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Abstract. A hereditary class on a set X is a nonempty collection of subsets of X which is
closed under subsets. In this paper, we present a new structure of proximity spaces by using
a hereditary class, called H-proximity spaces, as a generalization of Efremovié¢ proximity
spaces, I-proximity spaces and coarse proximity spaces. Some properties of this proximity
structure and generalized topology induced by it are studied.
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1. Introduction and Preliminaries

The concept of proximity or nearness in topology was described by Riesz in 1908 but
ignored at the time [I5]. It was rediscovered by Efremovié in 1934, but not published until
1951 [@]. He axiomatically characterized the proximity relation “A is near B” for subsets
A, B of any set X. The set X together with this relation was called an infinitesimal
(proximity) space. Proximity space is a natural generalization of a metric space and of a
topological group. Every proximity 6 on a set X induces a topology 75 on X by defining
the closure of a subset A to be the set {z | {x}dA}. Conversely, Efremovi¢ showed that
if (X, 7) is any completely regular space, then there exists a proximity 6 on X such that
7 = 75. In fact, the proximity § is defined by A B if and only if A and B are functionally
distinguishable, i.e., there exists a continuous map f : X — [0, 1] such that f(a) = 0 for
alla € Aand f(b) =1 for all b€ B.

Some authors have worked with weaker axioms than those of Efremovic¢ and some types
of proximity structures were introduced, such as quasi-proximity [[4], paraproximity [{],
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pseudo-proximity [6], local proximity [I1], I-proximity [T0], coarse proximity [5] and -
proximity [T2]. In this paper, we present a new structure of proximity spaces by using a
hereditary class, called H-proximity spaces, as a generalization of Efremovi¢ proximity
spaces, [-proximity spaces and coarse proximity spaces. The relationships between H-
proximity spaces and generalized topological spaces induced by them in the sense of
Cséaszar are investigated.

We first recall some basic results and definitions of proximity structures.

Definition 1.1 [13] Let X be a set and P(X) be the power set of X. A (Efremovic)
proximity on a set X is a relation 6 on P(X) satisfying the following axioms for all
A,B,C € P(X):

(1) AdB implies B A,

(2) AdB implies A # () and B # (),

(3) AN B # 0 implies AdB,

(4) (AU B)oC if and only if A0C or BIC,

(5) ASB implies that there exists a subset E such that AJFE and (X — E) AB;

where A §B means A0B is not true. If AJB, then we say that A is close to (or near) B.
Axiom 4 is called the union axiom and axiom 5 is called the strong axiom. A pair (X, J),
where X is a set and ¢ is a proximity on X, is called a proximity space.

Definition 1.2 [0, 5] A bornology B on a nonempty set X is a family of subsets of X
satisfying:

(1) {x} e Bforall z € X,
(2) AC B and B € B implies A € B ( i.e., it is closed under taking subsets),
(3) if A,B € B, then AUB € B (i.e., it is closed under taking finite unions).

Definition 1.3 [3, 9] A nonempty collection H of subsets of a set X is called an ideal
if it is closed under taking subsets and finite unions; and it is called a hereditary class if
it is closed under taking subsets only.

Remark 1 It is clear that every bornology is an ideal and every ideal is a hereditary
class. Ideal is a fundamental concept in topological spaces and plays an important role in
the study of topological spaces [9]. Similarly, hereditary classes are important in the study
of generalized topological spaces [3]. Bornologies play an important role in the theory of
locally convex spaces [8], boundedness in metric spaces [1] and coarse geometry [i].

Example 1.4 The following families are bornologies on a nonempty set X:

(1) the finite subsets of X,

(2) the countable subsets of X,

(3) the power set P(X),

(4) the bounded subsets of a metric space X,

(5) the totally bounded subsets of a metric space X,

(6) the subsets of a metric space X with compact closure.

Ezample 1.5 Let X be a nonempty set and A & X. Then the collections H; = {0}
and Hy = {B C X | B C A} are ideals but not bornologies. Indeed, §) € H for any
hereditary class H, so H; is the smallest hereditary class on X. Also, the collection
Hy = {0} U{{z} | x € X} is a hereditary class (called hereditary class of points) but not
an ideal if X has at least two elements.

In the following, we recall some notions and notations defined in [2, B]. Let X be a
set. A subset p of P(X) is called a generalized topology (briefly GT) on X and the pair
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(X, p) is called a generalized topological space (briefly GTS) if ) € u and any union of
elements of p belongs to p. A GTS (X, ) is called strong if X € . A set A C X is said
to be p-open if A € p and p-closed if X — A € p. A mapping f : (X, ux) — (Y, py)
between GTS’s is said to be u-continuous if f~1(B) € uy whenever B € py.

A mapping A : P(X) — P(X) is said to be monotone provided that A C B C X
implies AA C AB, where we write AA for A\(A).

A monotone map A : P(X) — P(X) is said to be:

(1) idempotent if \24 = AMA = A\A for all A C X,

(2) restricting if A\A C A for all A C X,

(3) enlarging if A C AA for all A C X,

(4) V-additive if (AU B) = AAUAB for all A, B C X.

Remark 2 [2] If i is a GT on X, then the interior operator i, : P(X) — P(X) defined
by iy A :=U{M € p| M C A} is monotone, idempotent and restricting; and the closure
operator ¢, : P(X) — P(X) defined by c,A:=({N|ACN,X — N € pu} is monotone,
idempotent and enlarging. Moreover, i, and c, are conjugate, i.e., c,A = X — (i, (X —A))
for all A C X. Conversely, if X : P(X) — P(X) is enlarging, monotone and idempotent,
then the collection p:= {A | NX —A) =X — A} is a GT on X such that c,A = AA for
all AC X.

Definition 1.6 [3] Let (X, ) be a GTS with a hereditary class H and A C X. Then
A" :={x e X |0, NA¢H forevery p-open set O, containing x}

is called the local function of A with respect to H and pu.

Theorem 1.7 [8] Let (X, ) be a GTS with a hereditary class H. Then the operator
¢ P(X) — P(X) defined by ¢*(A) = AU A* is monotone, idempotent and enlarging.
Hence the collection p* :={AC X |c¢"(X —A) =X — A} isa GT on X, called the GT
induced by (u, H).

Theorem 1.8 [B] Let (X, u) be a GTS with a hereditary class . Then the following
statements hold:

(1) pCp.

(2) If H = {0}, then ¢*(A) = ¢, (A) = A* and p = p*.

(3) The collection {M — H | M € u, H € H} is a base for u*.

(4) If M, :=U{M | M € pn}, then H* = X — M, for any H € H.
(5) If X € pand H € H, then H* = (). Hence H is p*-closed.

2. H-Proximity Spaces

In this section, we introduce a new approach of proximity structure based on a hered-
itary class. Some results on these spaces and generalized topological spaces induced by
them are investigated.

Definition 2.1 Let H be a hereditary class on a nonempty set X. A binary relation
6 on P(X) is called an H-proximity on X if it satisfies the following conditions for all
A,B,C e P(X):

(A1) AB implies BOA,
(Az) AOB implies A ¢ H and B ¢ H,
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(A3) AN B ¢ H implies AIB,

(A4) AIB or AOC implies AG(B U C),

(As) A pB implies that there exist subsets C' and D such that A #(X —C), (X —D) #B
and CND e H.

A triple (X, H,0), where X is a set, H is a hereditary class on X and 6 is an H-proximity
on X, is called an H-proximity space. Axiom (A4) is called the weak union axiom and
(Aj5) is called the H-strong axiom.

Lemma 2.2 Let H be a hereditary class on a nonempty set X and 6 a binary relation
on P(X) satisfying the axioms (.A;)—(.A3). Then the following statements hold.

(1) The strong axiom implies the H-strong axiom.
(2) If 0 also satisfies the union axiom, then the axioms strong and H-strong are
equivalent.

Proof. To prove (1), let A #B. Then there exists a subset D such that A D and (X —
D) pB. Since D PA, there exists a subset C' such that D AC and (X — C) #A. Thus by
(As), we have C N D € H. To prove (2), let the H-strong axiom holds and A #B. Then
there exist subsets C' and D such that AA(X — C), (X — D)p#B and CN D € H. Set
E=X-Cand H=CnND, we have APE and H € H. Now we show that C #B.
For contradiction assume that C9B. Since C' C (X — D) U H, by the union axiom we
have ((X — D) U H)0#B. Again by the union axiom, (X — D)#B or HIB, which is a
contradiction to (X — D) #B or H € H, respectively. Thus the result holds. [ ]

Remark 3 If H is a bornology (an ideal) on a nonempty set X and 0 a binary relation
on P(X) such that satisfies the axioms (A1)-(As) and also the axioms union and strong,
then the triple (X, H,0) is called a coarse prozimity space [i] (an I-proxzimity space [10]).
Thus by Lemma B8, every coarse proximity space is an I-proximity space and every I-
proximity space is an H-proximity space. Also, every proximity space is an H-prorimity
space, where H = {0}.

Example 2.3 Let H be a hereditary class on a nonempty set X. For any subsets A and
B of X, define
AOB <= ANB ¢ H.

Then 6 is an H-proximity on X. Indeed, one easily sees that € satisfies the axioms (A;)—
(A4). To show the H-strong axiom, set £ = B. Then the strong axiom holds and hence
by Lemma P2, the result follows.

Example 2.4 Let H be a hereditary class on a nonempty set X. For any subsets A and
B of X, define
AOB <= A,B ¢ H.

Then 6 is an H-proximity on X. Indeed, one easily sees that 6 satisfies the axioms (A;)—
(A4). To show axiom the H-strong axiom, assume A MB. It follows that A € H or
BeH IfAeH,let E=X—A. If Be H,let E = B. Then the strong axiom holds
and hence by Lemma P2, the result follows.

Similar to the proofs of proximity spaces, we have the following lemma and so the
proof is omitted.

Lemma 2.5 Let (X, H,0) be an H-proximity space. Then the following statements hold.
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(1) If AB, AC C and B C D, then C6B.
(2) If there exists an x such that A0z and x6B, then AB.
(3) If A ¢ H, then APA.

Theorem 2.6 Let (X, H,6) be an H-proximity space. Then the operator (—)? : P(X) —
P(X) defined by A? = {2 € X | 20 A} satisfies the following conditions:

(1) ACB= A% C BY,

(2) AuUB?C (AuB)? and (ANB)? C AN BY,
(3) AcH = A% =9,

(4) if H, C H, then A? = {) for every subset A of X.

Proof. Property (1) follows from Lemma P23, and property (2) follows from property
(1). To see (3) and (4), if A € H or H, C H, then z #A for any z € X. Hence A’ = (). m

Unlike proximity spaces, the following example shows that in H-proximity spaces the
operator (—)? need not be V-additive and A ¢ A’ in general. Also, the converse of the
weak union axiom need not be true, i.e., the union axiom need not be true.

Ezxample 2.7 Let X = {a,b,c}, H = {0,{a},{b}} and 0 be the H-proximity relation
defined in Example Z4. If A = {a}, B = {b} and C = {c}, then (AU B)? = C but
AU B’ = 0. Also, CO(AU B) but C A, C fB; and A ¢ A® = ).

Theorem 2.8 Let (X, H,0) be an H-proximity space and A, B C X. Then the following
statements hold.

(1) B AA implies A’ C X — B.

(2) B A implies B #A.

(3) BAA implies B? pAY.

(4) A% = A% je., (—)? is idempotent.

Proof. (1): Let BAA and A N B # (). Then there exists € B such that x0A. By
Lemma 223, BOA, which is a contradiction. Thus A’ N B = () and hence A’ C X — B.

(2): Let B AA. Then by the H-strong axiom, there exist subsets C' and D such that
BA(X —C), (X —D)AA and CN D € H. By part (1) we have A% C D. Now, we show
that A? C (X — C). Suppose = € A%, then z0A. If z € C, then x € C' N D and hence
{x} € H, which is a contradiction to 20A. Thus A’ C (X — C). Since B (X — C), by
Lemma 23, we have B A%,

(3): By part (2) and axiom (A;), the result holds.

(4): If 2 ¢ A% then z AA. By part (2), 2 #A? and hence z ¢ A%. Thus A% C A%,
Conversely, if z € A%, then {2} ¢ H. So 20x and hence by Lemma 23, 20 A%, i.e., z € A%,
|

In the following, we consider the GT on X which is induced by an H-proximity on
X, and study its elementary properties. For this purpose, we first give the concept of an
admissible H-proximity space.

Definition 2.9 An #H-proximity space (X, H, 6) is said to be admissible if 6 satisfies the
following condition for all A, B C X:
AG(BU BY) — A0B.

Lemma 2.10 Let (X, #,60) be an admissible H-proximity space and A, B C X. Then
the following statements hold.

(1) A9(BU B?) <= A0B.
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(2) A? = (AU A%)°.

Proof. Let AOB. Then by the weak union axiom A#(B U BY), so part (1) holds. To see
(2), we have z € A? & 20A < 20(AU A%) < x € (AU A%)°. [ |

Remark 4 Notice that by the union axiom and Theorem 23, proximity spaces, coarse
proximity spaces and I-proximity spaces are admissible H-proximity spaces.

Exzample 2.11 The H-proximity spaces defined in Examples P23 and 24 are admissible.
For 6 given in 23, we have BY = {z |z € B and {2z} ¢ H} C B for any B C X. Thus
the condition of admissibility holds. For 6 given in 24, let A9(BU BY). Then A ¢ H and
BUBY ¢ H.1f B € H, then BY = (). So B = BUB? ¢ 1, a contradiction. Hence B ¢ H,
this implies A0 B. Thus the condition of admissibility holds.

Example 2.12 Let X = {a,b,¢,d}, H = {0,{a},{b}} and D = {c}, D' = {a,b},
F ={a,b,c}. Suppose 6, = {(D,D"),(D',D),(F,X —F),(X —F,F)} and 6 = {(4, B) |
ANB ¢ H}, ie., O is the relation given in 223. Now, we define § = 6; U 6 and show
that 0 is an H-proximity relation on X but not admissible. It is clear that 6 satisfies the
axioms Aj, Ay and As. To see axiom Ay, if AfsB and Af;C, then Afy(BUC). For case
D6, D', if D03 B for some B C X, then DN B ¢ H. Thus (D'UB)ND = DNB ¢ H and
hence Dfy(D' U B). Similarly, for cases D'01 D, F01(X — F) and (X — F)0, F the result
holds. To see axiom As, let AAB. Then ANB € H and Ap1B.If B=F or X — F,
then FF# A # X — F, put £ = X — A. Otherwise F # B # X — F, put £ = B. Thus
there exists a subset F of X such that A AF and (X — F) AB. Finally, let A = D’. Then
A% = D and (AU A% = F9 = {c,d}. Thus A? ¢ (AU A%)?, which shows that (X, #,6)
is not admissible by Lemma P11

Theorem 2.13 Let (X, H,0) be an admissible H-proximity space. Then the operator
cp : P(X) — P(X) defined by cg(A) = AU A? is enlarging, monotone and idempotent.
Hence the collection pp := {A | cg(X — A) = X — A} is a strong GT on X, called the GT
induced by (0,H).

Proof. It is clear that ¢y is enlarging, and monotone by Theorem 8. By the admissi-
bility, we have cpcg(A) = AU AU (AU A%)Y = AU A% = ¢y(A) for any A C X. Thus ¢y
is idempotent. Also, cg(#) = 0 and cp(X) = X, so 0, X € pg. [ |

Exzample 2.14 Let (X, #,60) be the admissible H-proximity space given in 23. Then
A? C A for any subset A of X. Thus cg(A) = A for any subset A of X. Hence g = P(X)
is the discrete topology.

Now, we give an example of admissible H-proximity spaces such that the induced GT
e need not be a topology, in general.

Exzample 2.15 Let (X, #,60) be the admissible H-proximity space given in 274. Then
A% = {c} for any A ¢ H. It is easily verified that cg(A) = A for any A C X such that
A # {a,b} and cy({a,b}) = X. Hence py = P(X) —{{c}}, which is not a topology on X.

Theorem 2.16 Let (X, #,0) be an admissible H-proximity space. Then the following
statements hold.

(1) A C X is pg-closed if and only if A° C A.

(2) A% is pg-closed for any A C X.

(3) If H, € H, then py = P(X).

(4) H = {0} if and only if cy(A) = A? for any A C X.

Proof. Part (1) is clear. Since A% = A% it follows that A% is a pg-closed set. If H, C H,
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then by Theorem 28, A% = (). Thus cp(A) = A for any A C X, so that pug = P(X). To
show part (4), let H = {0} and A C X. If z € A, then x0A and hence z € A%. Thus
A C A% so that cy(A) = A?. Conversely, since X C X, it follows that 60X for any
x € X. Thus {z} ¢ H for any z € X. Hence H = {0}. [ |

Corollary 2.17 A subset G of an admissible H-proximity space (X, H, ) is ug-open if
and only if z #(X — G) for every x € G.

Proof. By part (1) of the above theorem, the result holds. [ |
Corollary 2.18 Let (X, H,0) be an admissible H-proximity space and A, B C X. Then

A0B — C@(A)HCQ(B).
Proof. By Lemma 210, we have

AOB & AQCQ(B) = C@(B)HA = CQ(B)@C@(A) = CQ(A)QCQ(B).

3. Alternative description of H-proximity spaces

In this section, we first introduce the concept of an H-proximity neighborhood and
explore several of its basic properties. Then we give a definition of an H-proximity in
terms of ‘H-proximity neighborhoods.

Definition 3.1 Let (X, H,0) be an H-proximity space. Given subsets A, B C X, we say
that B is an H-proximity neighborhood of A, denoted A < B, if A (X — B).

Theorem 3.2 Let (X, #,0) be an H-proximity space. Let A, B,C and D be subsets of
X. Then the relation < satisfies the following properties:

P) X < (X —H)forall HeH,

(

(Py) A < B implies that there exists H € ‘H such that (A — H) C B,

(P3) ACB< CCD implies A< D,

(Py) A< Bifand only if (X — B) < (X — A),

(Ps) A < B implies that there exists F' C X such that A < F and F'— H < B for

some H € H.

Proof. By Axiom Ay, X #H for any H € H. This means that X #(X — (X — H)), or
equivalently X < (X — H) for any H € H, which is the property (P;). To show (P),
notice that if AN (X — B) ¢ H, then A9(X — B), a contradiction to A < B. So if
H = AN(X—B), then H € H and (A— H) C B. To show (P3), for contradiction assume
that A% D, i.e., AO(X — D). The weak union axiom implies that B6(X — D). Since
(X — D) C (X —C), again by the weak union axiom we get BA(X — C), a contradiction
to B < C. To show (Py), we have

A<B&a APX —-B) & (X —B)A(X — (X —A)) & (X — B) < (X — A).

To show (P5), let A < B, i.e., Af(X — B). By the H-strong axiom there exist C, D C X
such that AA(X —C), (X —D)f(X —B)and CND € H.Set F=C and CND = H,
we have A < F and F— H C (X — D). Thus (F — H) §(X — B) and hence F — H < B.
|
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Theorem 3.3 Let X be a set with a hereditary class H. If < is a binary relation on
P(X) satisfying (P;) through (P5) of Theorem B2 and 6 is a relation on P(X) defined
by

ApB if and only if A < (X — B).

Then 6 is an H-proximity on X. Also, B is an H-proximity neighborhood of A if and
only if A < B.

Proof. To show axiom (A;), assume A #B. Then A < (X — B), property (Py) implies
that B < (X — A), i.e., BAA. To show axiom (Asz), notice that properties (P;) and
(P3) imply that A < (X — H) for all H € H, i.e., A fH for all H € H. By symmetry
proven in axiom (A;), this implies axiom (A3). To show axiom (A3), assume A B, i.e.,
A < (X — B). By property (P,), there exists H € H such that (A — H) C (X — B).
Thus AN B C H, which shows that AN B € H. To show the weak union axiom, assume
(AUB)AC, ie., (AUB) < (X — (). Property (P3) implies that A < (X — C) and
B <« (X —-0C),ie, APC and B AC. To show the H-strong axiom, assume A #B, i.e.,
A <« (X — B). By property (Ps), there exist FF C X and H € H such that A < F
and F — H < (X —B).Let C =F and D = (X — (F — H)). Then Af(X — C) and
(X —D)pB and CND =FnNH e H. Finally, B is an H-proximity neighborhood of A
if and only if AA(X — B) if and only if A < (X — (X — B)) ifandonlyif A< B. 1

Theorem 3.4 Let (X, H,#0) be an H-proximity space. Let A, B and C be subsets of X.
Then the following statements hold.

(1) f A< (BNC(C), then A< B and A< C.

(2) f (BUC) < A, then B< A and C < A.

(3) If A€ H, then A< E for any E C X.

(4) If A< B, then A— B € H.

(5) f A— BeH and B< C, then A— H < C for some H € H.
(6) If A< B and B« C, then A — H <« C for some H € H.

Proof. Parts (1) and (2) follow from property (P3). To show (3), let A € H. Then
A BH(X — E) for any E C X, so the result holds. To show (4), assume A < B, by
property (P) there exists H € H such that A— H C B. Thus A — B C H, and hence
A— B e H. Toshow (5),let A—Be€H and B C.Set H=A— B, then A— H C B.
Since B #(X — C), it follows that A — H (X — C), i.e., A— H < C. Part (6) follows
from parts (4) and (5). |

Corollary 3.5 Let (X,H,0) be an admissible H-proximity space and A, B C X such
that A < B. Then

(1) cp(A) < B,
(2) AL iMG(B>'

Proof. Since A f(X — B), by Corollary PTI8, we have ¢y(A) #(X — B) and A fcg(X — B).
Since ¢g(X — B) = X —i,,(B), the result follows. [ |

Corollary 3.6 Let (X,H,0) be an admissible H-proximity space and A, B C X such
that A AB. Then

(1) cp(A) — H C (X — B) for some H € H,
(2) A—H Ci,,(X — B) for some H € H.

Proof. Since Af(X — (X — B)), it follows that A < (X — B). Thus by the previous
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corollary and Theorem B2, the result follows. [ |

4. Compatible H-proximities

In this section, we introduce the concepts of complete regularity and normality for a
GTS with respect to a hereditary H and study its relationships to some H-proximities
defined on these spaces.

Definition 4.1 Let H be a hereditary class on a nonempty set X. If there exists a GT
1 and an H-proximity # on X such that u = ug, then p and 0 are said to be compatible.

Definition 4.2 Let (X,pu) be a GTS and A,B C X. We say that A and B are u-
functionally distinguishable if there exists a p-continuous function f : X — [0,1] such
that f(a) =0 for all @ € A and f(b) = 1 for all b € B, where [0, 1] is endowed the GT
generated by the base {[0,¢) |t € (0,1)} U{(¢,1] | t € (0,1)}.

Notice that by definition, () is u-functionally distinguishable with any subset A of a
GTS (X, p).

Definition 4.3 Let p and y/ be two GT’s on a set X and H be a hereditary class on
X. Then X is called (u, p')-completely regular if for any p-closed sets F and any x € X
such that {z} N F € H, {z} — F and F — {z} are p/-functionally distinguishable.

Remark 5 Notice that in the above definition if x € F, then {x} — F = 0 and hence
{z} = F and F — {x} are p/-functionally distinguishable. Also, if H = {0} and p = 1/,
then (u, u')-completely reqular is exactly p-completely reqular in the general case, i.e.,
for any p-closed sets F' and any x € X such that v ¢ F, {x} and F are p-functionally
distinguishable.

Theorem 4.4 Let (X, p) be a GTS with a hereditary class . Then the relation 6
defined by A #B if and only if there exists H € H such that A — H and B — H are
u-functionally distinguishable, is an H-proximity on X.

Proof. Axiom (A;) is easily verified. To show (Az), let A € H and B C X. Then
A— A =0 and B — A are u-functionally distinguishable, i.e., A #B. To show (As3), let
ApPB. Then A— H and B — H are p-functionally distinguishable for some H € H. Thus
(A—H)N (B —H) = 0 and hence AN B C H, which implies that AN B € H. The
weak union axiom is easily verified. To prove the H-strong axiom, let A #B. Then A — H
and B — H are pu-functionally distinguishable for some H € H. Thus there exists a u-
continuous function f : X — [0,1] such that A— H C f~1({0}) and B — H C f~}({1}).
Let E={z € X | £ < f(z) < 1} and define g : [0,1] — [0,1] by g(y) = 2y for y € [0, 3)
and g(y) = 1 for y € [3,1]. Then go f : X — [0,1] is a p-continuous function such
that (A— H) C(go f)_%({O}) and (E — H) C (go f)"1({1}). Hence A E. Similarly, if
X—-E={z€X|0< f(z) < 3}, then we have (X — E) #B. Thus the strong axiom
holds. |

Theorem 4.5 Let (X, ) be a (u*, u)-completely regular strong GTS with a hereditary
class H such that H C p*. Then the H-proximity 6 defined in Theorem B is compatible
with p*, where p* is the GT induced by (u, H).

Proof. Let G € p* and = € G. Since X — G is p*-closed and {z} N (X — G) =0 € H,
by assumption {z} and (X — G) are p-functionally distinguishable and hence {x} — H
and (X — G) — H are p-functionally distinguishable for H = () € H. Thus z (X — Q)
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for any x € GG. Hence by Corollary 14, G € pgy. Conversely, Let G € ug and = € G.
Again by Corollary 214, x (X — G). So {z} — H and (X — G) — H are p-functionally
distinguishable for some H € H. If x € H, then {z} € p* and hence z € i, (G). If
x ¢ H, then there exists a p-continuous function f : X — [0, 1] such that f(z) = 0 and
(X -G)—H)C f~'({1}). Let M = f~1([0,1)). Thenz € M — H C G and M € p. By
Theorem I8, z € iy,+(G). Thus G =i, (G) is p*-open, which shows that pp C p*. W

Corollary 4.6 Let (X, u) be a p-completely regular strong GTS with the hereditary
class H = {0} and 6 be the H-proximity defined in Theorem EZ. Then 6 is compatible
with u.

Proof. By Theorem B3 and Remark @, the result follows. [ |

Definition 4.7 Let p and ¢/ be two GT’s on a set X and H be a hereditary class on X.
Then X is called (p, u’)-normal if for any p-closed sets Fy and Fy such that Fy N Fy € H,
there exist G1, Gy € i such that Fy C G, F, C G2 and Gy NGy € H.

Remark 6 IfH = {0} and p = 1, then (u, 1')-normal is exactly p-normal in the general
case, i.e., for any p-closed sets Fy and Fy such that Fy N Fy = 0, there exist G1,G2 € p
such that 1 C G, F» C G3 and G1 NGy = 0.

Theorem 4.8 Let (X, u) be a (u*, u)-normal strong GTS with a hereditary class H.
Then the relation 6 defined by

AOB = *(A)Nc"(B) ¢ H,

is an ‘H-proximity on X.

Proof. Axiom (A;) is easily verified. To show (Ag), notice that if A € H, then by
Theorem IR, A* = () and hence ¢*(A) = A. Thus ¢*(4A) N ¢*(B) € A € H, which
shows that A AB. To show (Aj3), let AN B ¢ H. Then ¢*(A) N ¢*(B) ¢ H and hence
A0B. To show the weak union axiom, let A9B and AOC. Then ¢ ( )N c*(B) ¢ H and
c*(A)Nc*(C) ¢ H. So c*(A)Nc*(BUC) ¢ H, which shows that A9(B U C'). To prove
the ’H—strong axiom, let A #B. Then ¢*(A) N ¢*(B) € H, so by assumption there exist
G1,G4 € psuch that ¢*(A) C Gy, ¢*(B) C Gy and G1NGs € H. Set C = G and D = G,
then we have ¢*(A)Nc* (X —C) C ¢*(A) € H and ¢*(B)Nc* (X — D) C ¢*(B) € H. Thus
AP(X —C), (X —D)pB and CND € H. n

Definition 4.9 A GTS (X,u) with a hereditary class H is called (u,p’)-Ty if it is
(i1, p")-normal and p-T.

Theorem 4.10 Let (X, ) be a (u*, u)-Ty strong GTS with a hereditary class H. Then
the H-proximity 6 defined in Theorem B8 is compatible with p*.

Proof. It suffices to show that ¢*(A) = ¢y(A) for any A C X. Let x € cy(A). Thenz € A
orz € A’ If v € A, then z € ¢*(A). If z € A% then 20A and hence ¢*({z})Nc*(A) ¢ H.
Since (X, p) is T1 and p C p*, it follows that € ¢*(A). Thus cy(A) C ¢*(A). Conversely,
let © ¢ cg(A). Then x ¢ A and z fA. So ¢*({z}) Nc*(A) € H, by assumption there exist
G1,G4 € psuch that x € G, ¢*(A) C Gy and G1NG4 € H. Since G1NA C (G1NG2) € H,
it follows that x ¢ A*. Thus x ¢ ¢*(A) and hence ¢*(A) C ¢p(A). [ |

Corollary 4.11 Let (X, u) be a pu-Ty strong GTS with the hereditary class H = {0}
and 0 be the H-proximity defined in Theorem E=8. Then 6 is compatible with pu.

Proof. By Theorem B0 and Remark @, the result follows. [ |
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Theorem 4.12 Let (X, u) be a strong GTS with an ideal # and 6 be the relation
defined in Theorem E=R. If # is an admissible H-proximity on X such that is compatible
with p* and H C p*, then X is (p*, u*)-normal.

Proof. If F} and Fy are p*-closed sets such that Fy N Fy € H, then Fy fF>. By the
H-strong axiom, there exist subsets C' and D such that F; #(X — C), (X — D) AF;
and C N D € H. By Corollary B®, there exist Hy, Hy € H such that (Fy — Hy) C i,,(C)
and (F2 — Hg) - im)(D). Set G = iue(C) U Hy and Gy = i,ue(D) U Ho, then F; C Gq,
Fy C Gy, G1,Go € y* and G1 NGo € H. Thus the result holds. [ ]
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