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Abstract. The aim of this paper is to introduce and solve the radical cubic functional equa-

tion f (\3/ T3+ y3) + f (\3/ z3 — y3) = 2f(x). We also investigate some stability and hyper-
stability results for the considered equation in 2-Banach spaces.
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1. Introduction

Throughout this paper, we will denote the set of natural numbers by N, the set of real
numbers by R and Ry = [0, 00) the set of nonnegative real numbers. By N,,,, m € N, we
will denote the set of all natural numbers greater than or equal to m. The notion of linear
2-normed spaces was introduced by Géhler [20, 21] in the middle of 1960s. We need to
recall some basic facts concerning 2-normed spaces and some preliminary results.

Definition 1.1 Let X be areal linear space with dimX > 1 and ||., .|| : X xX — [0, 00)
be a function satisfying the following properties:

(1) ||z, y|| = 0 if and only if x and y are linearly dependent,

(2) [z, yll =y ],
3) 1Az, yll = [z, yll,
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4) Nz, y + 2l < llz,yll + [z, |

for all z,y,z € X and A € R. Then the function ||.,.|| is called a 2-norm on X and the
pair (X, ||.,.||) is called a linear 2-normed space. Sometimes the condition (4) called the
triangle inequality.

Exzample 1.2 For v = (z1,22), y = (y1,%2) € X = R?, the Euclidean 2-norm ||z, y||r>
is defined by ||z, y||r2 = |x1y2 — z2y1]|.

Lemma 1.3 Let (X, |.,.]|) be a 2-normed space. If z € X and ||z,y|| =0 for all y € X,
then z = 0.

Definition 1.4 A sequence {zj} in a 2-normed space X is called a convergent sequence
if there is a x € X such that klim |lxy —x,y|]| =0 for all y € X. If {x} converges to
—00

x, write xp — x as k — oo and call = the limit of {x}. In this case, we also write

lim zp = z.

k—o0

Definition 1.5 A sequence {x} in a 2-normed space X is said to be a Cauchy sequence

with respect to the 2-norm if kllim lxx — x,y|]| = 0. for all y € X. If every Cauchy
—00

)

sequence in X converges to some x € X, then X is said to be complete with respect to
the 2-norm. Any complete 2-normed space is said to be a 2-Banach space.

Now, we state the following results as lemma (see [25] for the details).

Lemma 1.6 Let X be a 2-normed space. Then

(1) [llz, 2l = lly, 2ll] < llw =y, || for all z,y,z € X,
(2) if ||z, 2| =0 for all z € X, then x =0,

(3) for a convergent sequence z, in X, lim |y, z| = H lim z,, zH for all z € X.
n—-—ao0 n—-ao0

The concept of stability for a functional equation arises when defining, in some way,
the class of approximate solutions of the given functional equation, one can ask whether
each mapping from this class can be somehow approximated by an exact solution of the
considered equation. Namely, when one replaces a functional equation by an inequality
which acts as a perturbation of the considered equation. In 1940, the first stability prob-
lem of functional equation was raised by Ulam [29]. This included the following question
concerning the stability of group homomorphisms.

Let (G, *1) be a group and (G2, *2) be a metric group with a metric d(., .). Given e > 0,
does there exists a d > 0 such that if a mapping h : G; — G2 satisfies the inequality
d(h(z %1 y),h(x) *2 h(y)) < 6 for all z,y € G, then there exists a homomorphism
H : Gy — Go with d(h(z), H(z)) < ¢ for all z € G1? If the answer is affirmative, we say
that the equation of homomorphism h(z %1 y) = h(z) *9 H(y) is stable. Since then, this
question has attracted the attention of many researchers. In 1941, Hyers [22] gave a first
partial answer to Ulam’s question and introduced the stability result as follows.

Theorem 1.7 [22] Let E; and F3 be two Banach spaces and f : F; — Fj be a function

such that || f(x+y)— f(x)— f(y)| < 0 for some § > 0 and for all x,y € E;. Then the limit

A(x) = lim 27" f(2"x) exists for each z € F; and A : By — E» is the unique additive
n—oo

function such that ||f(x) — A(z)|| < 6 for all x € Ey. Moreover, if f(tx) is continuous in

t for each fixed x € 4, then the function A is linear.

Later, Aoki [8] and Bourgin [9] considered the problem of stability with unbounded
Cauchy differences. Rassias [27] attempted to weaken the condition for the bound of
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the norm of Cauchy difference || f(z + y) — f(x) — f(y)|| and proved a generalization of
Theorem 1.7 using a direct method (cf. Theorem 1.8).

Theorem 1.8 [27] Let E; and Ey be two Banach spaces. If f : Fy — FE, satisfies the
inequality || f(z+y)— f(z)— f(y)|| < 8(||z|[” +]|y||P) for some 6 > 0, for some p € R with
0 < p<1,and for all z,y € E1, then there exists a unique additive function A : Fy — Es
such that || f(z) — A(z)| < 52% ||||P for each x € Ey. If, in addition, f(tz) is continuous
in t for each fixed x € E1, then the function A is linear.

After then, Rassias [26, 28] motivated Theorem 1.8 as follows.

Theorem 1.9 [26, 28] Let £} be a normed space, Fs be a Banach space and f : Fy — Eo
be a function. If f satisfies the inequality

1f (@ +y) = f(@) = F)l < O(ll=l” + [lyll) (1)

for some 6 > 0 and for some p € R with p # 1 and for all z,y € E; — {0g, }, then there
exists a unique additive function A : B} — FEj such that for each x € Ey — {0p, },

26
2— 2]

1f(z) = A(z)[| < (el (2)

Note that Theorem 1.9 reduces to Theorem 1.7 when p = 0. For p = 1, the analogous
result is not valid. Also, Brzdek [10] showed that estimation (2) is optimal for p > 0
in the general case. Recently, Brzdek [11] showed that Theorem 1.9 can be significantly
improved; namely, in the case p < 0, each f : Fj — Fj satisfying (1) must actually be
additive, and the assumption of completeness of E5 is not necessary. It is regrettable that
this result does not remain valid if we restrict the domain of f (see the further detail
in [16]). But then again, several mathematicians showed that the fixed point method is
an another very efficient and convenient tool for proving the Hyers-Ulam stability for
a quite wide class of functional equations (see [13]). Brzdek et al. [15] proved the fixed
point theorem for a nonlinear operator in metric spaces and used this result to study the
Hyers-Ulam stability of some functional equations in non-Archimedean metric spaces. In
this work, they also obtained the fixed point result in arbitrary metric spaces as follows.

Theorem 1.10 [15] Let X be a nonempty set, (Y, d) be a complete metric space and A :
YX — Y¥ be a non-decreasing operator satisfying the hypothesis lim Ad, = 0 for every
n—oo
sequence {0, }nen in YX with lim 6, = 0. Suppose that 7 : YX — Y¥ is an operator
n—oo
satisfying the inequality d(7¢(z), Tu(z)) < A(A(E 1)) (z) for all z € X and & p € Y,
where A : Y x YX — R is a mapping which is defined by A(&, p)(z) := d(&(x), u(z))
for all 2 € X and &, u € YX. If there exist functions ¢ : X — R, and ¢ : X — Y such

that d((’Tgo)(x), <p(a:)) < e(z) and e*(z) := Y (A"¢)(z) < oo for all z € X, then the
neNy
limit

lim ((7"¢))(x) (3)

n—00

exists for each x € X. Moreover, the function 1) € YX defined by

P(@) = lim ((T"¢))(@) (4)

n—oo
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is a fixed point of 7 for all x € X with

d(p(@), ¥(z)) < (). (5)

In 2013, Brzdek [12] gave the fixed point result by applying Theorem 1.10 as follows.

Theorem 1.11 [12] Let X be a nonempty set, (Y,d) be a complete metric space,
fi,oosfr + X - X and Lq,..,L, : X — Ry be given mappings. Suppose that
T:YX 5YX and A : Rf — RX are two operators satisfying the conditions

A(Te(@). Tu(@) < X Li@a(¢(5(a).n(£@))

and Ad(z) := Y7 Li(2)d(fi(x)) for all z € X, &,n € Y and 6 € RE. If there
exist functions € : X — R} and ¢ : X — Y such that d<T<p(x),g0(x)> < g(z) and

e*(x) = Z (A"e)(z) < oo for all # € X, then the limit (3) exists for each z € X.

Moreover, the function (4) is a fixed point of 7 with (5) for all z € X.

Then by using this theorem, Brzdek [12] improved, extended and complemented several
earlier classical stability results concerning the additive Cauchy equation (in particular
Theorem 1.9). Over the last few years, many mathematicians have investigated various
generalizations, extensions and applications of the Hyers-Ulam stability of a number of
functional equations (see, for instance, [4-7, 13, 16] and references therein); in particular,
the stability problem of the radical functional equations in various spaces was proved in
[1-3, 18, 19, 23, 24]. An analogue of Theorem 1.11 in 2-Banach spaces was stated and
proved in [6].

Theorem 1.12 [6] Let X be a nonempty set, (Y, ||-,-||) be a 2-Banach space, g : X — Y
be a surjective mapping and let fi,...,f, : X — X and Ly,...,L, : X — R4 be given
mappings. Suppose that 7 : YX — YX and A : Rf *X Rf *X are two operators
satisfying the conditions

7€)~ Tu@), o) < 3 L) [¢(@) — n(fite)), o)

i=1
and

8(z,2) =Y Li(x)5(fi(x), 2) (6)

forall z,z€ X, &, p e YX and § € ]RfXX. If there exist functions € : X x X — R and
¢ : X — Y such that H’T(p(m)—cp(x),g(z)‘ < ez, z) and e*(z, 2) := Y, (A"¢)(z,2) < o0

for all ,z € X, then the limit lim ((7"¢))(x) exists for each z € X. Moreover, the
n—oo

function w : X — Y defined by ¢(z) = lim ((T"))(x) is a fixed point of T with

H(p(a:) H ) for all z,z € X

In this paper, we achieve the general solutions of the following radical cubic functional
equation

f (\/3 3 +y3) +f <\/3 3 —yS) = 2f(z) (7)
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and discuss the generalized Hyers-Ulam-Rassias stability problem in 2-Banach spaces by
using Theorem [6].

2. Solution of equation (7)

In this section, we give the general solution of functional equation (7). The proof of
the following theorem has been patterned on the reasoning in [17].

Theorem 2.1 Let Y be a linear space. A function f : R — Y satisfies the functional
equation (7) if and only if
fx) = F(a%), zeR, (8)

with some Jensen function FF: R = Y.

Proof. Indeed, it is not hard to check without any problem that if f : R — Y satisfies
(8), then it is a solution to (7). On the other hand, if f : R — Y is a solution of (7), then
we write Fy(z) = f(/x), for x € R. From (7) we obtain that

Fo(x +y) + Fo(z —y) = f(Va +y) + (Vo —y) = 2f (V) = 2F(x)

for all z,y € R. It is enough to observe that there is a Jensen function F': R — Y with
F(x) = Fy(x) for all x € R. This completes the proof. [ |

3. Stability results of the radical cubic functional equation (7)

In the following two theorems, we use Theorem 1.12 to investigate the generalized
Hyers-Ulam stability of the functional equation (7) in 2-Banach spaces. Hereafter, we
assume that (Y,[-,-||) is a 2-Banach space.

Theorem 3.1 Let hq, ho : R?> — R, be two functions such that
U={neN:a,=2X\"*A(n?) + A\ (2n® — 1)Xa(2n> — 1) <1} # ¢

be an infinite set, where Aj(n) := inf {t € Ry : hi(na®, 2) <t hi(23,2), x,z € R} for all
n € N, where i = 1,2. Assume that f: R — Y satisfies the inequality

I# (VaT+57) + £ (V=) -2 @.900)| < na Mhash,2) - (9)

for all ,y,z € R where g : X — Y be a surjective mapping. Then there exists a unique
function F': R — Y satisfies the equation (7) such that

[f(x) = F(z), 9(2)|] < Moha(2®, 2)ha(a®, 2) (10)

{ AL (n®) A2 (2n8—1) }

11—,

for all x, z € R, where \g = inf
neu

Proof. Replacing x by ma and y by vVm3 — 1z where z,y € R and m € N, in inequality
(9), we get

|7 (V/@m3=1)5) = 2/ (ma) + f(2),9(=)]| < ba(mPa®, 2)ha((2m? = Da®,2) (1)
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for all , z € R. For each m € N, we define the operator 7,, : Y® — YR by

Tmé(x) :=25(ma) — & ( ¢/ (2m3 — 1):U3> , £€YRzeR
Further, put

em(x, 2) = hy(m3a3, z)hg((2m3 —1)z?, z), z,z€R, (12)
and observe that
8’rn(x? Z) = hl(mgx?)a Z)hQ((2m3 - 1)$37Z) < Al(mg))‘Q(zmg - 1)}11(%3, Z)hQ(xgu Z)7 (13)

for all z, z € R and all m € N. Then (11) takes the form || f(z) = Tm f (2), 9(2)|| < em(2, 2)
for all , z € R. Furthermore, for every x,z € R, &, u € Y®, we obtain

| Tt(@) = Tousa(a), 9(2) | = |26 ma) — ¢ (/@ =1)a7) = 20(ma) + o (/@ =1)a7 ) ,9(2)|

<2[€ = mma), ()| + |6 = ) (V@ =1a%) ()|

This brings us to define the operator A, : RE*® — RE*F by
Apd(z, 2) := 26(mx, 2) + 0 ( o/ (2m3 — 1)x3,z> , JeRP® g zeR

For each m € N, the above operator has the form described in (6) with fi(x) = mx,
fo(z) = ( S/ (2m3 — 1):1;3> and Li(x) = 2, La(z) =1 for all z € R. By induction, we will
show that for each z,z € R, n € Ny, and m € U we have

(Apem)(z,2) < A (m3)Ag(2m3 — 1)al hy (23, 2)hao (23, 2) (14)

where o, = 2A1(m3)Aa(m?) + A1 (2m? — 1)A2(2m3 — 1). From (12) and (13), we obtain
that the inequality (14) holds for n = 0. Next, we will assume that (14) holds for n = k,
where k£ € N. Then we have

(Anem) (@, 2)
— A, ( (A% em) )
= 2(Akepn) (ma, 2) + (Akem) ( (2m® — 1):[;3,2)
<220 (M)A (2m? — 1)k hi(m323, 2)ho(mP2?, 2)
+ A (m3)A2(2m3 — 1)k hy(2m? — 1)23, 2)ho((2m3 — 1)2?, 2)
< M (mP)Aa(2m® — 1)k, (2)\1(m3))\2(m3) A (2m3 — 1)a(2mB — 1)>h1(x3,z)h2(a:3, 2)

= M (M)A (2m® — D)l hy (23, 2)hy (a3, 2)

for all z,z € R, m € U. This shows that (14) holds for n = k 4+ 1. Now we can conclude
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that the inequality (14) holds for all n € Ny. Hence, we obtain

(@, 2) =Y (Amem)(z,2)

n=0

Zx\l Yo (2m? — 1)a™ hy (23, 2)ho(23, 2)

_ A1 (m3) Ao (2m3 — 1)hy (23, 2)ha (23, 2)

< 0
1—apm,

for all =,z € R, m € U. Therefore, according to Theorem 1.12 with ¢ = f and X =R

and using the surjectivity of g, we get that the limit F,,,(z) := lim (TTZ f) (z) exists for
n—oo

each r € R and m € U, and

)\1 (m?’))\g(2m3 — 1)

1—a,

| f(z) = F(2),9(2)| < hi(x3, 2)ha(2?,2), z,2€ R, meU. (15)

To prove that F,, satisfies the functional equation (7), just prove the following inequality
Tt (Va5 +07) + Tord (Va% = 0F) = 2T f (@), 9(2) | < aua(a®, 2)ha(y?,2) - (16)

for every z,y,z € R, n € Ny, and m € U. Since the case n = 0 is just (9), take £ € N and
assume that (16) holds for n = k and every z,y, z € R, m € U. Then, for each z,y,z € R
and m € U, we get

= HQ’Tk (m Va3 + B +y3> TEF(/(2m3 —1)(23 + 43 )) +2Tkf <m3 x3 —y3>

(
~Thf (V@ =@ =) - 4T fma) + 2T f (@ =107, 9(2)|
(

2”7”“ (m Va4 43 3)+ TEf(m $3—y3>—27k f(mz), g(z)
—1)(

(@ +y3>) + Tt (VT =1 = )

23, 2)ha(m3y?, 2) + of hy ((2m3 —1)2?, z)hg((2m3 — 1)y3, z)

ok, (2)\1(m3))\2(m3) A1 (2m* = 1)Ae(2m® = 1) ) (2, 2)ha(y?, 2)

Thus, by induction, we have shown that (16) holds for every z,y,z € R, n € Ny, and
m € U. Letting n — oo in (16), we obtain the equality

F,, (\3/:1:3 +y3> + Fn (\3/x3 - y3> =2F,(z), z,yeR,melU.
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This implies that F,, : R = Y, defined in this way, is a solution of the equation
F(z) = 2F(mz) + F ( Y/ (2m3 — 1)x3> , zeRmel. (17)
Next, we will prove that each radical cubic function F': R — Y satisfying the inequality
Hf(ac) — F(x),g(z)H <L hy(a3,2)ho(23,2), z,2€R (18)

with some L > 0 is equal to F,, for each m € U. To this end, we fix my € U and
F :R — Y satisfying (18). From (15), for each = € R, we get

|F (@) = Fano (@), 9(2)[| < [|[F(@) = f(2), 9(2)|| + || f(@) = Fing, 9(2)
< L hy (23, 2)ho (23, 2) + Eme (T, 2)

< LO h1($372)h2(1"37'z)za%0a (19)
n=0

where Lo := (1=, ) L+A1(m3)A2(2m3 —1) > 0 and we exclude the case that hy (23, 2) =

0 or he(x3,2) = 0 which is trivial. Observe that F' and F},, are solutions to equation
(17) for all m € U. Next, we show that, for each j € Ny, we have

| F(x) = Fino(2),9(2)|| < Lo hi(x®, 2)ha(2?, 2) Zafm}, z,z € R. (20)

n=j

The case j = 0 is exactly (19). We fix k € N and assume that (20) holds for j = k. Then,
in view of (19), for each z, z € R, we get

| F(x) = Fin, (2), 9(2)]|
= ||2F(moz) — F < ¢/ (2m3 — 1)x3> — 2F, (moz) + Fi, <\3/ (2m3 — 1)x3> ,9(2)||

< 2||F(mox) — Foy(mox), g(2)|| + || F ( \/ (2m@ — 1)x3> — Fin, < \/ (2m@ — 1)x3> ,9(2)||

< 2Lg hy(m3x3, 2)ha(mda?, 2) Z Qo + Lo b1 ((2m(3j —1)2?, z)hg((2mg —1)a?, z) Z (oA

n=~k n=k
=Ly <2h1(mga?3, 2)ha(miyx®, z) + hi((2m§ — 1)z, 2) ha((2m — 1)373,2)) Z o
n=~k

o0
< Lo amha (23, 2)ho (23, 2) Z Qs

n=~k

= Lo hi(2®, 2)ha(23, 2) Z Q-
n=k+1

This shows that (20) holds for j = k + 1. Now we can conclude that the inequality (20)
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holds for all j € Ny. Now, letting j — oo in (20), we get
F =F,,. (21)
Thus, we have also proved that F,,, = F,,,, for each m € U, which (in view of (15)) yields

A (m3)Aa(2m3 — 1)

1—a,

| f(z) = Fino(2),9(2)|| < hi(x3, 2)ha(2?, 2), 2,2 €R, m € U.

This implies (10) with F' = F},,, and (21) confirms the uniqueness of F'. [ |

The following theorem concerns the n-hyperstability of (7) in 2-Banach spaces. Namely,
we consider functions f : R — Y fulfilling (7) approximately, i.e., satisfying the inequality

If (VaP+9) + £ (Vo =) —2f@).9)|| < mlay,2), wyzeR, (22)

with 7 : R> — R, is a given mapping. Then we find a unique radical function F : R — Y
which is close to f. Then, under some additional assumptions on 7, we prove that the
conditional functional equation (7) is n-hyperstable in the class of functions f: R — Y,
i.e., each f: R — Y satisfying inequality (22), with such n, must fulfil equation (7).

Theorem 3.2 Let hq, ho and U be as in Theorem 3.1. Assume that

lim A;(n)A2(n) =0 (23)

n—oo

Then every f: R — Y satisfying (9) is a solution of (7).

Proof. Suppose that f : R — Y satisfies (9). Then, by Theorem 3.1, there exists a

mapping F : R — Y satisfies (7) and | f(z) — F(x),g(2)|| < Xoh1(23, 2)ha(23, 2) for

all x,z € R, where \g = 1n£{%} with a;, = 21 (n3)Aa(n3) + A1 (2n3 —
ne

1)A2(2n® —1). Since, in view of (23), A\g = 0. This means that f(z) = F(z) for all x € R,

whence f (\3/$3 + y3) +f (\3/553 - y3) = 2f(x) for all z,y € R, which implies that f

satisfies the functional equation (7) on R. [ |

4. Some particular cases

According to above theorems, we derive some particular cases from our main results.

Corollary 4.1 Let hy, hy : R? — (0,00) be as in Theorem 3.1 such that

o hi((2n® — 1)z3, 2)ho ((2n° — 1)2?, 2) + 2hy (n®2?, 2)ha(n?a?, 2)
lim inf sup 3 3
n—00 z,2€ER h’l(x 7Z)h2(x ,Z)

= 0. (24)

Assume that f: R — Y satisfies (7). Then there exist a unique radical function F': R —
Y and a unique constant x € R with

I (Vo) + 1 (Va7 =1P) = 20002} < 1 In(a (e, 2). .2 € R
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Proof. By the definition of \;(n) in Theorem 3.1, we observe that

hi(n%x2, 2)ha(n?2?, 2)
20 (n*)Xo(n) =2 s ’ ’
() =2 0 @ 2 (e, )

ha((2n3 — 1)a3, 2) ho ((2n® — 1)23, 2) 4 2Ry (323, 2)he(R323, 2)

<2 25
s (@, el ) )
and
hi((2n® — 1)z3,2))ho ((2n® — 1)23, 2))
A (2n® — 1)Ag(2n® — 1) = ’ ’
1( " ) 2( " ) IS,BEPR hl(.'IZ‘S,Z)hQ({E?’,Z)
< sup hi((2n3 — 1)a3, 2)ha ((2n® — 1)2?, 2) 4+ hi(n®2®, 2)ha(n?a?, 2) (26)
z,2€R hy (.733, Z)hQ(xgv Z)
Combining inequalities (25) and (26), we get
221 (n3) A2 (n?) + A1 (203 — D)Aa(20 — 1)
<3 sup hi((2n3 — 1)a3, 2) ho ((2n° ; )23, z)3+ 2h1 (n33, 2)ha(n3a3, z). (27)
z,2€R hl(x 72)}7’2(56 72)

Write

o hi((2n® — 1)23, 2)ho (20 — 1)23, 2) + 2hy (nP2?, 2)ho(nP2?, 2)
T ok hi (a3, 2)ha (a3, 2) '

From (24), there is a subsequence {~,, } of a sequence {~,} such that klim Yn, = 0; that
—00

is,

. ha ((2n3 — 1)23, 2)ho (203 — 1)23, 2) + 2hy (nja®, 2)he(nia, 2)
lim sup 3 3
k=00 7 z€R hi(x3, 2)ho (23, 2)

—0. (298

From (27) and (28), we find that

lim A1(2nF — D)A2(2n) — 1) + 2A1(n})Xa(n}) = 0.

k—o0

This implies

. )\1(%%))\2(271% — 1) ) 3 5
1 = lim A Ao(2ny — 1) :=
kg]go 1— )\1(2n2 — 1>)‘2(2”i —1)— 2/\1(@))\2(”%) kljgo 1(ny) A2(2ng ) K

which means that A\g defined in Theorem 3.1 is equal to . [ |
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Corollary 4.2 Let 6 > 0, s,t,r € R such that s +¢ < 0. Suppose that f : R = Y
satisfies the inequality

| £ (Va4 07) +£ (Va¥ =) —2£ (@), g(=)| < Bla™ [y 2], @,y.2 € R\{0}. (20)

Then f satisfies (7) on R\{0}.

Proof. The proof follows from Theorem 3.1 by defining hy, ho : R2\{(0,0)} — R, by
hi(23,2) = 01]x3%|2|™ and ha(y3, 2) = O2|y|?|2|"2, with 61,0, € Ry and s,t,71,70 € R
such that 6105 =60, ry + ro = r and s +t < 0. For each n € N, we have
A(n) =inf {t € Ry: hi(nz®,2) <t hi(23,2), =,z € R}
=inf {t € Ry: 01|¢/nz|* |2 <t 01|z**|2|", 2,2 € R\{0}}

=n’.

Also, we have A\z(n) = n! for all n € N. Clearly, we can find ng € N such that
A (203 — DA2(2n3 — 1) + 20 (03X (n?) = (203 — 1)+ 2(n®)*T < 1, n > no.

According to Theorem 3.1, there exists a unique radical function F' : R\{0} — Y such
that Hf(x) - F(m),g(z)H < OXo|z [P0 2|" for all z, z € R\{0}, where

. M (n®) Ao (203 — 1)
Ao := inf .
n2no (1 — )\1(2’[7,3 — 1))\2(2713 — 1) — 2\ (713))\2(713)

On the other hand, since s+t < 0, one of s, t must be negative. Assume that ¢ < 0. Then
lim Ai(n)A2(n) = lim nt = 0. Thus, by Theorem 3.2, we get the desired results. M
n—o0 n—oo

The next corollary prove the hyperstability results for the inhomogeneous radical func-
tional equation.

Corollary 4.3 Let 6,s,t,7 € R such that # > 0 and s+t < 0. Assume that G : R? - Y
and f: R — Y satisfy the inequality

|£ (Var+0%) + £ (Vo5 =) —2f@) = Glay) g ()| < Ol [y 1o (30)

for x,y, z € R\{0}. If the functional equation

F(Va+98) + f (Va5 =37) = 2f(@) + Glay) (31)

for z,y € R\{0} has a solution fy: R — Y, then f is a solution to (31).

Proof. From (30) we get that the function K : R — Y defined by K := f — fj satisfies
(29). Consequently, Corollary 4.3 implies that K is a solution to the radical functional
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equation (7). Therefore,

(V) + £ (Vo) —20(@) - Gla) = K (V1) + 5o (V7 1)

K (V=) + 10 (V=)

— 2K (2) - 2folx) — Gla,y) = 0

for all z,y € R\{0}, which means f is a solution to (31). [ |
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