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Abstract. In this paper, based on embedding approach three numerical methods namely
Richardson, Gauss-Seidel, and successive over relaxation (SOR) have been developed to solve
bipolar neutrosophic system of linear equations. To check the accuracy of these newly devel-
oped schemes an example with exact and iterative solution is given.
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1. Introduction and preliminaries

Zadeh [25] presented the concept of fuzzy set to handle uncertainty in real life situation.
The basic operations were defined by Bede [7], Dubois and Prade [10, 11], Mizumoto and
Tanaka [17]. The parametric form of fuzzy number were proposed by Goetschel and
Voxman[15]. Friedman et al. [14], and Amrahov and Askerzade [6] investigated solutions
for fuzzy linear system in which coefficient matrix is crisp and right hand side column
vector is fuzzy number in parametric form, known as fuzzy system of linear equations
(FSLESs). For computing a solution, they used the embedding method and replaced the
original n x n fuzzy linear system into a 2n X 2n crisp linear system. Subsequently
many researchers analyzed FSLEs. Allahviranloo [4, 5] used the Jacobi, Gauss-Seidel
and SOR numerical techniques to solve FSLEs. Dehgan and Hashmi [12] work on FSLEs
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provided that the coefficient matrix is stricly diagonally dominant and applied many
iterative schemes. Furthermore Muzziolia and Reynaerts [19], Abbasbandy and Jafarian
[1], Ineirat [16] also investogated the existence of solution of FSLEs. Dubois and Prade
[9] started the study of bipolarity. Zhang [26, 27] further proposed and investigated
the concept of Ying Yang bipolar fuzzy set. The notion of bipolar fuzzy graphs was
developed by Akram [2] and Samanta [2, 21]. Muhammad and Akram [18] studied the
solution of bipolar fuzzy system of linear equation (BFSLEs). Akram et al. [3] established
the solution of BFSLEs by applying various iterative schemes.

Broumi et al. [8] and Samarandache [22] tried to explore the concept of neutrosophic
set (NS) from the philosophical point of view, to represent uncertain, imprecise, incom-
plete, inconsistence, and indeterminate information. The concept of neutrosophic set is
a generalization of the concept of classical set, fuzzy set and intuitionistic fuzzy set.
Recently, Shoaib et al. [20] gives the clue of study on bipolar neutrosophic graphs with
novel application. There are several methodologies to solve various issues under neutro-
sophic set and some models are presented to solve linear system with neutrosophic set
(see [23, 24]). Edalatpanah [13] studied the existence of solution of a system of neutro-
sophic linear equations using Embedding method. In continuation of these studies, in
this paper we obtain existence of solution of BNSLEs. Main contributions in this study
are as follows:

(i) Bipolar neutrosophic system of linear equations (BNSLEs) is developed.

(ii) Embedding technique is used to solve the BNSLEs.

(iii) Three iterative schemes are presented to solve BNSLEs.

The paper is organized as follows: In section 2 some basic notations and definitions
are given. In section 3 we study the Richardson, Gauss-Seidel, and SOR methods for
solving BNSLEs and obtained necessary theoretical results. Numerical computations of
the newly proposed method are illustrated by an example in section 4. Conclusion and
comparison analysis is given in section 6. In this section, we give some helping material
from the existing literature.

Definition 1.1 [3] A single valued bipolar neutrosophic number ”7” in parametric

form is a sextuple of the pairs [(1,(r),7:(r)), (n,(s), 7 (s)) (n;(r ) i(r)),
(n;(5):7:(5)), (0, (r); 75 (r)), (1,(5), 74 (5))]; of the functions m,(r), 7(r)
’ﬁt(5)7ﬁt(5)’ﬂi(r)vﬁi(r)7ﬂi(8)’ﬁi(s)vﬂf( )7 ( )’ﬂf( )v ( ) forr € [O’ 1]75 S [_170]

and satisfying the following conditions:

(1) Truth membership function
( ) is bounded and monotonic increasing and left continuous function.
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( ) is bounded and monotonic decreasing and right continuous function.
(s) is bounded and monotonic decreasing and right continuous function.
s) is bounded and monotonic increasing and left continuous function.
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e) 1,(r) <7;(r),n,(s) < Me(s)for r € [0,1], s € [-1,0]
2) Indetermlnacy membershlp function
a) ﬂz r) is bounded and monotonic increasing and left continuous function.
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(s is bounded and monotonic increasing and left continuous function.
(1) <7;(r),m,(s) <7i(s) for r € [0,1],s € [-1,0]

is bounded and monotonic decreasing and right continuous function.
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3)Falsity membershlp function
a)n f( r) is bounded and monotonic increasing and left continuous function.
b) 7¢(r) is bounded and monotonic decreasing and right continuous function.
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(c)n f(s) is bounded and monotonic decreasing and right continuous function.

(d)7¢(s) is bounded and monotonic increasing and left continuous function.
(e) Qf(r) < ﬁf(r),gf(s) < 7y(s) for r € 10,1}, s € [-1,0]

Definition 1.2 [3] The n x n linear system of equations is

a1171 + a12T2 + oo + AinTn = b1
2171 + a2272 + ....... + agn Ty = ba
’ (1)
Ap121 + Ap2X2 + ....... + Ay = by,
where the coefficient matrix A = [a;;], 1 < 4,j < n is a crisp n x n matrix and each

b; € E',1 < i < n, is a bipolar neutrosophic number is called bipolar neutrosophic
system of linear equations (BNSLEs).

Definition 1.3 [3] A bipolar neutrosophic number vector X = (z1, 22, x3, ...... xn)t given
/ 1 / " / 1 _ (gff (,r) 752 (T) 7£; (T) 7§; (T) 7&3&‘ (T) 7E‘If (r) 7£{‘,/ (S) ?
by (st 427, 27) (r9) = [ T} (s),2f ()7 (s) .2} (). TF (s). ’

where 1 <i<n,0<r<1and —1 < s <0 is called a solution of a system in definition
1if

n n n n
—_
o Y ’_ 7
Y aiay =Y agzp =0, Y ayz; =Y a;z; =10, (2)
=1 =1 =1 =1

n

n n
—_— =
o " ol o
E a;xy = E aljxt = by, E a;jry = g a;jxy = by, (3)
Jj=1 j=1

j=1
n n n n 7 _
D agrh = agzp =0, aijri=> aix;=Db. (4)
j=1 j=1 j=1 j=1
n
Z a;@; Zaw P =0 Zaw Zam = i' (5)
j=1
n n n n -
D ayty = > aiy =Yy, ) aiely = ) aiy = by (6)
j=1 j=1 j=1 j=1
n
Z amxf = Zam Za”xf = Za” aly = bf. (7)
j=1

for a instant, if —s = r, then above define vectors becomes same and it can be written
as 6n x 6n instead of 12n x 12n in bipolar neutrosophic environment.

1/2:515/"%27" x;", x;’l,x,’é,....gg”g’ﬂ,gb...g;n, !

L1, Lo, - xzmxfl,xfg,....gfn
/x’fl,zﬁ,.. xfn, x’fl,x]ﬁz,....g}n,

:Eth ac/tQ,.... mm, xtl,—:vt27.... — Ty,

= 117 —/12, —E,/‘in, —JZZ-}/, —$i2, ceee — J}in,

TTpyy =T pgy e = Tppyy —Tpys fo,.... T,
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oyt / / /A /7
b= (btlvth’ '/""btnvlbtlv%t% """ btn’
bilvbi% ""/;bin’bib

/! /
7i27 ..... Q}n’ 7-6/1 y
bfa,--bpn; b1y

Bfas ooy Vi1, Vo - /
V1, — 04, .. A R Y
R P S
Vg1,V g = by = V7 1, =0 o, brn)

”

As we establish that for any “ ¢ ” we have twelve crisp equation. So BNSLEs extend to

12n x 12n crisp linear system with the R.H.S is the vector function as define above.
We get 12n x 12n linear system as follows:

wy, 1ahy + ... + wy,nzy, +wi,n+ 1 (=) + ....w, 2n (—Tpy) + w1, 2n + 1a) + ... wy,

3nzy), +wi,3n+1(=7)+....wi, 4n (=), ) +...wy, An+ 12l +...wq, Snal, + wr, Sn+1 (=T, +

..... wy, 6n (=T,) .. 11naf, +1In+1 (=T} ) .. 12n (=Tf) = by

wa, 12}y + ... + wa,nxy, + wa,n + 1 (=) + ...owe, 20 (—Tpy ) + w2, 2n + 1z}) + ....wa,

3nzy, +wa, 3n+ 1 (=TY) + ...owe, 4n (=T},) + ..., dn + 1z} + ...owe, bngll + we,5n+1(=T}) +

..... wa, 6n (=T, ,...11n (—E'fn) + o, 11ln+1 (—f'}l) ,12n (ff’]ﬁl) = b}y

Wp, 12y + oo + Wy, nZY, + Wi+ 1 (=Tp) + oooocp, 20 (=Ttp) + Wy, 20+ 127 + ..owp, 3nzy, +
Wn,y 30+ 1 (=T4) +, oo + Wy dn (=TL,) + ooy dn + 12fy + ..owy, Bnal, + wy,

5n+ 1(=T}) + own, 6n (=77, , . Angf, + .. 11n + 1 (=7},) 12n (=T},) = b},

Wan, L&y + o F W3, N}, FWan, N1 (=T41)+ o Wany 20 (=T )+ Wa, 20+ 127 + ... w3y, 302, +
Wan, 3n + 1 (=T})) + .ccowsgpdn (=T) + ...cwsn, 4n + 1z} + ....wsp, 50 zh,+ wap,

5+ 1(=T}) + oowsn, 60 (=T7,) .. + Unafy + . 1ln+ 1 (=T}) + ....12n (=T},) = by,

W3p 41, 124 4 oo F W3y, n2Y, + W3ng1, 0+ 1 (=T41) + oo wspy1, 20 (—Tpn) + W1, 2n + 1z
+ ... Wan41, INTh, + Wani1,9n + 1(=T4) + ... Want1,4n (=Z5,) + ..Wspy1,4n + 1zi; +

e W31, ONT, + Want1, 50 + 1 (=T51) + ooWsnp1, 60 (=T7,) + . 11naly) + .wp,

+Un 4+ 1 (=T + l2n (<T)) = —Vn

’ ’ — — ” 1
W12n, 1&,51 +...+Wi2n, T, +Wi2n, n+1 (_xt1)+-~-w12n7 2n (_xtn)+w67l7 2n+1£t1+---w12n7 3n§tn+

—//

Wn, 30+ 1(=T)) + .....wion, 4n (—Jctn) + oWion, 4n + 12k + wiap, Bnal, + wian,

=

5+ 1 (=) + ooquon, 60 (=T7,) + . 11nzlyy + own, +11n + 1 (=2F,) +...12n (=TF,) = —by,
W = (w;;), 1<14,j<12n and ¢; ; are determined as follows:
{ Q;j > 0= Wi = Qjj, Witn,j = Qjj where 1,7 =1,2,..... n.
Q5 < 0= Wi j4n = —Qjj, Witn,j = —Qjj where Z,j =1,2,..... n.
if any w; ; which is not determined by the above system it will considered to be zero.

WX = B(r,s). (6)

The information about extended matrix W for w;; > 0 as follows

(7)

w-[59)

G,F

where F' contains the the positive entries of A,«, and G having absolute values of
negative elements of the matrix A, x,. Friedman [14] shows that extended matrix @) may
be singular even original matrix is non singular.

Definition 1.4 [3] If

(2} (r) TH(r) 2 () T (). 2 () B )
/ " / 1 / " _
(sotomtataoy) o) = |7 ) 00 2 05 o

)
<L
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is the solution of the equation for every 1 < i < n,0 <r <1 and —1 < s < 0 and also
inequalities 2/; < @, 2", < 7/, 2} < T,z <7 g’f < E’f,a,;/’f < Egﬁ hold true. Then the
solution is called strong solution. Otherwise it is weak.

Definition 1.5 [3] For any two PBNNs m and n with (r,s) cut representation, the
distance base on Hausdorff metric in bipolar neutrosophic environment is

d=  swp  {max(|m’ —n" ;W —7"),min(| w0 |, @ -7} (8)
0<r<1,—1<s<0

is called Hausdorff distance between m and n.

Definition 1.6 [3] The matrix A, x,, is called diagonally dominant, whenever

n

aijl= Y aigl, j>1,2,3....n. (15)
j=1i#]

2. TIterative Methods In Bipolar Neutrosophic Environment

In this section, we consider the solution procedure of BNSLEs by using iterative
scheme. A general iterative scheme for BNSLEs

r /T - /
I [Rll = Wlla Wé]nxﬁn Onx6n Onx6n Onxen Onxen Onxén i %/ %/(T)
On><6n [Rlll = Wll/aWQH] 0n><6n On><6n On><6n On><6n - //i }//i (8)
Orom Onxon MY =W W O o Onon Onon 2 B (r)
Onx6n Onxen Onxen [R/Q = W2/7W11}n><6n Onx6n Onxén _)gi 7Bii (5)
On><6n On><6n On><6n On><6n [RIQ/ = WZH;NVVIH]n%/(;n 9/71><2n Xif/ jc/(r)
Q — On><6n On><6n Onxﬁn On><6n On><6n [ 2 = W2 » YV ]n><6n X = _Xf B = _Bf (S)
[Ré = WQ/a Wll]nxfin Onxﬁn Onxﬁn On><6n On><6n On><6n KU 7/; T)
Onxén [Rg = WQNa Wlﬂ]nxﬁn Onx6n Onxen Onxen Onxen _Tf// _EH (8)
Onxen Onxeén [ /1/, = Wgﬂla 1”’}7l><6n Onx6n Onxen Onxeén X; B;f(/,n)
On><6n On><6n On><6n [Ril = W2/7W1,}n><6n On><6n On><6n _}72&/ _%’ (S)
On><6n On><6n On><6n On><6n [RZ = WZH»W{/]nxﬁn On><2n X// B//t(T)
On><6n On><6n On><6n On><6n On><6n [RZ/ = 2///7W1/H]n><6n i” i//
- ; | =X | —B; (s) ]

can be obtain as follows. By using the specific matrix S which is called splitting matrix,
E these methods leads to an equivalent form FE(X) = B + (E — W)X. This equation
suggest the following iterative process given by EX*+) = B+ (E—-W)X® K >0

The choice of initial vector X(©) is arbitrary. A sequence of vector can be obtain by
above equation, and our aim to choose S such that

(1) The sequence of function (X (k) ) can easily computed.

(2) The sequence of function (X (k) ) converges to its solution rapidly.
Note: We assume the extended identity identity matrix in bipolar neutrosophic environ-
ment is I19y,x12, where n =0,1,2....

2.1 Richardson Method

Now we study the Richardson method to solve the BNSLE, in which the choice of “E”
is the identity matrix of order 6n. It is follows that

E=(1-W)X +B. (13)
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Richardson method in matrix form as given below

(I, — W] -W} —-W} 00 0 0 0 0 0 0 0
0 0 0 00L,—W/-W§ —W§ 0 0 0 0
0 0 0 00 0 0 0 0L, —W/" -Wy —Wy
I,—W[-W}, —Wj 00 0 0 0 0 0 0 0
0 0 0 00L,—W/-W§ —W§ 0 0 0 0
R 0 0 0 00 0 0 0 0L, —W/" -Wy —Wy
| -W4 WL L, —-W/00 0 0 0 0 0 0 0
0 0 0 00 —Wf{ —WJyIL,—W/0 0 0 0
0 0 0 00 0 0 0 0 —W§ —Wy' IL,—w}
Wi WL, —W[00 0 0 0 0 0 0 0
0 0 0 00 —Wf{ —WJyIL,—W/0 0 0 0
0 0 0 00 0 0 0 0 —W§ —wyIL,—wj]

where 0 is the null matrix of order n xn, we write the Richardson method in the following
iterative form

XD = By (1, — W) X w4y x ) 4 ox W

+ OX’(k) + 00X 4+ oxp®) 4 OX”(k) rox/™® 4 OX/(k) +0x7® 40X
XD OX’(k) +oxX M 4 B! (s) + OX”(k) +0x; "+ ox® 4 (1, - WX
WX 4 W"X”‘ " ox/™® 4 ox* )4 0x/ ™ 4+ ox7 ™
X010 OX'(k) e 0 +0x7® 40X 4 B} (1) + (I, - W) X'+
Wy X+ wyrx® 40X L oxi® OX/(k) +0x,® 4 ox, b
XD —ox'® 40X 4 ox ™ 4 OX”(k) + 0x'™® 4 oxM 4 B} (s)
+ (I = W) X5+ WX (Y wyx (M 40X, i’ + OX”(“ +ox)™®
X/ ®H0 — ox!® 4 ox " )+ o&(’“ +0x, " 4 ox/ +0X( )+0X”(k)
oxX{ ™ 4 B, (r) + (I, — W) X\ 1 wx 4 W’ vk) 4 ox’“k)
XD — ox1® 40X 4 ox!® 4 OX”(k) + OX’(k) + 00X + 0x/
X7 +ox)™ 4 BY (s) + (L, — Wi X + W Wy
X, ) =Bi(r) + (I, - W) X'® + W’ XM g xr® OX"(k)
+0x' ™ 40X+ oxf® 10X ik )+OX(k) +OX( )+OX I )+0X
X = ox/® 4 0x Y 4 B (5) + 0x)® 10X 4 0x'™ 4 (1, - ) XY
X wy X 4 OX"") +0X, CI OX"(k) +ox)/®

—/1(k)

/(k)

(k)

11(k)

Yl(kJrl) OX/(k) +0X/(k) + OX 1(k) +0X/ (k) +§’( )+ (I, — W) —/f(k)+
wy X g x * 0X”"“) +0x/™ 1+ 0x® +ox7® 4 ox, ™
Yt//(k-',-l) OX/(k) +OX )+OX /(k )+0X//(k) I OX/(k) +0X/(k) +Bt (s)

11(k)

(k )+0X//(k) +Oyt

+(I —Wl) //(k)+W/X 1(k )+W/ /(k:)+0X

Elaﬁ_l) OX,(k) n OX 1(k) n OX;/(IC) n OX;/(k) + OX/(k) + OX /(k) +§/ (r)
07" 4+ By (1) + (I, — W) X\ + waX ™ wx® 4 OX”(k)
Xf,,(kJrl) OX/(k) n OX/(k) 4 OX (k) + OX/ (k?) + OX/(/C) + OX 1(k) + OX//(k)

—/1(k) —//(k

OX + Olg(k) + Bf (s) + (I, — WI") X 1(k) + W///X”(k) + W///X

The elements of

X/(K+1) X//(K+1) X(K+1) X//(K+1) X(K+1) X/f/(K+1) X/(KH),)

S 1 1) — 1 1 1
K//(K—',— )7Y/(K+ ) Y//(K—',— )7X—f/(K+ ) X—f//(K—&- )
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k+1
Xy
K+1
Xé’( )
X{(K+1)

X{/(K-&-l)

T

I(K+1)
Xy

n(K+1)
Xf

Yt/(KJrl)

K”(K—H)

E//(K-H)

X—f/(KJrl)

X—f//(K+1)

By this above procedure, the sequence X

=B/ (r) +

:&//(S)_F

=B (r) +

:&N(S)‘F

= By’ (r) +

-/

=B, (r)+

11

:Pt (s) +

1!

=B, (s) +

n
!
1= wi,
=
n
1!
1-> wf; | X
=1

n
!
1= wi,
=1
n
!
1= wi; | X
=1
n

!
1 wa
j=1

n

:Bf" (s) + leww

n

!
1—> wi,
=1
n

1!
1= wl,
=1
n

!
1—) wi,
=1

n

1
1- Z“’u

f + 1—211)2]

f

1—Zw

2.2 Gauss-Seidel tterative method

Without loss of generality, we assume W; ;

(K+1)

107
- —/(k
X' k) r)+ ngmﬂ»X;( ) (r)
//(K) )+ Zw . '/(k (s)
7,M j
—/(k)
) r) +Zw§,n+ij (r)
//(K) )+ Zw . //(k) (s)
7, j
/(K) + sz n+] /(k) )
"(K) o )
X () + > wl X (s)
=t (14)
7,(1() K)
J + Zwl n+j /( )
//(K) // K
J +sz n-‘r]—]( ) S)
50+ 3wl X )
j=1
//(K) K)
J + sz ’I’L-‘r] N( S)
f/(K K)
J + sz n+] /( )
—//(K

J

K)
) + sz i X ”( (s)

can easily computed.

> 0 for every 4,5 = 1,2,3...... 12n. We
decompose the matrix W as W = Dy, 4+ Uy + Ly, where

D, = D;+ Dy + D} + D + D + D},

LN_L’+L’+Lf+L;’+

LY +

1

f.

Similar extension for Uys. Dy, Uy, Ly are diagonal, upper triangular, lower triangular
matrices in bipolar neutrosophic environment respectively.
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Consider the matrices

[D;+D;+D}+D;’+D;’+D}’+L;+L;+L}+L;’+L;’+LH

Then
Xi = (D;+ L)™' B; = (D; + L) "'V X —
X[ = (D} + L)™' B; — (D} + L})"'U/X] ~
X/I — ( g/ + L;/)—IB// _ (D// L//) IUZ(/X;/ o
Z// _ ( 2/+L;/)71B¢ (D//JrLl) 1UZ‘//X71(/7
X}, = (D, +L,)"'B, — (D} + L})"'\U;X, -
72 (D/—FL/) 1B —(D/—FL') 1UtX/
X/l _ (D// Lél) 1%2 (DI/ L//) 1U”£H _
X{l — (Dél Lg)_lBt _ (D// L//) lUtHXtN _
X = (D + L)) 7'By = (D} + L)~ VX
e
= (D} +L})~'B;" — (D} + L)~ UF XY
X7 = (D} + L)' By — (D} + L)~ \UyX} -

+[U; +U U+ U + U + U}/]

10(02) (2021) 101-116.

(Dj+ L)~ 'W'X]

(D} +L)~'W'x;
(Dgl + L;/)—IW//Xl(/
(Dgl + L;/)—lwuﬁ
(D} + L)~ 'W'X]

(Di+Ly) " 'W'X;
(D£I+L2/)_1WHX£I
Dél-i-Lg)_lW”Xt”

( Ai
— (D} + L) 'W'X}
(

L) TWIXG
— (D} + L)~ 'W"X]
(D} + L) WXy

We can write the Gauss-Seidel method in the following iterative form as

So the elements of

EL W Y P

- XI(]HJ) . (D’- JFL/-)*lE; (D’ JrL/) 1U/ /(k) (D; + L’) W' X /(k)
X(k+1) (D! + L))~ 1§; (D} + L))" 'U/X /(k) — (D, + L)'W'X ( )
X{/(k+1) _ (D/-/ L/»l) 1B_// (D// + L//) 1U(/ //(k) (D{/ + L/»/) 1W//X{/(k)
Ay i i Dy i 7 i
X//(k+1) o (D// + L(/)lei (D// + L//) 1U// //(k) (Dl/ + L(/)—IW//X{/(k)
XU (D) 4 L) B — (D} + L) U — (D] + L) WX
X/(k+1) (D/ n L/) 1§/ (D/ n L,) 1U/ /(k) (D{& + Lé)flwlzg(k)
X D+ B (0 + LU (D + 1y W
Xt//(k:Jrl) o (D// + L”)_lBt ( D! + L//) 1U,5”X” k) (Dgl + L;/)_1W”X£'(k)
l/(kJrl) (D/ + L/) IB/ ( + L/) lUf /(k‘ (D} + L/f)—lW’X}(k)
T 5] _ k
}( +1) (D/ —l—L/) le (D/ —I—L/) 1Uf /( (D} _A,_L}) 1W/K/f( )
X;(k+1) _ (D}/ —|—L;ﬁ) 1B " (D” +L”) //X//(k) (D}/ —&-L;ﬁ)_lW"X},(k)
i W _ (D}/ +L}/)—1Bf (D// +LN) //Xl/(k) (D}/ + L;ﬁ)le//X}/(k)

(i) <X/(k+1) X/(k+1) X//(k+1) X//(k+1) X/(k+1) X; ~—/(k+1) X//(k+1)

,Xf 71(k+1) X(k+1) X/(k+1)

k1)
;/(k+1), Xt”( ) )
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) n n
2" = B - Zwé,,-z;“““)m— > wl w0 - ZwL AL
=1 =141 =
l#J J 'i;f; ji=
2/ = DBl - Zl /el () - 2w w7 M (s) - Zwl R AAO)
= i
Z?é] J1;«'51
1
2/ = B () ;w;,jz;““*“m - % w7 () - leé,nﬂf;“%n
l;] J%#ﬂj
) ,
g+ = B ) - Zw szl F D () — E;r‘wi',jf;(k)(S) Zwl e AI®)
i
L#J ]L#J
e 1
ot = o [Bl() - Zw;,ﬂ;(“l’(r)— > w7 M () - Zw, g T ()]
7‘ @ =1 1414
z;éj Jz#]
1 n § n .
£;/(k+1) — m@g(s) - leétj&;/(l&rl)(s) - .§‘w§fj5;(k)(s) Zw‘ ”h,u(k)(s)]
i#J Titd =
) . 7 ,
T = LB - zl wj ;7D (1) — Zﬂw;,_ﬂ;“”(r) Zw7 g2 ()]
1,7 i
z#] Jt#j 1#]
a7 = / (B (s) - le” AR WEEACED Zwl SREAS)
J@#J J%fj 1#7
o 1 — o
T = (B () - lez,ﬁ;“*IM— _Z;lw;,jz;“‘)m Zwl g 2 ()]
i,% = =i
Ji#j Tt 1;&]
§ 5
T = B - zw” ARRIOES ;lwi'jz;"%—gw;tn,+jz;'<“<s>l
. wfj J7¢j Jz;q;a‘
1 - .
= = (Bl - 2‘” D () J;lw 5250 = Sl g0
B L#J i#] I#J
L 8
5;/(k+1) _ ﬁ[Bél(S) _ le:;/‘jig’,(k+l)(s) _ vz+1 ;1 I/(k)< ) — ZU% . ”(k)(s)]
iyi = j=1
Ji‘r‘j Ji#] 7-?&]
where k = 0,1,2,3,...,n. So the Gauss-Seidel method in matrix notation is X *+1) =
TasX®) + C, where Tgg is 12 x 12 matrix containing entries —(D; + L)W/, —(Dj +
LI)U/ _(D/l + L//)w!/ _(D/l + LII)UII _(D/ + Ll )W/ _(D/ + L/ )Ul _(Dl/ +
i)Y i i/ i i)Yo f I f /= f f

LWy, =(Dy + LpUY, =(Di + L)W/, =(D} + LU,

and all other are zeros.

(D} + L))B

/f/+ L//
(D} + L,
(D// + L//

—(Dy +

and X =

LW,

2.3 Successive over relaration iterative method(SOR)
We now modify GS iterative method which is known as SOR method. For SOR method,

the splitting matrix W is to be chosen such that W =

—(Df + LU,

L[Dj+ D} + D} + D} + D}y + DY +
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w(Li + L} + L + L + L', + LY)] and w is some real parameter, so the SOR method in
following iterative form as

XY — (D) + wL) 1B + (D) + wL) (1 — w) D] — wUN XY — w(D! + wi) W X"
XUHD (D2 L)L BY 4+ (D 4 wL) (1L — @)D — WU XS — (DY 4+ wry) 1w X7
X’(kH) w(D} +wLy) " By + (D} + wLy) "M (1 - w) D)y — wU} X} X/ w(D} +w) WX
X“(k“) WD} + L) B + (D} +wL) "V (1 — w) D — U] X ”(’“) —w(D +wLf) w7
Xf“““) w(D| +wL})” 15; + (D} +wLy) (1 — w)D} — wU}) X <k> — w(D} + wLy) WX
X”(k“) w(D} +wL) " By + (D} +wL)~[(1 - w)Dy — ngLg’W —w(D} +wLYf)~ 1W~X;/

( (k)
(1 =)D} = wU X" — (D] +wLy) W x]®

yﬁ’“*” — w(D|+ wL’)‘1§/ + (D) + wLj) ™!
< /(k+1) " MN\—171 " " " sra7iG) " m—11r71 !/ (k)
X, w(D! +wL!) VB + (D! +wL!)~Y(1 — w)D! — WU X7 — w(D! + wL!) "' W" X'
X;’““) (D + wIy) " By + (D) + wL) (1 —w) D — UK = w(D) +wl) W x/[®)
Xf(k+1) (D// + wL”) 1Bf + (D// + wL”) 1[(1 w)D” _ U}/]X”( ) _ w(D” + wL/')_lVV”XH(k)
) 2 (D) B+ (D4 ) (1~ ) D] — U — o oy
X" = w(Dy +wLy) B + (D) +wL) (1 >D;'—wU;'}X~§ ) D)+ L)

We can write the SOR iterative technique in matrix form as X®*+1) = TgorX®*) + C|
where

/ N—=1p/ A r /9
_7_»/ ’T]/c Tt/ 0 0 0 0 0 0 0 0 0- <l)//+WL//) 1Bl/ Xi
Pt S w(DY +wL!)~ B X/
007770000000 ; ; e
P TS0 w(D) +wLfy) ™! X
000077700000 e A re/
L w(D" +wL)~ B X
00000077000 At A= A
re (D] +wL}) B! X
000000007770 oy e 2 h
P w(D} +wL!) " By X
T 0000000007 | e dx— | =
SOR= ottt 00 000000 0| |wbitwl B; | srd X = X
007/ 0000000 w(D} +wL{)"'B; X;
2 i
000077/ 00000 w(D} +wLy) 1B, X
00000077000 (DY 4+ w!f)™ 1B’f’ x;"
" 1 —_
EEEEEEEE S A0 I e A
L T Ty T (D”+wL”) 1Bt- _Xt ]

Similarly the backward SOR method can be written by following modification

W = LD} + D} + D} + D} + D} + D} + w(U] + U/’ + U; + U} + U} 4+ U})]. We choose “w”
between 0 and 1, if the system does not converge by GS method than we use SOR for
desired convergence. This scheme is also apply for accelerating the convergence rate.

3. Numerical Example

In this section we discuss the efficiency of our defined numerical methods. The following
numerical example is considered.

Exzample 3.1 Consider 2 x 2 non-symmetric bipolar neutrosophic linear system

41 + 229 = (1 4+ 3r,8 = 4r],[2+ 7,9 — 67],[3 + 7,10 — 67], [-25 + 3,25 + 7],
[—3s+4,3s + 10], [—4s + 4, 4s + 12]).
x1 — 3wy = ([4+2r,14 — 8r],[6 + r,10 — 3r], [T + 21, 13 — 47r],[-3s + 3,35 + 9],
[—5s + 2,55 + 12],[-2s + 3,25 + 7]).
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The extended 24 x 24 matrix is

111

-X/--
X7
[420000000000000000000000] [ 1+ 3r ] )?/12
100300000000000000000000 4+ 2r }}L/f
000042000000000000000000 —25+3 }}f
000010030000000000000000 —35+3 At
000000004200000000000000 2+r K,lt
000000001003000000000000 6+r X?,i
000000000000420000000000 —3s5+4 X/%
000000000000100300000000 —55 + 2 X/z/f
000000000000000042000000 3+r Aoy
000000000000000010030000 7+ 2r X5,
0000000000000O0O0OOOOOO4200 —4s+4 X5,
0000000000O00OOOOOOOOO1I003 B— —25+3 X = X1
004200000000000000000000 | 8—4r o X<
031000000000000000000000 14 — 8r L
000000420000000000000000 28+ 7 le,/
000003100000000000000000 3s+9 X1y
000000000042000000000000 9 —6r X1
000000000310000000000000 10 — 3r X1
000000000000004200000000 3s+10
000000000000031000000000 5s + 12 {%}'
000000000000000000420000 10 — 6r Xai
000000000000000003100000 13 —4r Xzf'
0000000000000000O00O0OO0OO42 4s + 12 X2f“
1000000000000000000000310] | 25+ 7 | <.
th//
L A2t

The exact solution is (By using Matlab software “R2014a(8.3.0.532)”)

1.9142857142857142857142857142857 x r — 1.9142857142857142857142857142857
4.3285714285714285714285714285714 — 2.3285714285714285714285714285714 x r
1.0142857142857142857142857142857 — 1.0142857142857142857142857142857 x r
0.028571428571428571428571428571429 x r + 1.9714285714285714285714285714286
0.47142857142857142857142857142857 — 1.8857142857142857142857142857143 X s
2.7714285714285714285714285714286 x s + 0.55714285714285714285714285714286
0.68571428571428571428571428571429 x s 4+ 1.3285714285714285714285714285714
0.84285714285714285714285714285714 — 0.37142857142857142857142857142857 X s
0.48571428571428571428571428571429 x r — 0.98571428571428571428571428571429
2.9714285714285714285714285714286 — 0.47142857142857142857142857142857 x r
1.0857142857142857142857142857143 — 1.5857142857142857142857142857143 x
0.17142857142857142857142857142857 x r 4 2.3285714285714285714285714285714
0.54285714285714285714285714285714 — 2.5571428571428571428571428571429 x s
3.6142857142857142857142857142857 x s 4 0.91428571428571428571428571428571
1.1571428571428571428571428571429 x s + 2.2571428571428571428571428571429
0.48571428571428571428571428571429 — 0.81428571428571428571428571428571 X s
0.62857142857142857142857142857143 x r — 1.2285714285714285714285714285714
3.9571428571428571428571428571429 — 0.75714285714285714285714285714286 x r
1.1285714285714285714285714285714 — 1.7285714285714285714285714285714 x r
0.45714285714285714285714285714286 x r + 2.7428571428571428571428571428571
1.1142857142857142857142857142857 — 1.9571428571428571428571428571429 X s
1.9142857142857142857142857142857 x s — 0.22857142857142857142857142857143
1.2571428571428571428571428571429 x s 4 2.6857142857142857142857142857143

| 0.62857142857142857142857142857143 — 0.014285714285714285714285714285714 X s |
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Figure 1. The exact solution of positive membership of the 2 x 2 bipolar neutrosophic system of linear equations.
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Figure 2. Exact solution of negative membership of 2 X 2 bipolar neutrosophic system of linear equation

By using MATLAB software we obtain the approximate solution by using Richardson
iterativezgnethod in 25 iteration

terativ
X7
)?/17’ I 1.914285714285714285711727374 x r — 1.9142857142857142857142857724649
e 4.3285714285714285714285273746 — 2.3285714285714285714285713760278 x r
}}f 1.01428571428571428571428268395 — 1.01428571428571428571428274658 X r
=1t 0.0285714285714285714285712748438 x r + 1.9714285714285714285712745829
K,lt 0.471428571428571428571427594375 — 1.8857142857142857142857127364654 X s
X?,i 2.7714285714285714285714253647645 x s + 0.557142857142857142857142837464
K/zi 0.68571428571428571428571428571429 x s 4+ 1.3285714285714285714285714285714
X/z/f 0.84285714285714285714285714285714 — 0.37142857142857142857142857142857 X s
Aoy 0.48571428571428571428571428571429 x r — 0.98571428571428571428571428571429
X;t 2.9714285714285714285714285714286 — 0.47142857142857142857142857142857 X r
th 1.0857142857142857142857142857143 — 1.5857142857142857142857142857143 X r
Xu/ . 0.17142857142857142857142857142857 x r + 2.3285714285714285714285714285714
Y". - 0.54285714285714285714285714285714 — 2.5571428571428571428571428571429 X s
1, 3.6142857142857142857142857142857 x s + 0.91428571428571428571428571428571
leﬂ 1.1571428571428571428571428571429 x s + 2.2571428571428571428571428571429
X1y 0.48571428571428571428571428571429 — 0.81428571428571428571428571428571 X s
Xlt/ 0.62857142857142857142857142857143 x r — 1.2285714285714285714285714285714
" 3.9571428571428571428571428571429 — 0.75714285714285714285714285714286 X r
t, 1.1285714285714285714285714285714 — 1.7285714285714285714285714285714 X r
{2,}’ 0.45714285714285714285714285714286 x r + 2.7428571428571428571428571428571
Xo; 1.1142857142857142857142857142857 — 1.9571428571428571428571428571429 X s
Xzf/ 1.9142857142857142857142857142857 x s — 0.22857142857142857142857142857143
Xzf” 1.2571428571428571428571428571429 x s + 2.6857142857142857142857142857143
th/ | 0.62857142857142857142857142857143 — 0.014285714285714285714285714285714 X s |
Xzt |

method in 20 iterations
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Figure 3. The approximated solution of positive membership by using Richardson iterative method after 25
iterations of 2 X 2 bipolar neutrosophic system of linear equations.
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Figure 4. The approximated solution of negativemembership by using Richardson iterative method after 25
iterations of 2 x 2 bipolar neutrosophic system of linear equations.

20

1.91428571428571428571428527364 x r — 1.91428571428571428571428527364
4.328571428571428571428571427374 — 2.3285714285714285714285714283757 x r
1.0142857142857142857142803622 — 1.0142857142857142857142857066622 x r
0.028571428571428571428571422737474 x r + 1.97142857142857142857142827364
0.4714285714285714285714285374764 — 1.8857142857142857142857144845757 X s
2.771428571428571428571422737 x s + 0.5571428571428571428571428567483
0.6857142857142857142857142827374 x s + 1.3285714285714285714285747565
0.84285714285714285714285273747 — 0.371428571428571428571428547465 X s
0.485714285714285714285714285210673 x r — 0.98571428571428571428571428375942
2.971428571428571428571428385875 — 0.471428571428571428571428539485 X r
1.0857142857142857142857142857143 — 1.5857142857142857142857142857143 x r
0.17142857142857142857142857142857 x r + 2.3285714285714285714285714285714
0.54285714285714285714285714285714 — 2.5571428571428571428571428571429 X s
3.6142857142857142857142857142857 x s + 0.91428571428571428571428571428571
1.1571428571428571428571428571429 x s 4 2.2571428571428571428571428571429
0.125428571428571428571428571876 — 0.8142857142857142857142857148765 X s
0.62857142857142857142857142857143 x r — 1.2285714285714285714285714285714
3.9571428571428571428571428571429 — 0.75714285714285714285714285714286 x r
1.28737314285714285714285714285714 — 1.7285714285714285714285714285714 X r
0.37464285714285714285714285727363 x r + 2.74285714285714285714285737464
1.1142857142857142857142857142857 — 1.9571428571428571428571428571429 x s
1.9142857142857142857142857142737643 x s — 0.228571428571428571428571428343
1.2571428571428571428571428571429 x s + 2.6857142857142857142857142857143
0.62857142857142857142857142636 — 0.01428571428571428571428571436475 X s

By using MATLAB software approximated solution by using SOR iterative method
after 15 iterations with w = 1.30 gives following solution.
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Figure 5. The approximated solution of positivemembership by using GS iterative method after 20 iterations of
2 X 2 bipolar neutrosophic system of linear equations.
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Figure 6. The approximated solution of negativemembership by using GS iterative method after 20 iterations of
2 X 2 bipolar neutrosophic system of linear equations.

15

[1.2736471428571428571428571273764 X r — 1.274364857142857142857142857127487 ]
4.32857142857142857142857143648 — 2.3285714285714285714285714238674 x r
1.23457142857142857142857142857 — 1.28428571428571428571428571423601 x r

0.028571428571428571428571428571429 x r + 1.9714285714285714285714285714286

0.47142857142857142857142857142857 — 1.8857142857142857142857142857143 x s

2.7714285714285714285714285714286 x s + 0.55714285714285714285714285714286

0.68571428571428571428571428571429 x s 4 1.3285714285714285714285714285714

0.84285714285714285714285714285714 — 0.37142857142857142857142857142857 X s

0.48571428571428571428571428571429 x r — 0.98571428571428571428571428571429

2.9714285714285714285714285714286 — 0.47142857142857142857142857142857 x r

1.0857142857142857142857142857143 — 1.5857142857142857142857142857143 x r
0.17142857142857142857142857142857 x r 4 2.3285714285714285714285714285714
0.27465714285714285714285714285714 — 2.2646428571428571428571428571429 X s
3.9763857142857142857142857142857 x s + 0.8532871428571428571428571428571
1.974328571428571428571428571429 x s 4 2.864714285714285714285714285864

0.4857142857142857142857142857532 — 0.81428571428571428571428571464264 x s

0.87537142857142857142857142857143 x r — 1.09875714285714285714285775309
3.9651428571428571428571428632 — 0.67438571428571428571428577453 X r
1.563714285714285714285714285654 — 1.982314285714285714285714285643 x r
0.4571428571428571428571428571765 x r + 2.975857142857142857142857142875
1.753857142857142857142857148654 — 1.5643428571428571428571428571429 X s
1.543285714285714285714285717653 x s — 0.9753571428571428571428571428874
1.2571428571428571428571428571429 x s + 2.6857142857142857142857142857143
0.986571428571428571428571428876 — 0.07538571428571428571428571428985 X s
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Figure 7. The approximated solution of positive membership by using SOR iterative method after 15 iterations
of 2 x 2 bipolar neutrosophic system of linear equations.
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Figure 8. The approximated solution of negative membership by using SOR iterative method after 15 iterations
of 2 X 2 bipolar neutrosophic system of linear equations.

4. Conclusion and comparison analysis

Iterative methods such as, Richardson, Gauss-Seidel, and successive over relaxation are
proposed to solve the bipolar neutrosophic system of linear equations (BNSLEs), where
L.H.S coefficient are crisp numbers, the R.H.S column vector is bipolar neutrosophic
numbers in parametric form. The unknowns of the system are also bipolar neutrosophic
numbers. To show the accuracy of these proposed methods numerical example has been
developed, display Hausdroff distance. Clearly if we use good SOR parameter then SOR
method work better.

In the future, we plan to solve bipolar neutrosophic system of linear equations
(BNSLEs) with polynomial parametric numbers and plithogenic parametric numbers.

A comparison analysis of proposed methods

Method Number of iterations Distance based on Housdorff Metric
Richardson 25 1.33678 x 1076
Gauss-Seidel 20 2.56437 x 106

SOR 15 2.99988 x 107
References

[1] S. Abbasbandy, A. Jafarian, Steepest descent method for system of fuzzy linear equations, Appl. Math.
Compute. 175 (1) (2006) 823-833.

[2] M. Akram, Bipolar fuzzy graphs, Inf. Sci. 181 (2011), 5548-5564.

[3] M. Akram, G. Muhammad, A. N. A. Koam, N. Hussain, Iterative methods for solving a system of linear
equations in a bipolar fuzzy environment, Mathematics. 7 (2019), 8:728.

[4] T. Allahviranloo, Numerical methods for fuzzy system of linear equations, Appl. Math. Compute. 155 (6)
(2004), 493-502.

[5] T. Allahviranloo, Successive over relaxation iterative method for fuzzy system of linear equations, Appl.
Math. Compute. 162 (1) (2005), 189-196.



M. Gulistan et al. / J. Linear. Topological. Algebra. 10(02) (2021) 101-116.

S. Amrahov, I. Askerzade, Strong solution of fuzzy linear system, Compute. Model. Eng. Sci. 76 (2011),
207-2016.

B. Bede, Product type operations between fuzzy numbers and their application in geology, Acta polytech.
Hung. 3 (2006), 123-139.

S. Broumi, A. Bakali, M. Talea, F. Samarandache, R. Verma. Inter. J. Model. Optim. 7 (5) (2017), 300-304.
D. Dubois, H. Prade, An introduction to bipolar representation of information and preference, Int. J. Intell.
syst. 23 (2008), 866-877.

D. Dubios, H. Prade, Operations on fuzzy numbers, Int. J. Syst. Sci. 9 (6) (1978), 613-626.

D. Dubios, H. Prade, Fuzzy number: An overview in The Analysis of fuzzy Information, 1: Mathematics, J.C.
Bezdek, Ed. CRC Press: Boca Raton, FL, USA. (1987), 3-39.

M. Dehghan, B. Hashemi, Iterative solution of fuzzy linear systems, Appl. Math. Compute. 175 (1) (2006),
645-674.

S. A. Edalatpanah, Systems of neutrosophic linear equations, Neutrosophic Sets. Sys. 33 (2020).

M. Friedman, M. Ming, A. Kandel, Fuzzy linear systems, Fuzzy Sets. Syst. 96 (1998), 201-209.

R. Goetschel, W. Voxman, Elementary calculus, Fuzzy Sets Syst. 18 (1986), 31-43.

L. Ineirat, Numerical methods for solving fuzzy system of linear equations, Master thesis, An-Najah National
University, Nebulas, Palestine, 2017.

M. Mizumoto, K. Tanaka, The four operations of arithmetic on fuzzy numbers, Syst. Comput. Controls. 7
(1976), 73-81.

G. Muhammad, M. Akram, Iterative method for solving a system of linear equation in Bipolar Fuzzy envi-
ronment, Mathematics. 7 (2019), 8:728.

S. Muzzioli, H. Reynaerts, Fuzzy linear systems of the form Ajz + by = Agx + ba, Fuzzy Sets Sys. 157 (7)
(2006), 939-951.

M. Shoaib, M. Aslam, R. A. Borzooei, M. Taheri, S. Broumi, A study on bipolar single valued neutrosophic
graphs with novel application, Neutrosophic Set. Sys. 32 (2020), 1:15.

S. Samanta, H. Rashmanlou, M. Pal, R. A. Borzooei, A study on bipolar fuzzy graps, J. Intel. Fuzzy. Sys. 28
(2) (2015), 571-580.

F. Smarandache. Neutrosophy, Neutrosophic Probability set and logic, ProQuest Information and Learning,
1998.

J. Ye, Neutrosophic linear equations and application in traffic flow problems, Algorithms. 4 (2017), 10:133.
J. Ye, W. Cui, Neutrosophic state feedback design method for SISO neutrosophic linear system, Cognative
Systems Research. 52 (2018), 1056-1065.

L. A. Zadeh, Fuzzy sets, Inf. Control. 8 (3) (1965), 338-353.

W. R. Zhang, Bipolar suzzy sets, Proceedings of the IEEE & International Conference on Fuzzy Systems
Proceedings. 4-9 May (1998), 835-840.

W. R. Zhang, Bipolar fuzzy sets and relations: a computational framework for cognitive modeling and mul-
tiagent decision analysis, Proceedings of the First International Joint Conference of the North American &
Fuzzy Information Processing Society Biannual Conference, (1994), 305-309.



