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Abstract. In this paper, under some appropriate conditions, we prove some ∆ and strong
convergence theorems of endpoints for multi-valued nonexpansive mappings using modified
Agarwal-O’Regan-Sahu iterative process in the general setting of 2-uniformly convex hyper-
bolic spaces. Our results extend and unify some recent results of the current literature.
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1. Introduction

Let D be a nonempty subset of a metric space (X, d) and t : D → D. A point p ∈ D
is called a fixed point of t if p = t(p). t is called nonexpansive if

d(t(u), t(v)) ⩽ d(u, v) for all u, v ∈ D.

Nonexpansive mappings have many important application in applied sciences. In 1965,
Browder [4], Gohde [8] and Kirk [11] independently established that every nonexpansive
mapping t : D → D has a fixed point provided that C is nonempty closed convex and X
is uniformly convex. Lim [14] proved multi-valued version of Kirk-Browder-Gohde result
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in 1974. It is indeed natural to iterate a single-valued mapping but for a multi-valued
mapping one it is a difficult task. In 2005, Sastry and Babu [19] proved fixed point con-
vergence theorems for multi-valued nonexpansive mappings using modified Mann and
Ishikawa iterative processes in the setting of Hilbert spaces. In 2007, Panyanak [17] ex-
tended results of Sastry and Babu [19] to the general setting of uniformly convex Banach
spaces. In 2008, Song and Wang [26] quickly noted some gaps in the results of Panyanak
[17]. After this many results for multi-valued mappings using different iteration schemes
in appropriate spaces are proved (see, e.g., [2, 21–25] and others). In 2018, Panyanak [15]
initiated study of approximation of endpoints of multi-valued nonexpansive mappings
in the setting of Banach spaces. In 2019, Ullah et al. [27] extended some of his results
to the setting of CAT(0) spaces. In 2020, Abdeljawad et al. [1] used modified Agarwal-
O’Regan-Sahu iteration (which is independent of but faster than Mann and Ishikawa
iterative processes) to approximate endpoints of multi-valued nonexpansive mappings
in Banach spaces. Let D be a nonempty convex subset of a Banach space (X, ∥.∥) and
αn, βn ∈ [0, 1]. The modified Agarwal-O’Regan-Sahu iteration process is defined as fol-
lows:

u1 ∈ D,
vn = (1− βn)un + βnzn,
un+1 = (1− αn)zn + αnz

′
n, n ∈ N,

(1)

where zn ∈ Tun such that ||un − zn|| = R(un, Tun) and z
′
n ∈ Tvn such that ||vn − z′n|| =

R(vn, T vn).
Under some appropriate conditions, Abdeljawad et al. [1] proved some weak and strong

convergence results of endpoints for multi-valued nonexpansive mappings using iterative
process (1) in Banach spaces. In this paper, we extend their results to the general setting
of hyperbolic spaces.

2. Preliminaries

Throughout the work, we will represent the set of all natural numbers and set of all real
numbers respectively by N and R. Let X = (X, d) be a metric space, D be a nonempty
subset of X. For u ∈ X, set

d(u,D) = inf{d(u, v) : v ∈ D},

and

R(u,D) = sup{d(u, v) : v ∈ D}.

We shall denote the set of all nonempty and compact subsets of D by K(D). Set

H(A,B) = max

{
sup
u∈A

d(u,B), sup
v∈B

d(v,A)

}
, for each A,B ∈ K(D).
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H(., .) is called a Hausdorff metric on the set K(D). A multivalued mapping T : D →
K(D) is called nonexpansive if

H(Tu, Tv) ⩽ d(u, v), for all u, v ∈ D.

A point p ∈ D is said to be a fixed point of T : D → K(D) if p ∈ Tp and is said to be
an endpoint of T : D → K(D) if Tp = {p}. From now on, we will denote the set of all
endpoints and the set of all fixed points of T by End(T ) and Fix(T ) respectively. Note
that, a multivalued mapping T : D → K(D) is said to satisfy the endpoint condition
if End(T ) = Fix(T ). For existence of endpoints of multi-valued mappings, we refer the
reader to [3, 5, 7, 9, 16, 18, 20].

Definition 2.1 Let D be a nonempty subset of a complete metric space X and {un}
be a bounded sequence in X. The asymptotic radius of {un} relative to D is the set
r(D, {un}) = inf{lim supn→∞ d(un, u) : u ∈ D}. Moreover, the asymptotic center of
{un} relative to D is the set A(D, {un}) = {u ∈ D : lim supn→∞ d(un, u) = r(D,un)}.

Definition 2.2 Let D be a nonempty closed convex subset of a complete metric space
(X, d) and u ∈ D. Let {un} be a bounded sequence in X. We say that {un} ∆-converges
to u if A(D, {tn}) = {u} for each subsequence {tn} of {un}. In this case we write ∆-
limn→∞ un = u and call u the ∆-lim of {un}.

Definition 2.3 [13] A hyperbolic space is a metric space (X, d) together with a function
W : X ×X × [0, 1] → X such that for all u, v, z, w ∈ X and t, s ∈ [0, 1], we have

(W1) d(z,W (u, v, t)) ⩽ (1− t)d(z, u) + td(z, v);
(W2) d(W (u, v, t),W (u, v, s) = |t− s|d(u, v);
(W3) W (u, v, t) =W (v, u, 1− t);
(W4) d(W (u, z, t),W (v, w, t)) ⩽ (1− t)d(u, v) + td(z, w).

If u, v ∈ X and t ∈ [0, 1], we use the notation (1 − t)u ⊕ tv for W (u, v, t). It follows
from (W1) that

d(u, (1− t)u⊕ tv) = td(u, v) and d(v, (1− t)u⊕ tv) = (1− t)d(u, v).

A nonempty subset D of X is called convex if for each u, v ∈ D, [u, v] = {(1− t)u⊕ tv :
t ∈ [0, 1]} ⊆ D.

Definition 2.4 A hyperbolic space (X, d,W ) is called uniformly convex if for each
r ∈ (0,∞) and ϵ ∈ (0, 2] there is a δ ∈ (0, 1] such that for all u, v, z ∈ X with d(u, z) ⩽ r,
d(v, z) ⩽ r and d(u, v) ⩾ rϵ, we have

d

(
1

2
u⊕ 1

2
v

)
⩽ (1− δ)r.

A function η : (0,∞) × (0, 2] → (0, 1] providing such δ = η(r, ϵ) for given r ∈ (0,∞)
and ϵ ∈ (0, 2] is called a modulus of uniform convexity. We call η monotone if it is a
nonincreasing function of r for every fixed ϵ.

Definition 2.5 [10] Let (X, d) be a uniformly convex hyperbolic space. For each r ∈
(0,∞) and ϵ ∈ (0, 2], we define

ψ(r, ϵ) = inf

{
1

2
d2(u, z) +

1

2
d2(v, z)− d2(

1

2
u⊕ 1

2
v, z)

}
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where the infimum is taken over all u, v, z ∈ X such that d(u, z) ⩽ r, d(v, z) ⩽ r, and
d(u, v) ⩾ rϵ. We say that (X, d) is 2-uniformly convex if

cM = inf

{
ψ(r, ϵ)

r2ϵ2
: r ∈ (0,∞), ϵ ∈ (0, 2]

}
> 0.

Remark 1 All uniformly convex Banach spaces, CAT(0) spaces and CAT(κ) spaces

(κ > 0 and diam(X) ⩽
( π

2
−ϵ

κ
1
2

)
for some ϵ ∈ (0, π2 )) are 2-uniformly convex hyperbolic

spaces (see [10, 12, 28]).

Lemma 2.6 [17] Let αn, βn ∈ [0, 1) be such that limn→∞ βn = 0 and
∑
αnβn = ∞.

Let {γn} be a sequence of non-negative real numbers such that
∑
αnβn(1− βn)γn <∞.

Then {γn} has a subsequence which converges to 0.

Lemma 2.7 [15] For a multivalued mapping T : D → K(D) the following hold.

(i) d(u, Tu) = 0 ⇐⇒ u ∈ Fix(T ).
(ii) R(u, Tu) = 0 ⇐⇒ u ∈ End(T ).
(iii) If T is nonexpansive, then the mapping g : D → R defined by g(u) = R(u, Tu) is

continuous.

Lemma 2.8 [12] Let (X, d) be a 2-uniformly convex hyperbolic space. Then

d2((1− α)u⊕ αv, z) ⩽ (1− α)d2(u, z) + αd2(v, z)− 4cMα(1− α)d2(u, v),

for each α ∈ [0, 1] and u, v, z ∈ X.

Lemma 2.9 [12] Le X be a complete 2-uniformly convex hyperbolic space X with
monotone modulus of uniform convexity, ∅ ̸= D ⊆ X and T : D → K(D) be a
nonexpansive mapping. Suppose that {un} is a bounded sequence in D such that
limn→∞R(un, Tun) = 0 and {d(un, s)} converges for all s ∈ End(T ), then ωω(un) ⊆
End(T ). Here, ωω(un) =

∪
A(D, {tn}) where the union is taken over all subsequences

{tn} of {un}. Furthermore, ωω(un) is singleton.

3. Convergence theorems in 2-uniformly convex hyperbolic spaces

From now on, X stands for a complete 2-uniformly convex hyperbolic space with
monotone modulus of uniform convexity. In this section, under some appropriate condi-
tions, we prove some ∆ and strong convergence theorems of endpoints for multi-valued
nonexpansive mappings using iterative process (2), which is the modification of (1):

u1 ∈ D,
vn = (1− βn)un ⊕ βnzn,
un+1 = (1− αn)zn ⊕ αnz

′
n, n ∈ N,

(2)

where zn ∈ Tun such that d(un, zn) = R(un, Tun) and z′n ∈ Tvn such that d(vn, z
′
n) =

R(vn, T vn).
The following lemma is crucial.

Lemma 3.1 Let D be a nonempty closed convex subset of X and T : D → K(D) be a
nonexpansive mapping with End(T ) ̸= ∅. Let {un} be the sequence defined by (2). Then
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limn→∞ d(un, p) exists for all p ∈ End(T ).

Proof. Let p ∈ End(T ). For each n ∈ N, we have

d(vn, p) ⩽ (1− βn)d(un, p) + βnd(zn, p)

⩽ (1− βn)d(un, p) + βnd(zn, Tp)

⩽ (1− βn)d(un, p) + βnH(Tun, Tp)

⩽ (1− βn)d(un, p) + βnd(un, p)

⩽ d(un, p),

which implies

d(un+1, p) ⩽ (1− αn)d(zn, p) + αnd(z
′
n, p)

⩽ (1− αn)d(zn, Tp) + αnd(z
′
n, Tp)

⩽ (1− αn)H(Tun, Tp) + αnH(Tvn, Tp)

⩽ (1− αn)d(un, p) + αnd(vn, p)

⩽ d(un, p).

Hence
{
d(un, p)

}
is a non-increasing sequence, which implies limn→∞ d(un, p) exists for

all p ∈ End(T ). ■

First we establish our ∆-convergence theorem.

Theorem 3.2 Let D be a nonempty closed convex subset of X and T : D → K(D) be
a nonexpansive mapping with End(T ) ̸= ∅. Let αn, βn ∈ [a, b] ⊂ (0, 1) and {un} be the
sequence defined by (2). Then {un} ∆-converges to an endpoint of T .

Proof. Fix p ∈ End(T ). By Lemma 2.8, we have

d2(vn, p) ⩽ (1− βn)d
2d(un, p) + βnd

2(zn, p)− 4cMβn(1− βn)d
2(un, zn)

⩽ (1− βn)d
2(un, p) + βnH

2(Tun, Tp)− 4cMβn(1− βn)d
2(un, zn)

⩽ (1− βn)d
2(un, p) + βnd

2(un, p)− 4cMβn(1− βn)d
2(un, zn)

⩽ d2(un, p)− 4cMβn(1− βn)d
2(un, zn).

Thus

d2(un+1, p) ⩽ (1− αn)d
2(zn, p) + αnd

2(z′n, p)− 4cMαn(1− αn)d
2(zn, z

′
n)

⩽ (1− αn)H
2(Tun, Tp) + αnH

2(Tvn, Tp)− 4cMαn(1− αn)d
2(zn, z

′
n)

⩽ (1− αn)d
2(un, p) + αnd

2(vn, p)− 4cMαn(1− αn)d
2(zn, z

′
n)

⩽ (1− αn)d
2(un, p) + αnd

2(vn, p)

⩽ αnd
2(un, p) + (1− αn)d

2(un, p)− 4cMαnβn(1− βn)d
2(un, zn).
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Since 4cM > 0, it follows that

∞∑
n=1

a2(1− b)d2(un, zn) ⩽
∞∑
n=1

αnβn(1− βn)d
2(un, zn) <∞. (3)

Thus limn→∞ d2(un, zn) = 0 and hence

lim
n→∞

R(un, Tun) = lim
n→∞

d(un, zn) = 0. (4)

By Lemma 3.1, d(un, s) converges for all s ∈ End(T ). By Lemma 2.9, ωω(un) is singleton
and contained in End(T ). This shows that {un} ∆-converges to an element of End(T ).
■

Definition 3.3 [15] Let D be a nonempty subset of X. A mapping T : D → K(D) is
said to satisfy condition (J) if there is a nondecreasing function f : [0,∞) → [0,∞) with
f(0) = 0, f(r) > 0 for r ∈ (0,∞) such that

R(u, Tu) ⩾ f(d(u,End(T )))

for all u ∈ D.
A mapping T : D → K(D) is called semi-compact if for each sequence {un} in D such

that

lim
n→∞

R(un, Tun) = 0,

there exists a subsequence {unk
} of {un} such that limk→∞ unk

= q for some q ∈ D.
A sequence {un} in X is called Fejer-monotone with respect to D if

d(un+1, p) ⩽ d(un, p),

for each p ∈ D and n ∈ N.

The following facts are in [6].

Proposition 3.4 LetD be a nonempty closed subset ofX and {un} be a Fejer-monotone
sequence with respect to D. Then {un} converges strongly to an element of D if and only
if limn→∞ d(un, D) = 0.

Now we prove the following strong convergence theorem, which is a generalization of
Theorem 2 in [1].

Theorem 3.5 Let D be a nonempty closed convex subset of X and T : D → K(D) be
a nonexpansive mapping with End(T ) ̸= ∅. Let αn, βn ∈ [0, 1) be such that βn → 0 and∑
αnβn = ∞ and let {un} be the sequence defined by (2). If T is semicompact, then

{un} converges strongly to an endpoint of T .

Proof. In view of (3),

∞∑
n=1

αnβn(1− βn)d
2(un, zn) <∞.
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By Lemma 2.6, sub-sequences {unj
} and {znj

} of {un} and {zn} exists respectively, such
that limj→∞ d2(unj

, znj
) = 0. Hence

lim
j→∞

R(unj
, Tunj

) = lim
j→∞

d(unj
, znj

) = 0. (5)

On the other hand, T is semi-compact, we may choose by passing through a sub-sequence
that limj→∞ unj

= q for some q ∈ D. Need to show q ∈ End(T ) and un → q. By Lemma
2.7(iii) together with (5), we have

R(q, T q) = lim
j→∞

R(unj
, Tunj

) = 0.

It follows from Lemma 2.7(ii), that q ∈ End(T ) . By Lemma 3.1, limn→∞ d(un, q) exists
and hence q is the strong limit of {un}. ■

The following strong convergence theorem is a generalization of Theorem 3 in [1].

Theorem 3.6 Let D be a nonempty closed convex subset of X and T : D → K(D) be
a nonexpansive mapping with End(T ) ̸= ∅. Let αn, βn ∈ [a, b] ⊂ (0, 1) and {un} be the
sequence defined by (2). If T satisfies condition (J), then {un} converges strongly to an
endpoint of T .

Proof. Since T satisfies condition (J), by (4) we get that limn→∞ d(un, End(T )) = 0.
Closeness of End(T ) follows from the nonexpansiveness of T . In the view of Lemma
3.1, we have {un} is Fejer-monotone with respect to End(T ). By Proposition 3.4, {un}
converges strongly to an element of End(T ). ■

4. Example

We now give an example of mapping T , which is semi-compact, nonexpasive and
satisfies the condition (J).

Example 4.1 Let X = R and D = [5, 6]. Define a multivalued mapping T : D →
K(D) by Tu = [5, u] for each u ∈ D. Clearly T is semi-compact and nonexpansive with
End(T ) = {5}. We show that T satisfies condition (J). For this we define a nondecreasing
function f by f(r) = r. We prove that R(u, Tu) ⩾ f(d(u,End(T ))) for each u ∈ D.

For any u ∈ D = [5, 6], we have

f(d(u,End(T ))) = f(d(u, {5}) = f(|u− 5|)

= |u− 5| = R(u, Tu).

Hence T satisfies condition (J). By Theorems 3.5 and 3.6, sequence {un} defined by (2)
converges strongly to 5.

5. Conclusion

In the view of above discussions, our underlying spaces is more general than Banach
spaces, CAT(0) spaces and CAT(κ) spaces. Moreover, our iterative process is independent
of but better than the Ishikawa iterative process. Hence, our presented results extend
the corresponding results of Abdeljawad el al. [1] from the setting of Banach spaces
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to the general setting of hyperbolic spaces. Moreover, our results improve, extend and
generalize the results of [15, 27]. Convergence results by using Agarwal-O’Regan-Sahu
iteration process for multi-valued mappings were studied in [2, 22–24]. However, we
cannot directly apply any results in [2, 22–24] on Example 4.1 because in Example 4.1,
T does not satisfy the endpoint condition.
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