, i, j, ¢, A, Aops;

for kk from 1to n

do

mm[kk] := 1

if kk>1 then mm[kk]| := 2 end if;

lambda[kk] := -2*cos((kk-1)*Pi/(n-1));

end do;

Aops := [|:

for i from 1 ton

do

for j from 1to n

do

clin, i, 7] = 2%(-1)"(i4))+(-1) ‘m):

if j = 1 then c[m, i, j] :=((-1)"(i+j)+(-1) "m) end if;

if j = n then c[m, i, j] :=((-1)"(i+j)+(-1) "m) end if;

if memll)ler(l seq(t, t =1 .. (1/2)*n)) and member(j, seq(t, t =1 .. (1/2)*n))
=true then

Alm, i, j] = c[m, i, j*(sum(mmlk]*cos((i-1)*(k-1)*Pi/(n-1))*cos((j-1)*(k-1)*Pi/(n-
1));(%?mbda[k])Am, k=1. (1/2)*n))/(2*n-2);

if mer}rllber(i, seq( (1/2)*n+t,t=1..(1/2)*n)) and member(j, seq(t, t = 1 .. (1/2)*n))=
true then

Alm, i, J] 1= cm, i, j[*(sum((-1)" (1) *mm{i]*cos((n-i)*(k-1)*Pi/ (n-1))*cos((j-1)* (k-
1)*514(.n-1))*(1ambda[k])Am, k=1. (1/2)*n))/(2*n-2)

if mem’ber(i, seq(t, t =1 .. (1/2)*n)) and member(j, seq((1/2)*n+t, t =1 .. (1/2)*n))=
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true then

Alm, i, j] := c[m, i, j]*(sum((-1)" (k-1)*mm/k]*cos((i-1)*(k-1)*Pi/(n-1))*cos((n-j)* (k-
1)*51./f('n—1))*(lambda[k])Am, k=1. (1/2)*n))/(2*n-2)

if merr;ber(i, seq((1/2)*n+t, t = 1 .. (1/2)*n)) and member(j, seq((1/2)*n+t, t =1 ..
(1/2)*n)) = true then

Alm, i, j] = c¢[m, i, jJ*(sum(mmk]*cos((n-i)*(k-1)*Pi/(n-1))*cos((n-j)*(k-1)*Pi/(n-
1))*(lambdalk]) ' m , k =1 .. (1/2)*n))/(2*n-2) end if;

Agps := FlattenOnce([Aops, A[m, i, j]]);

od;

print(Matrix(n, n, Aops)):

evalf(Matrix(n, n, Aops));

end proc:
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