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Abstract. In this paper, by using the relations and properties of some classes of two generator
2-groups of nilpotency class two, we find the order of automorphism group of these groups.
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1. Introduction and preliminaries

Most of the authors that have been interested in studying automorphism groups, have

considered the automorphism groups of p-groups. For example, Jamali in [3] considered
some nonabelian 2-groups with abelian automorphism groups. Bidwell and Curran in
[1] found the order, structure and presentation for the automorphism group of a split
metacyclic p-group. Here, we calculate the order of automorphism groups of some classes
of 2-groups. In [2], Hashemi found the order of automorphism groups of some classes of
2-generator nilpotent groups of nilpotncy class two.
Suppose that N <G and there is a subgroup H such that G = NH and H NN = {e},
then G is said to be the semidirect product of N and H; in symbols G = N x H. Each
element of G has a unique expression of the form ab where a € N and b € H. Now, by
using this notation, we state the following classification theorem without proof.

Theorem 1.1 [4] Let G be a finite nonabelian 2-generator 2-group of nilpotency class
two. Then G is isomorphic to exactly one group of the following four types:

(1) G = ({c) x (a)) x (b), where [a,b] = ¢, [a,c] = [b,c] = 1, |a|] = 2%, |p] = 27,
| =27 a,B,7veN,a>f>7;
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(2) G = (a) x (b), where [a,b] = a®" ", |a| = 2%, |b] = 2°, |[a,b]| = 27, o, 3,7 € N,
az2y,Bz2y a+ >3

(3) G = ((¢) x (a)) x (b), where [a,b] = a2 "¢, [e,b] = a2 27 |a| = 29,
Ib| =27, |c| =27, |[a,b]]| =27, o, B,v,0 EN, B> >0, a+o0 > 2y

(4) G = ({c) x {a))(b), where |a| = |b] = 271 |[a,b]| = 27, |c| = 2771, [a,b] = a’c,
[e,b] =a 42 a? =b?", vy €N.

The following lemma establishes some properties of groups of nilpotency class two.

Lemma 1.2 If G is a group and G’ C Z(G), then the following hold for every integer k
and u,v,w € G:

(i) [uo,w] = [u, w]lv,w] and [u, vw] = [u, v][u, w];
(ii) [u*, 0] = [u, k] = [u, o)t
(i) (uv)* = uFoF[v, u)PE-1/2

2. Main Results

In this section, we consider some classes of 2-generator 2-groups of class 2 and find
the order of their automorphism groups. Also, we check the results by Group Algorithm
Programming(GAP)[5].

Theorem 2.1 Let G = ({c) x (a)) x (b), where [a,b] = ¢, [a,c] = [b,c] =1, |a] = 2%,
b =25, |c| =27, a, 8,7y €N, a > 8 = ~v. Then

|[Aut(G)| = { 3 x 21273 o =3 > v
260—3 a=p=nr.

Proof. Let f € Aut(G). Also let f(a) = ca®1bh, f(b) = c™a2bt2, f(c) = c"2a**b',
where 0 < 51,582,535 < 2%, 0 < ty,t9,t3 < 2% and 0 < ry, 79,73 < 27. Then |f(a)| = |a| =
2%, So we have(f(a))?" = (¢"1a®bt)?" = g2"51p2 2" =277 2" =Dtisi — 1 Therefore the
below equations hold.

2%s1 =0 (mod 2%)

2°t; = 0 (mod 2°)
2% — 207122 — 1)t181 = 0 (mod 27).

Similarly, (f(0))2" =1 and (f(c))¥" = 1, which imply the equations

2055 = 0 (mod 2%) 27s3 =0 (mod 2°)
20ty = 0 (mod 27) and 27t3 =0 (mod 2°)
20y — 2671(28 — 1)tase = 0 (mod 27) 277y — 277127 — 1)s3t3 = 0 (mod 27).

Now, by defining the relation [a,b] = ¢, we have [f(a), f(b)] = f(c). It yields that
cSitz—=s2tt — (r3gsspts Thus

s3 =0 (mod 2%)
t3 = 0 (mod 2°)
S1tg — Sot1 = 73 (’I’)’LOd 27).
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Now, we claim that r3 can not be even. Suppose the contrary. So there exists ¢t € N such
that r3 = 2t. It follows that (f(c))?" " = @' '$3p2" s’ 127227 —Ditsss — 1 which
is contradiction. So r3 must be odd. This, together with all of the above systems yield

207129 — 1)t151 = 0 (mod 27)
2055 = 0 (mod 2%)
2071(28 — 1)tys9 = 0 (mod 27)
2771(27 — 1)t3s3 = 0 (mod 27) (%)
s3 =0 (mod 2%)
t3 =0 (mod 2°)
s1to — saot1 = 13 (mod 27)
L (7"3, 2) = 1.

Now, for solving the above system, we consider the following four cases:

(1) a>p >
(2) a>p=";
(3) a=pB>7;
(4) a=p=1.

First, let a > 8 > . Then, the system reduces to the following system

2055 = 0 (mod 2%)

s1te — sat1 = r3 (mod 27)
s3 =0 (mod 2%)

t3 =0 (mod 2°)

(rs3,2) = 1.

Since 2%s9 = 0 (mod 2%) and 0 < s9 < 2%, we can choose sy in 28 ways. Also we have
s3 = 0 (mod 2%) and 0 < s3 < 2% Thus s3 = 0. Similarly, from t3 = 0 (mod 2°)
and 0 < t3 < 27, we get t3 = 0. Now, since sito — sot; = 73 (mod 27), (rs3,2) = 1
and 20‘_ﬂ|52t1, we conclude that s1to must be odd. This implies that s; and t9 are odd.
Therefore we can choose s; and t5 in 271 and 2771 ways, respectively. By calculating
s1,52,t1 and t9, the parameter r3 can be only chosen in one way. Now, since ¢; is arbitrary
and 0 < t; < 28, so can be chosen in 2° ways. In this system r1 and ro are free, so each of
them can be chosen in 27 ways. Consequently, the number of the solutions of this system
will be 29+38+27=2_ Each of the three other cases can be solved similarly. [ ]

In the following, we check the number of the solutions of the system(*), for some values
of a, f and v, by GAP.

a | B | v | The number of solutions
31 2[1]2%
413(1|213
3122|248
411127
4131|327
212|1]3x27
4141]3|3x29
11]1]28
21212129
31332
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Theorem 2.2 Let G = (a) x (b), where [a,b] = a*>" ", |a| = 2%, |b| = 27, |[a,b]| =
a,B,veEN, =2y, B>, a+ > 3. Then

203611 fa>B>vya>2y,a—7>p;
220426-27=1  if o> B>y a>2y,a—v<f;
gda—2y-1 if a=p2>2y;
93a+p—2y—1 if B>a>=2y.

|Aut(G

Proof. Let f € Aut(G). Also let f(a) = a™b%, f(b) = a™b*?, where 0 < ri,7y < 2%,
and 0 < s1, 89 < 27, Slmllar to the proof of the last theorem, |f(a)|?>" = 1 yields:

207y — 229777122 — 1)rys1 = 0 (mod 2%)
2%s1 = 0 (mod 2°)

and |f(b)|?” =1 implies:

20y — 20HB=771(28 — 1)rgsy = 0 (mod 2%)
2055 = 0 (mod 2°).

Moreover, we have [f(a), f(b)] = f(a)?>""", which yields

207751 = 0 (mod 2°)
2077 (r189 — ros1) = 2977 (1 — 2977712977 — 1)rys1) (mod 2%).

Consequently, we have

2%s1 = 0 (mod2?)

201y — 20HB=771(28 — 1)rys9 = 0 (mod 2%)

2075 = 0 (mod 2°)

2077 (r189 — ros1) = 247V (11 — 2077712977 — 1)rys1) = 0 (mod 2%).

Now, we consider the following three different cases:

(i) a> B (i) o = B; (iii) B > a.

First, we consider @ > . In this case, if r| is even we get that (f(a))?" = 1 which is
contradiction. Consequently 1 must be odd. So we have

(7“1, 2) =1

2071y =0 (mod 2%)

207751 =0 (mod 2°)

r189 — 1981 =11 — 2077712977 — 1)rysy = 0 (mod 27).

Now, we have two subcases § > v and 5 = . Let § > +, then the above system will be
reduced again and we encounter two subcases a > 2y and o = 2. If a > 27, then we
get the following congruence system

(’r‘l, 2) =1

2°ry = 0 (mod 2%)

207751 = 0 (mod 2°)

r189 — 1281 =11 (Mmod 27).
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Since r1 is odd and 79 is even, so must be odd. Now, subcases a — vy > fora—~v < f3
occur. Let a — v > 8. Then the system will be reduced to the following system

(’I“l7 2) =1
201y = 0 (mod 2%) (xx)
ri(s2 —1) =0 (mod 27).

For solving the system, it is sufficient to find the number of solutions for r1, 9, s1 and ss.
Since 1 is odd and 0 < r; < 2%, it can be chosen in 22! ways. Also since 27 divides 7y,
we can choose it in 27 ways. Furthermore, by solving r1(s2 —1) = 0 (mod 27), we get that
s9 can be chosen in 2877 ways and finally since s, is free, the number of its values is 2°.
Consequently, when o > > v, a > 2y and a — v > 3 we have |Aut(G)| = 20T3F——1,
So, when a > 8 we get the following cases:

a—y=p
a>2

B> 7{04—7<6
a =2y
. o > 2y

Similarly we can solve the systems in other subcases. The proof of parts (ii) and (iii) are
similar. ]

The following table shows some of the results that have been obtained by GAP.

« The number of solutions
27
917
913
28
211
215
217

3
7
6
)
6

U W N RO

O DN Wh W W |2

)
)
Theorem 2.3 Let G = ((¢) x (a)) x (b), where [a,b] = a®" "¢, [¢,b] = a2 e 27,

la| = 2%, |b] = 2°, |c| = 27, |[a,b]| = 27, a, B,7,0 €N, B > v > 0, a+ 0 > 2. Then
|Aut(G)| = 20+o=7=1 where a — v > 8 > 7.

Proof. Let f € Aut(G). Also let f(a) = c™a®b", f(b) = c™a®2bl2, f(c) = c"ab',
where 0 < s1, 89,83 < 2%, 0 < tq,t0,t3 < 28 and 0 < r1,79,73 < 29. Then since f is an
automorphism, we obtain

[f(a)] =27
£(b)] = 27

(0] =27 )

F(@) ™ F®) 7 F(a) f(B) = (@) F (o)

)
F @) f(e) f(b) = f a)*22<”‘”’f(c)72a—w .
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These equations give the following congruence system:

(1) 2%y + 239720122 — 1)ty — 22977712 — 1)tys1 =0 (mod 2%)

(2) 291 =0 (mod 2°)

(3) 297y + 22777122 — 1)ty — 29712 — 1)t151 =0 (mod 29)

(4) 285y + 2208277128 _ 1)tyry — 2078777120 —1)t9s9 =0  (mod 2%)
(5) 2%ty =0 (mod 2°)

(6) 281y + 208777128 — 1)tyry — 2671(28 — 1)tasy =0  (mod 27)

(7) 2983+ 220F9=27=1(29 _ 1)tzry — 2079~ 7=1(29 — 1)t353 =0 (mod 2%)
(8) 27t3 =0 (mod 2°)

(9) 2973 4 2017777129 — 1)t3rg — 2971(27 — 1)t3s3 =0 (mod 2°)

(10) (Sth — tlsg) — 204_7(7‘1152 — T‘Qtl) =2""r + 2204—27—1(204—7 — 1)t1T1—

2a_7_1(2a_7 — 1)t181 +7r3+ 22(04—'7)t1r3 — 2977t 83 (mod 20)

(11) 20‘_7(81@ — t182) — 92(a=) (T‘ltg — T‘Qtl) =275y + 2304—37—1(204—7 — 1)t17“1—
220‘_27_1(2&_7 — 1)t181 + 83 + 23(a_7)t17‘3 — 22(0‘_7)&83 (mod 204)

(12) 277t +t3=0 (mod 2°)

(13) (Sgtg — t283) — 20‘_7(7’3@ — T2t3) = 204_77'3 + 22a_27_1(2a_7 — 1)t37’3—
20771 (2077 — 1)tz 4 22 Mgy 4 23(0=7)(22(@=7) _ 1)ty —
2Ua==1(22(0=) — 1)ty51 4 240ty — 230V sit5 (mod 27)

(14) 20‘77(82t3 — t283) + 22(017’7)(7’311,2 — T’th) = 22(0‘77)81 + 24(0177)71(22(0177) — 1)t17“1—
23(04_7)_1(22(&_7) — 1)t181 — 24(0‘_7)81753 + 297753
423 =1(2077 — 1)ty — 220N 12077 — 1)tgs5 4+ 25 Npit3  (mod 2%)

(15) 22Nt 42977t =0  (mod 2°).

After simplification we obtain

2°t; =0 (mod 2°)

2059 =0 (mod 2%)

2053 — 20977129 _1)t353 =0 (mod 2%)

2°t3 =0 (mod 2°)

($1t2 — tlsg) — 20477(7”1152 — T2t1) =2"7r) + 220172771(20477 — 1)t17“1—
2077712077 — 1)tysy 4 13 + 22 Ntyry — 29 V183 (mod 27)

20{77(81152 — t182) — 22(0‘77) (7’1t2 — 7“2t1) =275 + 230[73771(2&77 — l)tlT’l—

220-271 (2077 — 1)ty + 53+ 23 Vtyrg — 220V tys53 (mod 2°)

2077t +t3 =0 (mod 2°)

(sot3 — tas3) + 2077V (r3ty — rot3) = 29 Vrg + 229729712277 — 1)t3rg—
2077712977 — 1)t383 + 22—y 4 23(0‘77)71(22(&77) — Dtir1—
2211 (220 ~ )ty 5y + 21Dyt — 2O syty (mod 27)

2a_7(82t3 — t2$3) + 22(04—7) (T3t2 — 7’2753) = 22(a_7)81 + 24(0‘_7)_1(22(0‘_7) — 1)t1T1—
23(0‘77)71(22(0‘77) - 1)t181 — 24(a7’7)81t3 + 2% Vg3
23N =L — V)tgry — 2272077 — 1)tgsy + 22 Vrity  (mod 2°)

Let a« — v > 8 > . First, we claim that s; must be odd. Suppose the contrary. Then
there exist integer s such that s; = 2s. Thus

(f(a))Quﬂ = 20T A2 T T (20 =t =207 (20 = Dt s

a2‘¥_1sl+23‘1_2”’_1(2“—1)1&17“1—22(’_7_1(2“—1)&31b2“_1t1 — a2“s — 1
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which is a contradiction to |f(a)| = 2%. This together with condition o« — v > 8 > ~
reduce the above system to the following system

(51, 2) =1

t3 =0

2055 =0 (mod 2%)
2753 =0 (mod 2%)
81(752 — 1) = 83/204_7
sita =713 (mod 27).

(s * %)

(mod 27)

Since s is odd and 0 < s < 29, it can choose its values in 22! ways. Also since 2a*5]32
and 0 < s9 < 2%, the number of choices for so is equal to 28 Furthermore we have
2979 s3 and 0 < s3 < 2%. This implies that s3 has 2 ways for choosing its values. Now,
by putting s; and s3, the parameter t5 will be obtained. So, to has one choice when
0 <ty < 2. But 0 <ty < 2° therefore we must multiply the number of solutions to
28=7. Then by putting s; and the obtained tp, we get r3. Hence r3 can just have one
choice. Also, it is clear that t3 has one choice too. Now by multiplying the number of
choices of each parameter, we get that the number of solutions of the system(x % %) is
20+28+e=y=1 " A]] that remains to be done is to multiply the number of choices of free
parameters of this system which are t9, r1 and ro. Consequently, we have

|Aut(G)| — 90+3f+30—y—1

In the following table, we bring the number of solutions of system(* %) for some
values of o, v, 8 and «.

ol|v| B | a | The number of solutions
1123] 7 |2
11213 8|22
1124 8 |21
13[4 8 |21
213|4] 8 |21
2145|1027
113|510 27
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