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Abstract. In this paper, we prove a general fixed point theorem in S-metric spaces for
maps satisfying an implicit relation on complete metric spaces. As applications, we get many
analogues of fixed point theorems in metric spaces for S-metric spaces.
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1. Introduction

This article presents some new fixed point results for mappings. In section 2, we present
an implicit relation and some examples for this relation. In section 3, some fixed point
theorem for maps are proved using the implicit relation. In section 4, we give an appli-
cation of the integral equation result.

In [12], Sedghi et al. have introduced the notion of an S-metric space as follows.

Definition 1.1 [12, Definition 2.1] Let X be a nonempty set. An S-metric on X is a
function S : X3 — [0, 00) that satisfies the following conditions for all z,%, z,a € X.

(1) S(z,y,z) =0if and only if x =y = 2,
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(2) S(z,y,2) < S(@,x,a) + S(y,y,a) + 5(z,2,a).
The pair (X, 5) is called an S-metric space.

Immediate examples of such a S — metric space are:

(a) If X =R", then we define S(z,y,2) = ||y + z — 2z|| + ||y — =||.
(b) If X =R", then we define S(z,y,2) = ||z — z|| + ||y — ||
(¢) If d is the ordinary metric on X, then we define S(z,y, z) = d(z, z) + d(y, 2).

This notion is a generalization of a G-metric space [8] and a D*-metric space [13]. For
the fixed point problem in generalized metric spaces, many results have been proved,
see [1, 57| for example. In [12], the authors have proved some properties of S-metric
spaces. Also, they have been proved some fixed point theorems for a self-map on an
S-metric space.

In this paper, we prove a general fixed point theorem in S-metric spaces which is a
generalization of [12, Theorem 3.1]. As applications, we get many analogues of fixed point
theorems in metric spaces for S-metric spaces.

Now we recall some notions and lemmas which will be useful later.

Definition 1.2 [12] Let (X, S) be an S-metric space. For r > 0 and z € X, we define
the open ball Bg(xz,r) and the closed ball Bglz,r] with center z and radius r as follows.

Bs(x,r) ={y € X : S(y,y,x) <r} and Bglr,r] ={yec X :S(y,y,x) <r}.

The topology induced by the S-metric is the topology generated by the base of all open
balls in X.

Definition 1.3 [12] Let (X,.S) be an S-metric space.

(1) A sequence {z,} C X converges to x € X if S(xp,zn,x) — 0 as n — oo.
That is, for each £ > 0, there exists ng € N such that for all n > ng we have
S(zp, Tn,x) < e. We write x,, — x for brevity.

(2) A sequence {z,} C X is a Cauchy sequence if S(xp,xn,Tm) — 0 as n,m — oco.
That is, for each € > 0, there exists ng € N such that for all n,m > ng we have
S(Zp, T, Tm) < €.

(3) The S-metric space (X, S) is complete if every Cauchy sequence is a convergent
sequence.

Lemma 1.4 [12, Lemma 2.5] In an S-metric space, we have

(1) S(x,z,y) = S(y,y, ) for all 2,y € X,
(2) S(z,y,y) <25(y,y,z) for all 7,y € X.

Lemma 1.5 [12, Lemma 2.12] Let (X, S) be an S-metric space. If 2, — = and y,, — y
then S(zp, Tn,yn) = S(x,z,y).

As a special case of [12, Examples in page 260] we have the following.

Exzample 1.6 Let Cla,b] = {f|f : [a,b] — Ris a continuous function}. If set || f||loc =
sup {|f(x)|}. Then S(f,g,h) = ||f—h||co+||g—h||s for all f, g, h € Cla,b] is an S-metric

z€la,b]
on Cfa,b] and (Cla,b], S) is an complete metric space.

Lemma 1.7 Let (X, S) be a S- metric space. If there exist sequences {z,} and {y,}
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such that lim z, =z and lim y, =y, then
n—oo n—oo

limsup S(a, ¥n,yn) < S(a,a,) + S(z, z,y)

n—aoo

for every a € X. In particular, if lim z, = lim y, = x, then
n—oo n— oo

limsup S(a,zp,yn) < S(a,a,x).

n—aoo

Proof. Since lim z, = x and lim y, = y, then for each ¢ > 0 there exist n;,ns € N
n—oo

n—oo
such that

Vn=ny = S(an,x,, ) <% and V' n = ng = S(Yn,Yn,y) <

=1 ™

If set ng = max{ny,na}, then for every n > ng by second condition S-metric we have:

( ,x)+S($n,$n,x)+5(yn,yn,$)

S(CL, Tn, y’n) a, a
(a,a,z) + S(2n, Tn, ) + 25(Yn, Yn, y) + S(z,2,y).

<S5
<S5
Taking the upper limit as n — oo, we obtain

limsup S(a,@,yn) < S(a,0,2) + = + = + S(a,2,)

n—s00 2 2

= S(a,a,z) + S(z,z,y) +¢.
Taking e — 0, we have

limsup S(a, zn,yn) < S(a,a,z) + Sz, ,y).

n—aoo

2. Implicit relations

Implicit relations on metric spaces have been used in many articles. For examples, see
[2-4, 9-11]. Let R4 be the set of nonnegative real numbers and let F be the set of all
functions F : RZF — R satisfying the following conditions:

Fy F (Jl_%opn) = nh_{goF (pn) for any p, € R7, where nh_)n(;o prn, Means component-wise lim.

Fy F(t1,...,t7) is nonincreasing in tg, ..., t7.
F, there exists a h with 0 < h < 1 such that the inequality F'(u,v,v,v,v,2u,2u) < 0
implies u < hwv.

Example 2.1 F(ty,...,t7) = t; — hmax{ta, t3,t4, 5, %t@, %t7}, where 0 < h < 1.

Fy and F : Obviously.

Fy: Let u,v > 0 and F(u,v,v,v,v,2u,2u) = u—hmax{u,v} <0.If u > v, then u < hu,
a contradiction. Thus u < v and v < hv. If u = 0, then v < hv. Thus Fj is satisfied.

Exzample 2.2 F(ty,...,t7) = t; — amax{ta,ts,t4,t5} — b(te + t7), where a,b > 0 and
0< ¢ <1
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Fy and Fy : Obviously.
Fy : Let u,v > 0 and F(u,v,v,v,v,2u,2u) = u — av — 4bu < 0. Then u < %pv = hv.
Thus F5 is satisfied.

Ezxample 2.3 F(t1,...,t7) = t3 — hmax{tito, tots, tsts, tats}, where 0 < h < 1.

Fy and Fy : Obviously.

Fy : Let u,v > 0 and F(u,v,v,v,v,2u,2u) = u?> — hmax{uv,v?} < 0. If u > v, then
2 < huw, a contradiction. Thus v < v and u < Vhv If u = 0, then u < Vhu. Thus Fy

is satisfied.

Example 2.4 F(ty,...,t7) = t1 — hte, where 0 < h < 1.
Fy and Fj : Obviously.
Fy : Let u,v > 0 and F(u,v,v,v,v,2u,2u) = u — hv < 0. Thus F} is satisfied.

3. Fixed point theory

Theorem 3.1 Let (X,S) be a complete S-metric space and T}, : X — X be a self
map, for every n € N. Suppose, for all x,y,z € X

p (ST, Ty, Tyz), S(@,y, 2), S(Tix, Tyy, x), S(Tiw, Tyy, ), |
S(Tix, Tyy, z), S(Tiw, 2, Tyz), S (Tyy, 2, Tyz) =

for every i, j,k € N and F € F. Then there exists unique x € X with T,,x = x, for every
n € N.

Proof. Let zg € X, then we can choose x, € X with T,,412, = Tpi1-

S(Tnxn—lv Tnxn—h Tn—&-lwn); S(xn—la Tn—1, xn); S(Tnxn—la Tnxn—lv xn—1)7
F S(Tnxn—lanfEn—hwn—l)a S(Tnxn—laTnxn—lvwn); S(Tnxn—laxN7Tn+1xn)7 < 0.
S(Tnxn—lvxnyTn—&-lwn)

g
-

Since F' is nonincreasing in ts, ..., t7, therefore

Hence

xnaxnal'nJrl) S(l‘nflal‘n717$n)aS(l‘nal'nal'nfl)aS(l‘naxnal'nfl)a
T, T, Tn), S (T, T, Tng1), S(Tn, T, Tr1)

N

S(
S(
S(
S 0.

Lny Tn, xn-i—l)u S(£n—17 Tn—1, x’n)u S(£n—17 Tn—1, xn)a S($n—17 Tn—1, xn)a
xna ivna .I‘n) S(l‘n, xn7 xn-i-l)u S(l‘n, xn) $n+1)

F(u,v,v,v,v,2u,2u) < F(u,v,v,v,0,u,u) <0,
and by property F3, exist 0 < h < 1 so that

u=S(Tn, Tn,Tnt1) < hv = hS(Tp_1,Tn_1,Tn).
In the other hand, for n € N, we have

S(xn, T, Tnt1) < RS (xo, z0, 21).
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Thus we have

m
S(Tpy T, Tm) < 2 Z S(xi, i, xiv1)

i=n

<2 Z h'S(zo, z0, 1)

hn _hm hn
= 2(]-_}1/)5(5607:607x1) g 21 _ hS(xO’xo’xl) — 0.

Therefore {x,} is a Cauchy sequence. Thus there exists u € X with x,, — u. It remains
to show T,,u = u. For every n € N, we have

g

S(
S(
_F S(Thu, Tou, xm), S(u, w, xm—1), S(Thu, Thu,w), S(Thu, Thyu,u), <0
N S(TnuaTnuaJ;m—l),S(Tnuvxm—lamm)7S(Tnuaxm—hxm) =

Tou, Tou, TrnXm—1), S(u, w, xm—1), S(Thu, Tpu,w), S(Thu, Thu,u),
Tnua Tnua xmfl), S(Tnua Tm—1, memfl), S(Tnua Tm—1, memfl)

Taking the upper limit as m — oo we obtain

limsup F S(Thu, To, Tiy)y S(Uy Uy Ti—1), S(Thu, Tou, uw), S(Thu, Thu, u),
m_mf S(Thu, Tow, Ti—1), S(Tptty Ty—1, Tm,), S (Tow, Tpu, )
(

» ( S(Thu, Thu,uw), S(u,u,w), S(Thu, Thyu,u), S(Thu, Thu,u), )

S(Thu, Thu,u), limsup S(Thu,Tm—1,Tm), limsup S(T,u,Tm—1,Tm)
m—r0o0 m—r0o0

<0.

By Lemma 1.7, we have:
Tou, Thu,u), (u7 u, u)7 S(Tnua Thu, u)v S(TnU7 Thu, u),)

S
F( Tou, Thyu,u), S(Thu, Thyu,u), S(Thu, Thyu, u)
S

S( )
S( )
S(Tnuv Tyu, u)7 (u, u, u)v S(Tnu7 Tyu, u)a S(Tnua Thu, u),
SF S(Thu, Thu,u), limsup S(Tpu,Tm—1,%m), limsup S(Tpu, Tm—1,Tm) < 0.

m—r00 m—r00

Since F' is nonincreasing in ts, ..., t7, therefore
F(t,t,t,t,t,2t,2t) < F(t,0,t,¢,t,t,t) <O0.
So, from F5, we have
t =S(Thu, Thu,u) < hS(Tyu, Thu,u) = ht,

therefore, T,,u = u.
To prove the uniqueness, let v € X with v # u such that v = T,v. Then

I S(Tiu, Tju, Tyv), S(u, u,v), S(Tiu, Tju, w), S(Tiu, Tju, u), <0
S(Tiu, Tju,v), S(Tiu, v, Tyv), S(Tiu, v, Tyv) =
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Hence
r S(u,u,v), S(u,u,v),S(u,u,u),S(u,u,u), <0
< 0.
u, u,v), S(u,v,v),S(u,v,v)

Since F' is nonincreasing in to, ..., t7, and by Lemma 1.4, we have

F S(“? u? U)7S(u’ u? U)7S(u7 u? ,U)’S(u7 u7 ,U),
S(u,u,v),2S5(u,u,v),2S5(u, u,v)
S(u,u,v),S(u,u,v),0,0,
SF <S(u, u,v), S(u,v,v),S(u,v,v) <0
So, from Fy, we have t = S(u, u,v) < hv = hS(u,u,v), that is u = v. [ |

Corollary 3.2 Let T be a self-map on a complete S-metric space (X, S) and

r STz, Ty,Tz),S(x,y,2),S(Tx, Ty, x),S(Tz, Ty,y), <0
S(Txz,Ty,z),S(Tx,2,Tz),S(Ty,z,Tz) =

for all x,y,z € X and F' € F. Then there exists unique z € X with Tz = x.
Proof. The assertion follows from using Theorem 3.1 with T,, =T for some n € N. H

Corollary 3.3 Let (X,S) be a complete S-metric space and T,, : X — X be a self
map, for every n € N. Suppose, for all x,y,z € X
max{S(z,y,2), S(Tiz, Tjy, ), S(Tiz, Tjy, y),
. ; <
S Ty, Tez) < h { S(Ti, Tjy, =), 45(Tia, 2, Tez), AS(Tjy, 2, Tiz)

for every i, j, k € N. Then there exists unique z € X with T,z = z, for every n € N.

Proof. The assertion follows from using Theorem 3.1 with

1 1
F%th"'7t7)::t1“h1nax{t2f"7t57§t6a§t7}

Corollary 3.4 Let (X, S) be a complete S-metric space and 7" : X — X be a self map.
Suppose, for all z,y, z € X, we have

max{S(z,y, 2

STz, Ty,x),S(Tx, Ty, y),
S(Tx, Ty, Tz) < h { S(Tz, Ty, 2),

S(Tx,z,Tz), %S(Ty, 2,T2)

N[ = ~—

Then there exists unique x € X with Tx = .
Proof. The assertion follows from using Corrollary 3.4 with 7,, = T for some n € N. &
Example 3.5 Let X = [0, 7] and

{0 fr=y==z2
S(x7y7 Z) - {max{x7y7z} otherWiSe .
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Then, it is easy to see that (X, S) is a complete S-metric space. Let T« = sin(h"z), for
r€Xand 0<h <1 Forall z,y,z € [0,5] we have

S(Tix, Tjy, Ti,z) = max{sin(h'z),sin(h’y),sin(h*2)}
< max{h'z, hly, hkz}
< hmax{z,y, z}
= hS(z,y,2)

max{S(x,y, 2), S(Tix, Ty, x), S(Tix, Tjy, y),
S(Emvija Z),%S(ﬂx,z,TkZ),%S(ﬂy,z,TkZ) ’

N
>

Thus, by Corrollary 3.3, it is clear that x = 0 is the unique fixed point of T}, for every
n € N.

4. An application to the integral equation

In this section, we give an application of the integral equation. Let
Cla,b] = {f|f : [a,b] — R is a continuous function}.

If set
1
f(2) = g(z) + / k(o) f(8)dt,

where f,g € C(]0,1]) and k(x,t) which is continuous on the squared region [0, 1] x [0, 1]
with |k(x,t)| < h(h < 1). Then there exists a unique fo € C([0,1]) such that

1
fo(rﬂ)—g(w)—/o k(z,t) fo(t)dt.

Since, for every f € C([0,1]) if we define T": C([0, 1]) — C([0,1]) by T'(f) = T such
that for every = € [0, 1], we have

As in Example 1.6, let

S(f.9:h) = If = glleo +1lg = Al

for every f,g,h € C([0,1]). Similarly, now we define the function S : C[0, 1] x C[0,1] x

S(Ty, Ty, Ty) = sup |Ty(x) — Th(x)| + sup [Ty(x) — Th(x)|
z€[0,1] z€[0,1]
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for all f,g,h € C[0,1]. Then,

S(Ty. T, Ti) = sup [Ty(x) — Ti(w)| + sup [Ty(x) — Ti(x)

z€(0,1] z€[0,1]

1 1
<sm>/|M%ﬂMﬂﬂ—h®Dﬁ+sm>/IM%WMMU—hwbﬁ
]1J0 0

z€[0,1 z€[0,1]

1 1
<hélﬂﬂ—mmﬁ+hélﬂﬂ—mmﬁ

1 1
<h sup [f(o) ~ ha)| [ dt+hosup Jga) < hia)] [ de
z€[0,1] 0 z€[0,1] 0

< hf|f = hlloe + hllg — hlloo
= hS(f,9,h)

gh{S(f>gah)vS(TfaTmf)?S(vaTgag)v }

S(TfuTgv h’)7 %S(Tfa h’Th)7 %S(Tga h7Th)

Hence, the assertion follows from using Corollary 3.4, there exists a unique fy € C([0, 1])
such that T'(fy) = Ty, = fo; that is

jam—g@ﬁiék@ﬁh@ﬁ

for every x € [0, 1].
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