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Abstract. In this paper, we introduce the concept of linear Cech closure spaces and establish
the properties of open sets in linear Cech closure spaces (LCCS). Here, we observe that the
concept of linearity is preserved by semi-open sets, g-semi open sets, y-open sets, sgc-dense
sets and compact sets in LCCS. We also discuss the concept of relative Cech closure operator,
meet and product linear Cech closure operators. Lastly, we describe the Moore class on the
LCCS and prove that it is a vector lattice with sufficient properties.
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1. Introduction

Closure spaces were introduced by Cech [3] and then studied by many authors like
Khampakdee [6], Boonpok [2], Roth [8] and etc. Cech closure spaces is a generaliza-
tion of the concept of topological spaces. Cech described continuity in closure spaces by
means of neighborhoods, nets and etc. Roth and Carlson [8] studied a number of sepa-
ration properties in closure spaces. Thron studied some separation properties in closure
spaces. Sunitha [9] studied higher separation properties in closure spaces. Chattopadhyay
[4] developed an extension theory of arbitrary closure spaces. The concepts of general-
ized closed sets and generalized continuous maps of topological spaces were extended to
closure spaces by Boonpok and Khampakdee [2].
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In this paper, we introduce and study the notion of linear Cech closure spaces. In
section 2, we quote the necessary preliminaries about Cech closure spaces, semi-open
sets, g-semi open sets, y-open sets, sge-dense sets, relative Cech closure operator, Moore
class and etc. Section 3 deals with linear Cech closure spaces (LCCS) together with its
characterization. In Section 4, we discuss the linearity of semi-open sets, g-semi open
sets, y-open sets, sge-dense sets and compact sets in a LCCS . Section 5 describes some
operations on LCCS like relative Cech closure operator, meet and product of closure
operators. In the last section, we proved the main result that the Moore class in an
idempotent T; LCCS is a vector lattice.

2. Preliminaries

Definition 2.1 [3] Let X be a set and p(X) be its powerset. A function ¢ : p(X) — p(X)
is called a Cech closure operator for X, if

(1) c(¢) = o,
(2) ACc(A) forall AC X,
(3) c(AUB)=c(A)Uc(B) for all A,B C X.

Then, (X, c) is called Cech closure space or simply closure space.

If in addition ¢(c(A)) = ¢(A) for all A C X, then the space (X, ¢) is called a Kura-
towski (topological) space. Further, if for any family of subsets of X such as {4;}cr),
c(UierA;) = Ujere(A;), then the space is called a total closure space.

Definition 2.2 [3] A function ¢ : p(X) — o(X) is called a monotone operator for X if

(1) (o) = ¢,
(2) AC¢(A) forall AC X,
(3) ACB=¢(A) C¢(B)forall A,BC X.

Then (X, ¢) is called monotone space.

Note that a subset A of a closure space (X, ¢) will be closed, if ¢(A) = A and open, if
its complement is closed, i.e. if ¢(X — A) = X — A. If (X ¢) is a closure space, we denote
the associated topology on X by t, i.e. t = {A°: c(A) = A}.

Definition 2.3 [9] A map f: (X,c¢) — (Y,¢) is said to be a ¢ — ¢ morphism or just a
morphism, if f(c(A)) C ¢ f(A).

Remark 1 [3]

(1) A mapping f of a closure space (X, ¢) onto another one (Y, ') is a c—c morphism
at a point x € X if and only if the inverse image f~*(V) of each neighborhood V
of f(x) is a neighborhood of x.
(2) If f is a ¢ — ¢ morphism of a space (X, c) into a space (Y,'), then the inverse
image of each open subset of Y is an open subset of X.
(3) If f: (X,c) = (Y, ) is a morphism, then f: (X,t) = (X,t') is continuous.
Definition 2.4 [9] A homeomorphism is a bijective mapping f such that both f and

f~! are morphisms.

Definition 2.5 Let {(X;,¢;) : ¢ € I} be a family of closure spaces, X be the product of
the family {X;} of underlying sets and 7; be the projection of X onto X; for each i € I.
Then the product closure c is the coarsest closure on the product of underlying sets such



T. M. Chacko and D. Susha / J. Linear. Topological. Algebra. 07(04) (2018) 261-268. 263

that all the projections are morphisms.
Lemma 2.6 [3] A Cech closure space is a monotone space.

Definition 2.7 [8] Let (X, c) be a Cech closure space. If ¢(A) = A for all A C X, then
¢ is called the discrete closure operator on X. If ¢(A) = X for all A C X, then c is called
the trivial operator or indiscrete operator on X.

In a Cech closure space (X,¢), c is finitely generated, if ¢(A) = U{c(a) : a € A} for
any subset A of X.

Definition 2.8 Let (X, c) be a closure space and A be an arbitrary subset of X. Then
the Cech closure operator c4 defined by ca(B) = A N¢(B) is called the relative Cech
closure operator on A induced by c.

The pair (A, c4) is said to be a closure subspace of (X, ¢). It is a closed (open) subspace
if A is closed (open) in (X, ¢).

Definition 2.9 [9] A closure space (X, ¢) is said to be compact, if every interior cover
of X has a finite subcover.

Remark 2 [9]

(1) Any image under a c-morphism of a compact space (X, c) is compact.

(2) If (Y,c) is a compact subspace of a Hausdorff closure space (X,c), then Y is
closed in (X, c).

(8) Every closed subspace of a compact closure space is compact.

(4) If (X, c) is compact and Y C X, then c(Y') is compact.

3. Linear Cech closure spaces

Definition 3.1 Let V be a vector space and ¢ be a closure operator on V such that

(1) ¢(A)+¢(B) Cc(A+B),VA,BCV,
(2) Ac(A) C ¢(NA),VA C V and for all scalars A,

Then, c is called a Linear Cech Closure Operator(LCCO) and (V,c) is called a linear
Cech closure space (LCCS).

Exzample 3.2 The discrete Cech closure space defined on a vector space is a linear Cech
closure space. The indiscrete Cech closure space defined on a vector space is a linear
Cech closure space.

Proposition 3.3 Let V be a vector space and ¢ be a closure operator on V. Then (V,c)is
a linear Cech closure space if and only if + : (V' xV,ex¢) — (V,¢) and A : (V,¢) — (V,¢)
for all A € K are morphisms, where (V' x V| ¢ x ¢) is the product closure space.

Proof. If (V,c) is a linear Cech closure space, it is clear from the axioms of LCCS
that the mappings + : (V x Ve x ¢) = (V,¢) and X : (V,¢) = (V,¢) for all A € K
are morphisms. Conversely, assume that the mappings + : (V' x V ¢ x ¢) — (V,¢) and
A (Vie) = (V,c) for all A € K are morphisms, where V' is a vector space and (V) ¢) is
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a closure space. Let A, B C V. Then A x BCV x V. Also,

c(A) + ¢(B) = +[c(A) x ¢(B)], by the definition of +
= +[c x ¢(A x B)], by the definition of closure product space
Cc(A+ B). by the definition of morphism
Similarly, Ac(A) C ¢(AA). [ |

Proposition 3.4 Let (V,c) be a LCCS. Then, the map T, : (V,c) — (V,c) given by
To(x) = a+x and M)y : (V,¢) — (V,¢) given by My(z) = Az are homeomorphisms for
all scalar A # 0.

Proof. Since + : (V x V,cx¢) — (V,¢) is a morphism, T}, is a morphism and 7, is the
inverse morphism for Ty, hence T, is a homeomorphism. Similarly M) is a morphism if
A # 0 and My, is the inverse morphism for M. [ ]

Proposition 3.5 Let (V,c) be a LCCS. If A C V, then a + A is open for all a € V if
and only if A is open.

Proof. By the above proposition T, is a homeomorphism for all a € V. So if A is open,
the inverse image of A under T_, (i.e. a + A) is open. Again, if a + A is open, then A is
open (since To(A) = a + A). [ |

Proposition 3.6 Let (V,c) be a LCCS. Then

(1) for every neighborhood W of 0 (the identity element of V'), there exists neigh-
borhoods V; and V5 of 0 such that V; + Vo C W,

(2) for every neighborhood W of x, there exist a neighborhood V; of 0 and V5 of z
such that Vi + Vo C W, which further imply that V3 +x C W.

Proof. 1. Since 0+ 0 = 0 and + is a morphism, there exists neighborhoods V; and V5
of 0, such that Vi + Vo C W.
2. Proof follows directly from 1. [ |

4. Linearity of certain subsets of LCCS

Proposition 4.1 If A is a subset of V and B is an open subset of V', then A + B is
open. Also, AA for all scalar A # 0 is open if and only if A is open.

Proof. Since B is open, a + B is open for alla € A. A+ B=U{a+ B:a € A} is open
being arbitrary union of open sets. By the homeomorphism M), A is open if and only if
AA is open. ]

Proposition 4.2 Compact sets in a LCCS preserve linearity (i.e. if A and B are compact
sets in a LCCS, then A+ B and AA are compact sets).

Proof. Since A and B are compact, A x B is compact in (V x V,¢ x ¢). Then A+ B
is compact, being the image of a compact set under a morphism. Similarly, AA is also
compact. ]

Proposition 4.3 If H is a subspace of a vector space V and (V, ¢) is a LCCS, then ¢(H)
is a subspace of V.
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Proof. Since H is a subspace of V, H+ H = H and AH = H. Now, ¢(H) + ¢(H) C
c(H+H)=c(H) and A\¢(H) C ¢(AH) = ¢(H). Thus, ¢(H) is a subspace of V. [ |

Definition 4.4 [6] Let (X, ¢) be a closure space. A subset A of X is called a semi open
set, if there exists an open set G in (X, ¢) such that G C A C ¢(G). A subset A C X is
called a semi-closed set if its complement is semi-open.

Definition 4.5 [6] A subset B of a closure space (V,¢) is called generalized semi-open
or g-semiopen, if there exists a semi-open subset A of (V,¢) such that A C B C ¢(A).

Proposition 4.6 Let (V,c) be a LCCS. If A is any subset of V and B is semi-open
(g-semiopen) in V', then A + B is semi-open (g-semiopen).

Proof. Since B is semi-open, there exists an open set G in V such that, G C B C ¢(G).
By Proposition 4.1, A + G is open and

A+GCA+BCA+c(G) ( since B C ¢(Q))
Cc(A)+¢(G) (since A C c(A))
Cc(A+ Q) ( since cis a LCCO ).

Hence, A + B is semi-open. The proof in the case of g-semiopen follows similarly. |
Corollary 4.7 Linearity is preserved by semi-open sets and g-semiopen sets in a LCCS.

Proof. By the above theorem, sum of two semi-open (g-semiopen) sets in a LCCS is
again semi-open (g-semiopen). Also, if A is semi-open in a LCCS, then there exists an
open set G in V such that G C A C ¢(G), which implies A\G C AA C A¢(G). Since c is a
LCCO, Ae(G) C ¢(AG). Thus, A\G C M\ C ¢(\G), where AG is open by Proposition 4.1.
Hence, A\A is also semi-open. Proof in the case of g-semi-open sets is similar to that of
semi-open sets. |

Definition 4.8 [6] A set B in a closure space (V,¢) is said to be y-open if there exists
an open subset G of V such that G C B and ¢(G) = ¢(B). A subset B of V' is y-closed
if its complement is y-open.

Proposition 4.9 Let (L, c¢) be an idempotent LCCS. If A and B are v-open subsets of
(L,c), then A+ B and AA are also y-open.

Proof. Since A and B are y-open there exists two open sets G; and G2 such that
G1 C A, ¢(A) = ¢(G1), G2 € B and ¢(B) = ¢(Gz). We have A C ¢(A) and B C ¢(B).
Thus, G1 € A C ¢(A) = ¢(G1) and G2 € B C ¢(B) = ¢(G2). Then G; + G2 C
A+ B C ¢(A) + ¢(B) = ¢(G1) + ¢(G2). Hence, A+ B C ¢(G1) + ¢(G2) C ¢(G1 + G2)
and ¢(A + B) C c[e(G1 + G2)] = ¢(G1 + G2). Since c¢ is an idempotent closure operator,
we have cc(A) = ¢(A),YA C G. Now, G1 C ¢(A) and Gy C ¢(B) implies G; + Gy C
c(A) + ¢(B) C ¢(A+ B). Then, ¢(G1 + G2) C ¢(¢(A+ B)) = ¢(A + B), which implies
that ¢(Gy1 + G2) = ¢(A+ B). Thus, G1 + G2 C A+ B C ¢(A+ B) = ¢(G1 + G2), where
(G1 + G3) is open, showing that A + B is y-open. Also, since G; C A C ¢(A) = ¢(Gr),
AG1 € AA C Ace(A) = Ae(Gr). But Ae(Gy) C ¢(AGy). Thus, AMA C ¢(AG1) and so,
c¢(AA) C c(c(AG1)) = ¢(AGy). On the other hand, A\G1 C Ac(A) C c¢(AA). Since ¢
is an idempotent linear Cech closure operator, ¢(AG1) C c(c(AA)) = c¢(AA). Hence,
c¢(AG1) = ¢(AA). Thus, AA is y-open. [ |

Definition 4.10 [4] A non-empty subset D of V' will be called sgc-dense in (V,¢) if
c¢(D) = X.
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Proposition 4.11 Let (V,¢) be a linear Cech closure space, A be a sge-dense subset of
V', B an arbitrary subset of V. Then, A+ B and AA(\ # 0) are sgc-dense in V.

Proof. Since A is a sge-dense subset of V', ¢(A4) = V. Now, ¢(A) +¢(B) C ¢(A+ B), i.e.
V+¢(B) Cc¢(A+B),ie,V Cc(A+B).Since A BCV, A+ B CV and ¢(A+B) CV.
Thus, ¢(A + B) = V; that is, A+ B is sge-dense. Also, Ac(A4) C ¢(AA), i.e., A\V C ¢(AA)
with A # 0. Since V' C ¢(AA), V = ¢(A\A). Hence, \A is sgc-dense. Thus sge-dense sets
preserves linearity in a LCCS. [ |

5. Operations on Linear Cech Closure Operators

Proposition 5.1 The composition of two linear Cech closure operators is again a linear
Cech closure operator.

Proof. Let ¢; and ¢z be two linear Cech closure operators on a vector space V. Then
(c100c2)(9) = cilca(9)) = c1(d) = ¢. Also, A C 2(A) C ci(e2(A)) = (e1 0 e2)(A).
Moreover, (c1oc2)(AUB) = c1(c2(AUB)) = c1(c2(A)Uca(B)) = c1(c2(A))Uci(c2(B)) =
(Cl OCQ)(A) U (Cl OCQ)(B). A]SO, since (Cl o CQ)(A) + (Cl o CQ)(B) = C1 (CQ(A)) +c (CQ(B)) -
c1(c2(A) + c2(B)) and ca(A) + c2(B) C c2(A + B) implies that c¢i(c2(A) + c2(B)) C
c1(c2(A+B)), we have (c10c0)(A)+(cr10e2)(B) C (¢10c2)(A+ B). Further, A(c10c2)(A) =

Aer(e2(A)) C cr(Ae2(A)) C er(e2(AA)) = (c1 0 c2)(AA). Thus, the composition of two

linear Cech closure operators is a linear Cech closure operator. [ ]

Proposition 5.2 Let (V,c) be a LCCS and A is a subspace of the vector space V, then
the closure operator c4 is a linear closure operator on A.

Proof. Let H, K C Aand z +y € cA(H) + ca(K). Then = € co(H) and y € ca(K),
and i.e., z € ANc(H) and y € ANc(K). Thus, v +y € ¢(H) + ¢(K) and z +y € A.
Since ¢(H) + ¢(K) C ¢(H +K),so x+y € ANc(H + K) = ca(H + K). Hence,
cA(H) + ca(K) C ca(H + K). Similarly, Aea(H) C ca(AH). Hence, cy4 is a LCCO on A.
]

Proposition 5.3 Let (Xj,c1) and (Xg,c2) be two disjoint closure spaces and X =
X1 x Xo. Then the product closure operator ¢ = ¢; ® co on X defined by c¢(4) =
c1(p1(A)) x ca(pa(A)) is a LCC operator, where p;(A) and py(A) are the projections of
A onto X7 and Xo, respectively.

Proof. We have

2 2
c(A) +¢(B) = [ eili(4) + [ [ ci(wi(B))
=1 =1
2
= [[lei(pi(A) + ci(pi(B))]
=1
2
C [T eiwi(a) + pi(B))
=1

2
= Hci(pi(A + B)) = c¢(A + B).

=1
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Similarly, Ac(A) C c¢(AA). [ |

Proposition 5.4 Let V be a vector space and ¢; and ¢y be two linear Cech closure
operators on V. Then the meet closure operator ¢ : p(X) — (X) defined by c(A4) =
c1(A) Nca(A) is a linear Cech closure operator.

Proof. If A, B CV, then

c¢(A) +ce(B) =c1(A) Nc2(A) + c1(B) Nea(B)
C (e1(A) +e1(B)) N (e2(A) + ca(B))
Cci(A+B)Nea(A+ B) =c(A+ B).
Similarly, Ac(A) C ¢(AA). [ |

6. Moore class in a LCCS

Proposition 6.1 Let (V,c) be a T} LCCS. The Moore class of closed sets in V, i.e.,
M. ={ACV|A=c(A)} is a vector space.

Proof. Since addition and scalar multiplication are homeomorphisms, if A and B are
closed, then A+ B and AA are closed for any scalar A # 0. Since all singletons are closed
in a Ty LCCS, then {0} is closed and it is the zero element in M,. Now, Let A € M,. Then
A = ¢(A). Also, —c¢(—A) C ¢(A) = A implies that ¢(—A) C —A. Thus, —A = ¢(—A).
Hence, —A € M.. Thus M, is a vector space. [ |

Definition 6.2 An ordered vector space is a real vector space E which is also an ordered
space with the linear and order structures connected by the implications

(1) If z,y,z€ Fand x <y thenz+ 2z <y + 2,
(2) Ifz,y € E, 2 <y and 0 < @ € R then ax < ay.

The set Ef = {z € E : © > 0} is termed the positive cone in E and its elements
are termed positive (rather than non-negative). An ordered vector space which is also a
lattice is a vector lattice or Riesz space.

Proposition 6.3 The Moore class M. in an idempotent T} LCCS is a vector lattice
with inclusion order.

Proof. Venkateswarlu et el. [11] has already proved that in any idempotent closure space
M. is a complete lattice. Now to prove it is a vector lattice, let A, B € M. and A C B.
Then, clearly, A+ C C B+ C for all C' € M.. Also, if 0 < o and oA C aB, then M, is
a vector lattice. [ |

Remark 3

(1) The positive cone of M, is M., = {B C X | {0} C B}, i.e., the set of all closed
sets containing the element 0.

(2) The set of all closed subspaces belong to the positive cone.

(8) If B € M., the positive part of B is

pt_ 1B if0€ B
| BU{0} if0¢ B
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and the negative part of B is

B-— -B if0e B
| -BuU{0} if0¢ B
Also, | B|= BU—B.
(4) The set of all closed subspaces form a meet lattice as the intersection of two closed
subspaces is again a closed subspace.

7. Conclusion

The notions of closure system and closure operator are very useful tools in several
areas of mathematics. They play an important role in the study of topological spaces,
Boolean algebras and convex sets. Also, the theory of generalized closure spaces has been
found very important and useful in the study of image analysis. So, linear Cech closure
spaces is a relevant concept in Cech closure spaces which possess significant properties
that are used in several fields of applications.
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