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Abstract. Let A be a Banach algebra and X be a Banach A—bimodule. We study the notion
of approximate n—ideal amenability for module extension Banach algebras A & X. First, we
describe the structure of ideals of this kind of algebras and we present the necessary and
sufficient conditions for a module extension Banach algebra to be approximately n-ideally
amenable.
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1. Introduction and preliminaries

Let A be a Banach algebra and X be a Banach A—bimodule. Then X* (the topological
dual of X) is a Banach A—bimodule with the following module actions:

*'a,l’> = <l‘*,a'$‘>,

(a2, 2) = (2,2 a) ; (x
where a € A,z € X and z* € X*. If I is a two-sided closed ideal in A, then I* also is a
Banach A—bimodule with the corresponding actions. Also, I(™ the n-th dual space of I
is a Banach A—bimodule for all n € N.
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A derivation from A into X is a linear mapping D : A — X satisfying
D(ab) =a-D(b) + D(a) - b, (a,b e A).

For x € X, the map ¢, : A — X defined by §,(a) = a-x—z-a is a derivation for each a €
A. This kind of derivations are called inner derivations. We denote by Z1(A, X), the space
of all continuous derivations from A into X and we denote by N''(A, X), the space of all
inner derivations from A into X. The quotient space H'(A, X) = Z1(A4, X)/N1(A, X)
is called the first cohomology group of A with coefficients in X (see [3, 10]).

The Banach algebra A is called amenable if every continuous derivation from A4 into
Banach A—bimodule X* is inner, i.e. H!(A, X*) = {0} for every Banach .A—bimodule
X. This notion was introduced by B. E. Johnson in ([10]). Bade, Curtis and Dales in
[1, 3] defined the concept of weak amenability for commutative Banach algebras. Later,
Dales, Ghahramani and Gronbaek [4] introduced the concept of n—weak amenability of
Banach algebras. The Banach algebra A is n—weakly amenable if H!(A, A™) = {0},
(n € N).

More recently, Eshaghi-Gordji and Yazdanpanah [8] introduced a notion of amenabil-
ity as follows: A is ideally amenable [n—ideally amenable (n € N)| if H(A,I*) =
{0} [H' (A, I™) = {0}] for every closed two-sided ideal I in A.

In 2008, Monfared [11] discussed another version of amenability named the right char-
acter amenability and after that in 2013, Bodaghi et al. [2] turned to the generalized
notion of character amenability and the relevant properties. Recently, in [12], Rahimi
and Amini studied the concept of amenability modulo an ideal. They proved some re-
sults about this issue that inducing the amenability of I*(S) modulo ideals by certain
categories of group congruences on S is equivalent to the amenability of S. Along with
this work, one can find other newly-published papers on the amenability modulo an ideals
of a Banach algebra such as [6, 9, 13, 14].

Ghahramani and Loy introduced a generalized notion of amenability [5]. This new
notion was approximate amenability of a Banach algebra. The continuous Derivation
D : A — X is called approximately inner if there exists a net (z4)o € X such that
for every a € A, D(a) = lim,(axs — zqa). Then a Banach algebra A is approximately
amenable if every continuous derivation from A into X* is approximately inner for each
Banach A—bimodule X. Also, A is approximately n—weakly amenable if every continu-
ous derivation from A into A™ is approximately inner (n € N).

Similarly, we have the notions approximate ideal [n—ideal] amenability for n € N in
[7, 15].

Ezxzample 1.1 [15] (i) Let G be a locally compact group. Then M (G) is approximately
n — L'(G) amenable.
(ii) Let G be a compact group. Then L'(G)** is approximately n — L!(G) amenable.

The direct {;—sum of A and X is the Banach space A @ X with the following norm
(@, )| = [lall + =[], (a €Az eX).
Also, A @ X is a Banach algebra with the following product
(a1,21) - (a2, v2) = (a1a2,71 - az + a1 - T2).

A @ X is called module extension Banach algebra corresponding to A4 and X ([16]). On
the other hand, we know that (0 ® X)* and (A @ 0)* are isometrically isomorph with
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X* and A* as A—bimodules, respectively. So, we have
(AeX) =(0eX)" +(As0)*
where + denotes direct A—bimodule [, —sum. But, for simplicity, we can write
A X)" =A"+ X"
Now, Consider A™ + X as the underlying space (A @ X)™. Then

(A@X)(2n) _ A(Zn) ®1 X(Qn);
(A@ X)(2n+1) _ A(2n+1) Boo X(2n+1).
One can easily prove that (A@® X)™ is a Banach (A® X)—bimodule with the following
module actions:
(i) If n is odd:
(a)x) . (a(n)’x(n)) e (aa(n) _|_ xm(n)7aaj(n)),

(@™, 2™ (a,2) = (a™a+ 2V z, 2Ma);
(ii) If n is even:

(a,z) - (@™, ) = (aa™, az™ + za™),

(@™, 2™ (a,2) = (a™a,a™z + 2Ma);

where (a,2) € A® X and (a™,2M) € A™ L XM = (A X)™.

Remark 1 Let A be a Banach algebra and X be a Banach A—bimodule. Then J is a
closed ideal in A® X if and only if there are a closed ideal I in A and a closed submodule
Y of X such that J=1®Y and that IXUXI CY.

In this paper, we study the approximate n—ideal amenability of module extension
Banach algebras. Throughout this paper, we consider I @Y as an ideal of Banach algebra
A® X. Since (A @ X)—bimodule actions on (A @ X)™ is different whenever n is odd
or even, thus approximate n—ideal amenability of A ® X is investigated in two separate
sections 2 and 3.

2. approximate (2n + 1)—ideal amenability of A @ X

Throughout this section, n is a non-negative integer. To prove the main theorem of
this section, we need the following lemmas.

Lemma 2.1 Let T : X — I2"t1 he a continuous A—bimodule homomorphism. Then
T:A®X — (I®Y)? ) defined by T((a,z)) = (T(x),0) is a continuous derivation.
Moreover, T is approximately inner if and only if there exists a net (F,)q C Y (2n+1) guch
that for every a € A, li;n(aFa — Fya)=0and T'(z) = ligl(xFa — F,z) for each z € X.
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Proof. Let (a1, 21) and (ag,x2) be two arbitrary elements of A & X. We have

T((al, ml)(ag, .CEQ)) = T((alag, ai1xro + xlag))
(T(all'g =+ (IZlag) O)
= (a1T'(22) + T(x1)az,0).

On the other hand,
(a1, 21)T((ag, x2)) + T((a1, x1))(az, x2) = (a1, 21)(T(x2),0) + (T(1),0)(az, x2)

= (a1T(x2),0) + (T'(21)az,0)
= (alT( 2) + T(:El)ag,O)

Therefore T is a derivation. Now, Let T' be approximately inner. Then there exist nets
(Ga)a € I and (F,)q C Y+ such that

T((a,2)) = lim((a, z) - (Ga, Fa) = (Ga, Fa) - (a,7))
= lién((aGa + xFy,alF,) — (Gaa + Fox, Fpa))

=lim(aGqy + 2Fy — Goa — Fyx,aF, — Fua).
(0%

Now, for every x € X, we have
(T(l‘), 0) = T((O,l‘)) = lién[(o,l') : (GayFa) - (Gaa Fa) : (Oa ZL‘)]
= licryn[(l‘Fa, 0) — (Faz,0)]
= [ligl(xFa — Fpx),0]

= lim(zF, — F,z,0).
«
Also

(070) = T((aa 0)) = ligl((aa 0) : (Gaa Fa) - (GayFa) : (a7 0))

=lim(aGy — Gaa,aF, — Fua).

So, it is clear that for every a € A, lim,(aF, — Fypa) = 0 and for every z € X, T'(z) =
lim, (zF, — Fyx).
Conversely, let there exists such a net (F,)q € V2?1, Then

T((a,x)) = (T(x),0) = lién(a:Fa — Fyx,aF, — F,a)
= ligl(a,a:) (0, Fy) — (0, Fy) - (a, ).

This shows that T is approximately inner. [ |

Lemma 2.2 Let D : A — Y@ be a continuous derivation such that for every
ay,az € Aand z1, 29 € X, x1D(a2) = D(aj)re. Then mapping D : ADX — (I@Y)(2”+1)
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defined by D((a,z)) = (0, D(a)) is a continuous derivation. Moreover

(i) If D is approximately inner then D is so.

(ii) If D is approximately inner then there is a net of continuous derivations Dy : A®
X — (1Y) such that for all & and for each a € A, we have Dy ((a,0)) =0
and D — f)a is inner.

Proof. For every (a1,x1), (a2,x2) € A® X, we have

D((a1,z1)(az,x2)) = D((a1a2, a122 + x102))
= (0, D(a1a2))
= (0,a1D(az2) + D(a1)az).

On the other hand,
(a1, 1) D((ag, z2)) = (a1,21)(0, D(az)) = (x1D(az),a1D(az))

and

D((a1,z1))(az, z2) = (0, D(a1))(az, x2) = (D(a1)z2, D(a1)az).

It is seen that D is a derivation.
Now, let D be approximately inner. Then there are nets (Go)o € I and (F,)a C
Y 2741 provided that

D((a,z)) = lim((a, z) - (Ga, Fa) = (Ga, Fa) - (a, 2)).
But we have
(0, D(a)) = D((a,0)) = lim((a,0) - (Ga, Fa) = (Ga, Fa) - (,0))
= 1im((aGl, aFa) = (Gaa, Fa))

=lim(aGy — Gaa,aF, — Fua).

Hence it follows that D(a) = lim,(aF, — Fua) for all a € A; so D is approximately inner.
This completes the proof of (i).

(ii) Let D be approximately inner. Then there is a net (F,), C Yy @n+1) guch that for
all a € A, D(a) = liulyn(aFQ — F,a). Suppose that T, : X — I®"*1) is defined by

To(x) = For —2F,, (z€ X).
Also, let T, : A® X — (I ® YY)+ be defined by
Ta((a,2)) = (Ta(2),0),  (a€ Az€ X).

Take D, = T,. Then for all & and for each a € A we can write

ﬁa((a70)) = Ta((aao)) = (TQ(O),O) =0.
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Thus D, ((a,0)) = 0. On the other hand, we have

(D — Da)((a,2)) = (D — To)((a, )

xFy — Fox,aF, — Fya)
a,z)-(0,Fy) — (0, Fy) - (a,x).

Therefore (D — D,,) is inner. [ |

Lemma 2.3 Suppose that D : A — 1"t is a continuous derivation. Then the map-
ping D : A X - (I& Y)2n+) defined by D((a,z)) = (D(a),0) is a continuous
derivation. Moreover, D is approximately inner if and only if D is approximately inner.

Proof. Let (a1,x1), (a2, 22) € A@® X be two arbitrary elements. We have

D((a1,z1) - (a2,22)) = D((araz, r1as + a122)) = (D(aiaz),0)
= (D(a1)az + a1D)az),0)
= (D(a1),0)(az, z2) + (a1, 21)(D(az),0)
D((a, 1)) (a2, x2) + (a1, 21)D((az, 2)).

So, D is a derivation. Now, let D be approximately inner. Then there are nets (Gg)o C
I+ and (F,)q € YD such that

D((a,2)) = lim((a, ) - (G Fo) — (Gor Fa) - (a,).

But D((a,0)) = (D(a),0). Then it follows that

= hm((a70) ' (GOM Foé) - (GOMFQ) : (av 0))

= lim(aG, — Gaa, aF, — Fya).
Consequently, D(a) = limy(aGq — Gua) for (Go)a € I®*Y: ie. D is approximately
inner.

Conversely, we assume that D is approximately inner. Then there is a net (G, ) C
I+ such that for all a € A, D(a) = limy(aGy — Goa). We can write

D((a,x)) = (D(a),0) = (lién(aGa — Gua),0)
= lién(aGa — Gua,0)

= lién((a,:n) (Ga,0) — (Gg,0) - (a,x)).
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By letting uq = (Ga,0) € (T@Y)D we have D((a,z)) = lim((a, ©) - tq — uq - (a,2))
where (ug)q € (I ® Y)Y, Thus D is approximately inner. [ |

Lemma 2.4 Let T : X — Y@ he a continuous A—bimodule homomorphism sat-
isfying 217 (22) + T(x1)z2 = 0 for each x1,22 € X. Then the mapping T : A® X —
(I ®Y)®+1) defined by T((a,z)) = (0,T(z)) is a continuous derivation. Moreover, T is
approximately inner if and only if 7' = 0.

Proof. First, we show that T is a derivation. Let (aj,z1), (az,72) € A @® X be two
arbitrary elements. We have

T((a1,21) - (az,72)) = T((a1a2, a122 + T102))
= (O,T(all‘g + 1‘1&2))
= (0, alT(l‘g) + T(l‘l)ag).

On the other hand,

T((a1,21)) - (ag, 22) = (0, T(x1))(ag, x2) = (T(x1)x2, T (21)az)

and

(a1, 21) - T((az, x2)) = (a1,21)(0, T'(z2)) = (2171 (z2), a1 T (z2)).

It follows that T is a derivation.
Now, let T is approximately inner. Then there are nets (Go)o € 1" and (F,)q C
Y (27+1) guch that

T(<a7w)) = hén((a?x) ’ (GOHFOZ) —(Ga, Fo) - (a, x))

Since T'((a,z)) = T((0,z)), thus
(OvT(x)) = T((va)) = lién((o,l‘) : (GaaFa) - (Gou Foz) : (Oa $))
= ligl((xFav 0) — (Faz,0))

= lim(zF, — F,x,0).
«

Hence T is trivial; i.e. T'= 0. Converse is clear. |

Now, we present the necessary and sufficient conditions for module extension Banach
algebra A @ X to be approximately (2n + 1)—ideally amenable.

Theorem 2.5 Let A ® X be a module extension Banach algebra and I & Y be an
arbitrary closed ideal in A® X. Then A® X is approximately (2n+ 1)—ideally amenable
if and only if the following conditions hold:

(i) A is approximately (2n + 1) — I—weakly amenable;
(ii) Every derivation from A into y (2n+1) g approximately inner;
(iii) For every continuous .A—bimodule homomorphism 7' : X — I®"+1) there is net
(Fo)a C Y 27+1) guch that for each a € A, lim, (aF, — Fya) = 0 and for every
x € X, T(z) =limy(zF, — For);
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(iv) The only continuous A—bimodule homomorphism 7' : X — Y @1 for which
21T (29) + T(x1)z9 = 0 (21,29 € X) in [ is T = 0.

Proof. First, we prove the necessity. Let A @ X be approximately (2n + 1)—ideally
amenable and I ® Y be a closed ideal in A @ X. Then every continuous derivation
from A @ X into (I @ Y)22+1) is approximately inner. Let D : A — I be a
continuous derivation. By Lemma 2.3, the derivation D : AG X — (I ®Y )+ defined
by D((a,z)) = (D(a),0) is approximately inner, thus D is so. That is, A is approximately
(2n + 1) — I—weakly amenable. Therefore condition (i) holds.

Now, suppose that D : A — Y@+ ig a continuous derivation. Since derivation
D:A® X — (I®Y)2HD defined by D((a,z)) = (0, D(a)) is approximately inner. So
by Lemma 2.2, D is approximately inner and consequently the condition (ii) is complete.

If T: X — I?"+1) is an arbitrary continuous .A—bimodule homomorphism then since
T:A®X — (I9Y)?+) defined by T((a,z)) = (T(x),0) is approximately inner, by
Lemma 2.1, it follows that there exists a net (F,)q € Y"1 such that for each a € A,
lim,(aF, — Faa) = 0 and for every x € X, we have T'(z) = lim,(2F, — Fyz). Thus,
condition (iii) follows.

Finally, let T : X — Y (27+1) be a continuous A—bimodule homomorphism satisfying
1T (x2) + T(z1)ze = 0 in I®*D for each z,z5 € X. Since derivation T : A ® X —
(I ® V) defined by T((a,z)) = (0,T(z)) is approximately inner, thus by Lemma
2.4, we have T' = 0 and this completes the proof of (iv).

Now, we prove the sufficiency. Let conditions (i)-(iv) hold and I ® Y be a closed ideal
in A® X. Also, let D : A® X — (I®Y)"+D be a continuous derivation. We show that
D is approximately inner. For this, consider the following projection maps:

pr: ([ @Y)E ) o Jent) oy (T Y)Bnth) o y et

Also, consider the inclusion maps k1 : A - A® X and kp : X - AP X by ki(a) = (a,0)
and ka(z) = (0,x), respectively. It is clear that p; and ps are A—bimodule homomor-
phisms and k; is algebraic homomorphism. Since D is a continuous derivation, then
Doki: A— (I®Y)?HD is so. This implies that

proDok : A= TP proDok;: A— yEntD
are continuous derivations. In this case, by conditions (i) and (ii), pjoDok; and pao Dok

are approximately inner. Therefore D o kj is approximately inner. by Lemmas 2.2, 2.3
and 2.4

Dok1:p10D0k1+p20DOk1:.AEBX—)([@Y)(Q”JFU

is a continuous derivation. Thus there exists a net of continuous derivations ZN?Q cADX —
(I &Y)@*D guch that for every o and for each a € A, Dy ((a,0)) =0 and Do k; — D,
is inner.

On the other hand, for each a € A we have

(D —Doki)((a,0)) = D((a,0)) — Do k1((a,0))
:Dokl(a)—Dokl(a) =0.

Take ﬁa =D—-Dok —|—Da. Then 15@ T ADX — (I@Y)(Q"H) is a continuous derivation
satisfying Dy ((a,0)) = 0 for each a € A.
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Moreover, for every a € A and x € X we have

~

Da((0,az)) = Da((a,0)(0,2)) = (a,0)Da((0,2)) = aDq((0,2))

and

Da((0,za)) = Da((0,2)(a,0)) = Da((0,2)(a,0)) = Da((0,2))a.

Then Dy o ky : X — (I &Y)2D is a continuous A—bimodule homomorphism. By
condition (iii), for each « there is net (Fg)s C Y 27+ guch that for each a € A,

limg(aFg — Fga) = 0 and for all z € X, P10 Dy o ky(x) = limg(zFg — Fgw).
Also, for every 1,22 € X we can write
([p2 © D © ka(w1)]w2 + 21[p2 © Do 0 ka(22)],0) = ([p2 © Da (0, z1)]2,0)
+ (21[p2 © Da(0,22)],0)

+
= ﬁa((()?xl)(()?xQ)) + ﬁa((O,CL’l)(O,CL'Q))
- f)a((O?O)) + ﬁa((()? O))
=(0,0)

Consequently, for every z1,z9 € X
[p2 0 Dy © ko(%1)]2 + 21[p2 0 Dy © ka(22)] = 0.

Therefore by the condition (iv), ps o f)a o ko = 0. Thus, one can write

~

Do((a,2)) = Do ((0,2)) = Dq o ky(x)

= (p1 0 Dy 0 ko(x),p2 0 Dy 0 ka())
= lién(:vFg‘ - Igz,0)

= lim((a,) - (0, F§) ~ (0, F§) - (a,).

So, D, is approximately inner. By letting D = Dy + (D o ki — [)a), we easily observe
that D is approximately inner. Hence A@® X is approximately (2n+ 1)—ideally amenable
and proof is complete. |

3. approximate (2n)—ideal amenability of AP X

Throughout this section, suppose that n € N. First, we prove some lemmas.

Lemma 3.1 Let T : X — I(?®) be a continuous A—bimodule homomorphism satisfying
21T (x2) +T(z1)w2 = 0 for every x1, 22 € X. Then the mapping T : A® X — (I@Y)(Q")
defined by T'((a,)) = (T(x),0) is a continuous derivation. Moreover, T is approximately
inner if and only if 7' = 0.
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Proof. By Lamma 2.1, it is clear that T is a derivation. Let T be approximately inner.
Then there are nets (Gq)o € I and (F,)o € Y®™ such that for every (a,z) € A® X,

T((a,z)) = lién((a,a:) (Gay Fo) — (Go, Fy) - (a,x)).
Consequently,

(T'(2),0) = lim((aGq, aFy + xGo) — (Gaa, Gax + Fua))

=lim(aGy — Gaa,aFy — Fpa+ G, — Gox).

But, since (T'(z),0) = T'((0,z)) so

(T('T)a 0) = T((()?x)) = li;n((o,l‘) : (GaaFa) - (Gou Foz) : (Oa ‘7:))
= h;n((oa 2Go) — (0, Go))
= lién((O, 2Gq — Ga)).

Therefore, T'(x) = 0 for each x € X. The converse is clear. [ |

Lemma 3.2 Let D: A — Y(_Q”) is a continuous derivation. Then the mapping D : A @
X—={U® Y)(?%) defined by D((a,z)) = (0, D(a)) is a continuous derivation. Moreover,
D is approximately inner if and only if D is approximately inner.

Proof. It is clear that D is a derivation. Let D be approximately inner. Then there are
nets (Go)o € I?™ and (F,), C Y3 such that for each (a,z) € A® X, we have

D((a7x)) = lién((av x) ’ (GOHFOC) - (GCY?FOt) : (avx))
= lién((aGa, aFy + 2Gy) — (Goa, Gox + Fua))

= lién(aGa — Gaa,aF, — Fpa+ 2G — Gox).
But we know that
(0, D(a)) = D((a,0)) = lim((a,0) - (Ga, Fo) = (Ga, Fa) - (,0))
= lién(aGa — Gqa,aF, — F,a)
and

(070) = D((O>$)) = hOIén((va) ) (GaaFa) - (GouFa) : (07:6))

= lim(0, zGq — Gux).

Hence for some (F,), € Y®", we have D(a) = lim,(aF, — Fna). So D is approximately
inner.
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Conversely, let D be approximately inner. Then there is net (F)o C Y27 guch that
for every a € A, D(a) = limy(aF, — Fya). Then

D((a,z)) = (0,D(a)) = (0, ligl(aFa — Fpa)) = ligén((a, x)-(0,F,) — (0, F,) - (a,x)).

Take (Go)a = (0, F,) € (I ®Y)P. Then D((a,z)) = lim((a, ) - Ga — Ga - (a,7)); ie.

D is approximately inner. [ ]

Lemma 3.3 Let D: A — 1 (2_") be a continuous derivation. Then the mapping D : A ®
X—={U® Y)?") defined by D((a,z)) = (D(a),0) is a continuous derivation. Moreover,
D is approximately inner if and only if D is approximately inner.

Proof. The proof is similar to that of Lemma 2.3. [ |

Lemma 3.4 Let T : X — Y% be a continuous .A—bimodule homomorphism. Then
the mapping T : A® X — (I ®Y)® defined by T((a,z)) = (0,T(z)) is a continuous
derivation. Moreover, T is approximately inner if and only if there exists net (Ga)a C
I") such that for every a € A, lién(aGa — Gpa) = 0 and for each x € X, T'(x) =

lim(zGq — Gox).
o

Proof. First, we show that T is a derivation. Let (a1, 1), (a2,72) € A @ X be two
arbitrary elements. We have

T((a1,21) - (a2, 22)) = T((a1a2, a122 + x102))
= (0, T(all‘g + xlag))
= (0,a1T(z2) + T(x1)az).

On the other hand,

T((a1,21)) - (a2, w2) = (0,T(21))(az, x2) = (0, T(x1)az)
and
(a1,71) - T((az, 22)) = (a1,21)(0,T(x2)) = (0,a1T(22)).

This shows that jj is a derivation.
Suppose that T is approximately inner. Then there exist nets (Gg)a C I
(Fa)a C Y® such that for every (a,z) € A® X, we have

2n)

T((,2)) = Im((a,2) - (Gao Fa) — (Gao Fa) - (,)
=lim(aGy — Gaa,aFy — Fpa+ G, — Gox).
But

(0,T(x)) =T((0,z)) = lim(0, 2Glo, — Gax)
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and

(0,0) =T((a,0)) =lim(aGy — Gpa,aF, — Fya).

This follows that for every a € A, lim,(aG, — Goa) = 0 and for every x € X, T(x) =
lim, (G — Gox).

Conversely, suppose that there exists such net (Gg)o C I (21) gatisfying lim, (aGy —
Goa) =0 and T'(z) = limy (G, — Gox). Then we have

T((a,x)) =(0,T(x)) = lién(aGa — Gpa,2Go — Gox)

= lién((a, z) - (Ga,0) — (Gq,0) - (a,x)).

By letting (ua)a = (Ga,0) € (I ® V)™ it follows that

T((a,x)) = lién((a,:n) Uy — Ug - (@, T));

i.e. T is approximately inner. ]

Now, we can find the necessary and sufficient conditions for module extension Banach
algebra A @ X to be approximately (2n)—ideally amenable.

Theorem 3.5 Let A® X be a module extension Banach algebra and I @Y be a closed
ideal in A @ X. Then A @ X is approximately (2n)—ideally amenable if and only if the
following conditions hold:

(i) The only continuous derivations D : A — I?") for which there is a continuous
operator T : X — Y@ such that T(az) = D(a)z+ aT(z) and T(za) = zD(a)+
T(z)a (a € A,x € X) are approximately inner derivations;

(ii) Every continuous derivation from A into Y ") is approximately inner;

(iii) The only continuous A—bimodule homomorphism 7' : X — I®" for which
21T (x2) + T(x1)z2 = 0 (x1, 22 € X) in Y is zero;

(iv) For every continuous .A—bimodule homomorphism T : X — Y% there is net
(Ga)a C I guch that for each a € A, lim, (aGy — Goa) = 0 and for every
€ X, T(z) =limy(zGs — Gox).

Proof. First, we prove the necessity. Let A@® X be approximately (2n)—ideally amenable
and I &Y be a closed ideal of it. Then every continuous derivation from A ¢ X into
(I®Y )" is approximately inner. Let D : A — I®™ be a continuous derivation including
the properties mentioned in the condition (i). We define D : A® X — (I & Y)3" by

D((a,x)) = (D(a),T(z))(a € Az € X).

Clearly, D is a continuous derivation. Also, D is approximately inner. Thus there are
nets (Go)o € I and (F,), C Y such that

D((a,2)) = lim((a,) - (G, Fo) — (G Fa) - (a,).
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Consequently
(D(a),T(x)) =lm((aGy,aFy + Go) — (Goa, Gox + Fpa))

=lim(aGy — Gaa,aFy — Fpa+ G — Gox).

Therefore D(a) = limy(aGy — Goa) where (Gy)o € I, So D is approximately inner
and the condition (i) holds.

Let D : A — Y@ be a continuous derivation. Because the continuous derivation
D:A® X — (I®Y)? defined by D((a,z)) = (0, D(a)) is approximately inner, so by
Lemma 3.2, D is approximately inner and the condition (ii) is proved.

Now, let T : X — I2" be a continuous A—bimodule homomorphism satisfying
21T (29) 4+ T (x1)x2 = 0 (21,22 € X) in Y™, Since the mapping T : A X — (I9Y)EY
defined by T((a,)) = (T(z),0) is approximately inner so, by Lemma 3.1 we have T = 0
and the condition (iii) is completed.

Finally, let T : X — Y (") be a continuous A—bimodule homomorphism. Since T :
A® X — (I ®Y)?) defined by T((a,x)) = (0,T(x)) is approximately inner, thus by
Lemma 3.4, there is net (Gq)a C I guch that for every a € A, limy (aGy — Gaa) =0
and for each z € X, T'(z) = lim, (xGo — Gox). Hence condition (iv) is proved.

Now, for proving the sufficiency we assume that the conditions (i)-(iv) hold and that
T @Y is an arbitrary closed ideal in A @ X. Also, let D : A® X — (I ®Y)? be a
continuous derivation. We show that D is approximately inner. For this, consider the
following projection maps:

p(TaY)®) 1@ (T Y)W &y,
Also, consider the following inclusion maps:
kLH:A—> AP X ko: X - A X.
Clearly, p; and ps are A—bimodule homomorphisms. Since D is a continuous derivation,
thus Do k; : A — (I ®Y)?" is so. On the other hand,

proDoki: A—IF | pioDok: A— YD)
are continuous derivations.

Claim 1: p; o Do kg : X — I®") ig trivial.

Take A := p1 o D oksy. To prove claim 1, it is sufficient to show that A is a continuous
A—bimodule homomorphism satisfying x1A(x2) + A(z1)xe = 0 for every x1,x2 € X by
condition (iii). We have

A(az) = p1 o D o ka(az) = p1 o D((0,az))
=p1o D((CL, 0)(07 IIJ))
- pl(D((a7 O))(07 .%') + (a7 O)D((Oa .’L')))
= p1((a,0)D((0, z)))
= p1(aD o ka(x)
= a(p1 o Do ky)
= aA(x).

)
(

x)
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Similarly, A(za) = A(x)a. So A = p1 o D o kg is A—bimodule homomorphism. Also, we
have
0= D((0,0)) = D((0,21)(0, 22))
D((0,21)(0,22) 4 (0, 21)D((0, z2))
= (0, A(z1)z2) + (0,21A(22))
= (0, l‘lA(wz) + A(.%’l)ZL‘Q).
Therefore claim 1 holds. Now, we take T := pooDoky : X — Y (@) and Dy := proDoky :
A— 1C7),
Claim 2: T'(az) = Di(a)z + aT(x) and T(za) = xD1(a) + T'(x)a for every a € A,z €
X.
To prove the above claim, we have
(0, T(az)) = (0,p2 0 D o kz(ax))
= (0,p2 0 D((0, ax)))
= D((0,ax)
D((a,0)(0,z))
D((a,0))(0, z) 4 (a,0)D((0, z))
= (0, D1(a)z) + a(0,T'(x))
= (0, Dy(a)z + aT'(z)).

Similarly, for each a € A and x € X we have
(0,T(za)) = (0,xD1(a) + T(z)a).
Hence the claim 2 holds. Consequently, derivation D1 = p; o D o ky is approximately

inner by condition (i).
Now, let there exists net (Gq)o € 1™ such that for every a € A,

D;(a) = ligl(aGa — Gua).

Also, let T} : X — Y27 be defined by T} (z) = limy (G — Gox) for each x € X. Then
by claim 2, for T — T : X — Y (") we have

(T — T1)(az) = T(az) — T (az)
= (Di(a)z + aT (x)) — lim(a2Go — Gaaz)
= lim(aGo — Gaa)z + a7 (x) = lim(a2Gy — Gaaz)
= alim(Goz — 2Ga) + aT (x)
— (T - TY)(x)

where a € A and z € X. Similarly, (T" — T1)(za) = (T — T1)(x)a. Therefore T — T} is
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a continuous A—bimodule homomorphism. Now, by condition (iv), there is net (vg)g C
I(") such that for each a € A, limg(avs — vga) = 0 and for every z € X, (T — Ty)(z) =
limg(zvs — vgx). From Lemma 3.4, we know that T — 71 : A® X — (I @ Y)®" defined
by

T—Ti((a,2)) = (0, (T — T1)(x))

is approximately inner derivation. Since pooDoky : A — Y (27) ig a continuous derivation,
so by the condition (ii), it is approximately inner. On the other hand, by Lemma 3.2,
the mapping po o Dok; : A® X — (I ®Y)? defined by

p2oDoki((a,2)) = (0,p20D o ki(a))
is approximately inner derivation. Now, by using claim 1, we have

D((a,x)) = (D1(a),p2 0 D o ki(a) + T(x))
=p2oDoki((a,2)) + (T = T1)((a,2)) + (Di(a), T (2)).

Since every three summands are approximately inner derivations, so D is approximately
inner derivation from A @ X into (I ® Y)®"). Consequently, A @ X is approximately
(2n)—ideally amenable. [ |

Example 3.6 Let A% =: A® C be the unitization of a Banach algebra A and n € N. In
this case, we have:

(i) if A" is approximately n—ideally amenable, then A is approximately n—ideally
amenable.

(ii) if A is approximately (2n — 1)—ideally amenable, then A% is approximately (2n —
1)—ideally amenable.
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