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Abstract. In this paper, we introduce more general contractions called yp-fixed point point
for (F, ¢, a)s and (F, ¢, a)s-weak contractions. We prove the existence and uniqueness of -
fixed point point for (F, ¢, a)s and (F, ¢, a)s-weak contractions in complete b-metric spaces.
Some examples are supplied to support the usability of our results. As applications, necessary
conditions to ensure the existence of a unique solution for a nonlinear inequality problem are
also discussed. Also, some new fixed point results in partial metric spaces are proved.
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1. Introduction

The Banach contraction principle is one of the most important subjects in mathemati-
cal analysis, it guarantees the existence and uniqueness of a fixed point [4]. By using this
principle, most authors have proved several fixed point theorems for various mappings
in several metric spaces (see [1, 2, 5-7, 11-16, 20, 21, 25, 27]. For example, Mathews
[17] introduced the concept of partial metric space and showed that the Banach con-
traction principle can be generalized in partial metric space. Bakhtin [3] and Czerwik [8]
introduced b-metric spaces as a generalization of metric spaces and proved the contrac-
tion mapping principle in b-metric spaces that is an extension of the Banach contraction
principle in metric spaces. Since then, a number of authors have investigated fixed point
theorems in b-metric spaces (see [9, 10, 18, 22]). Later, Shukla [24] generalized the concept
of both b-metric and partial metric space by presenting the partial b-metric space.
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On the other hand, some authors proved fixed point results by offering its various
variations of the Banach contraction mapping principle. For example, Jleli et al. [25]
introduced the concept of ¢-fixed point and established some existence results of -fixed
points for various classes of operators in metric spaces. Also, Samet et al. [23] introduced
the notion of a-admissible mapping in metric spaces. Later, Sintunavarat [26] introduced
the concepts of a-admissible mapping type S, as some generalizations of a-admissible
mapping and then he proved some fixed point theorems by using his new types of a-
admissibility mapping in b-metric spaces.

In this paper, we establish the existence and uniqueness of ¢-fixed points for (F, ¢, ) s-
contraction and (F, ¢, a)s-weak contraction in complete b-metric space. The presented
theorems extend and generalize the ¢-fixed point results. Some examples are supplied
in order to support the useability of our results. As applications of the obtained results,
we presented the existence of a unique solution for nonlinear Volterra integral equations.
Also, some fixed point theorems in partial b-metric spaces are derived from our main
theorems.

2. Preliminaries

Definition 2.1 [8] Let X be a nonempty set and s > 1 a real number. A mapping
dp : X x X — [0,00) is called a b-metric if for all z,y, z € X, the following conditions are
satisfied:

(i) dp(z,y) = 0 if and only if x =y,

(11) db(ﬂ?,y) = db(yvx)7

(iii) dp(z, z) < s[dp(z,y) + dp(y, 2)].

In this case, (X, d) is called a b-metric space.

Definition 2.2 [9] A sequence {z,} in a b-metric space (X, dp) is said to be:
(i) b-convergent to a point z € X if lim dp(zp,x) = 0.
—00

(ii) A sequence {x,} in a b-metric space (X,d,) is called a Cauchy sequence if
lim dp(zp, xm) = 0.

n,M—00

(iii) A b-metric space (X,dp) is called complete if every Cauchy sequence {z,} in X
b-converges to a point x €X.

(iv) A function f: X — Y is b-continuous at a point z € X if {z,} C X b-converges to
x, then {fx,} C Y b-converges to fz, where (Y, p) is a b-metric space.

Definition 2.3 [26] Let X be a nonempty set and s > 1 a given real number. Let
a: X xX — [0,00) and T : X — X be mappings. We say T is an a—admissible
mapping type S if for all z,y € X, a(z,y) > s leads to a(Tz, Ty) > s. In particular, T
is called a—admissible mapping if s = 1.

Definition 2.4 [15] Let (X, d) be a metric space, ¢ : X — [0,00) be a given function
and T : X — X be an operator. We denote by 7° = 1y, 7' =T and 7"t = T o T"
for n € N, the iterate operators of T. The set of all fixed points of the operator T will
be denoted by Fr = {x € X : Tz = z} and the set all zeros of the function ¢ will be
denoted by Z, = {z € X : ¢(z) = 0}.

(D-1) An element z € X is said to be a p—fixed point of the operator T if and only if
z € Fprn Z@.

(D-2) T is a p—Picard operator if and only if

() Fr 012, = {2},

(ii) T"x — z as n — oo, for each =z € X.
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(D-3) T is a weakly ¢—Picard operator if and only if

(i) Frn Zy #* o,

(ii) the sequence {T™x} converges for each x € X and the limit is a ¢—fixed point of the
operator T

Let F be the set of functions F : [0,00)% — [0, 00) satisfying the following conditions:
(F1) max{a,b} < F(a,b,c) for all a,b,c € [0, 00),

(F2) F(0,0,0) = 0,

(F3) F is continuous.

The following functions are given as examples:

(i) F(a,b,c) =a+b+c,

(ii) F(a,b,c) = max{a,b} + c,

(iii) F(a,b,c) =a+a?+b+c.

Definition 2.5 [15] Let (X, d) be a metric space, ¢ : X — [0,00) be a given function
and F' € F. The operator T : X — X is an (F, p)—contraction if and only if

F(d(Tz,Ty), p(Tx), o(Ty)) < kF(d(z,y), p(2),0(y), z,yeX

for some constant k € (0,1).

Definition 2.6 [15] Let (X, d) be a metric space, ¢ : X — [0,00) be a given function
and F' € F. The operator T': X — X is an (F, ¢)—weak contraction if and only if for
z,y € X,

F(d(Tz,Ty), p(Tx), o(Ty)) < kF(d(z,y), p(z), »(y))
+ L(F(d(y7 Tx)’ (p(y)v QO(TI‘) - F(Ov ‘P(y)a (p(Tl')))

for some constant k£ € (0,1) and L > 0.

3. Main Results
Definition 3.1 Let (X, dp) be a b-metric space with coefficient s > 1, a : X x X — [0, 00)

be a mapping, ¢ : X — [0,00) be lower semi continuous function, F' € F, X € (0,1) and
e > 1 be a constant. A mapping 7' : X — X is said to be an (F, ¢, a)s—contraction
mapping if

z,y € X with a(z,y) > s =
s*F(dp(Tx, Ty), o(Tx), o(Ty) < AF(dy(z,y), (x), o(y))- (1)

Theorem 3.2 Let (X,dy) be a complete b-metric space with coefficient s > 1 and
T : X — X be a—admissible mapping type S.

Suppose that the following conditions hold:

(1) there exists g € X such that a(xzg, Txo) = s,

(2) T is an (F, ¢, ) s—contraction mapping,

(3) if {x,} is a sequence in X such that a(x,,x,41) = s and x,, — = then a(z,,x) > s
for all n € N.

Then

(1) FT - ZiP?
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(ii) T is ¢- Picard operator. Moreover, if a(x,y) > s for all x,y € Fp, then T has a
unique ¢-fixed point.

Proof. (i) Assume that £ € X is a fixed point of T" such that «(&,£) > s. Applying (1)
with x =y = &£, we obtain

F(0,0(£),0()) < sF(0,90(£), 0(£)) < AF(0,0(8), 9(£)) (2)

then we get F'(0, (), o(§) < AF(0,9(§), ¢(&)), which is implies that

F(0,9(8),¢(8)) =0. (3)

On the other hand, from (F1), we have

e(&) < F(0,0(8),9(8))- (4)

From (3) and (4), we obtain ¢(£) = 0, which proves (i).

(ii) Let &g € X be such that a(zg, Txg) > s. Define a sequence {z,} by z,+1 = T, for
all n € N. By condition (1), we get a(xg,x1) = a(xo, Txo) > s and we deduce that
a(z1,r2) = a(Tzg,Tx1) > s. Continuing this process, we get a(zy,zp+1) = s for all
n € NU{0}. If x, = x,41, for some n € N, then x,, = Tz,. Thus, x, is a fixed
point of T'. Therefore, we assume that z, # x,41, for all n € N. Using condition (1) as
a(Tp—1,2n) = s for all n € N, we obtain

F(dy(@n, Tps1), @(@n), o(@ns1)) < SSF(dp(Txp—1,Tn), o(Txpn-1), ¢(Tn))
< AF‘(db(mn—la xn)7 (p(fL'n_l), (p(:vn))

< A'F(dy(wo, 1), @(x0), @(x1))- (5)
Then, from (F1), we have
max{dy(zn, Tn+1), P(zn)} < N'F(dp(w0, 1), 0(0), p(21)), (6)
which implies
dp(2n, Tns1) < AF(dy (20, 71), 0(0), p(71))- (7)

Now, we show that {x,} is a Cauchy sequence. Suppose that k € N such that & > 0. By
using the triangle inequality, we get
db(xna wn—i—k) < Sdb(xna $n+1) + 32db(xn+17 $n+2) + ...+ Skdb(xn-‘rk—b $n+k)
< SAF(dy(wo, 21), 0(20), p(21)) + XN F(dy (w0, 21), 0 (w0), (1))
+ o SFANTELR (dy (0, 21), (20), (1))

n—1

= : [s" X" F (dy(z0, 1), p(20), p(21)) + 8" T A FLF (dy (20, 21), 0 (20), p(21))

+ . 4 SRR LR (20, 1), @ (0), o(221))]-
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Since A € (0, 1), the passing to limit in above the inequality, we obtain dy(xy,, zp4r) — 0.
This implies that {x,} is a Cauchy sequence. Since (X, d}) is complete, then the sequence
{zn} converges some z € X and

lim dy(zy, z) = 0. (8)

n—oo

Now, we shall prove that z is a ¢—fixed point of 7. Observe that from (6), we have

lim p(z,) = 0. (9)

n—oo

Since ¢ is lower semi continuous, from (8) and (9) we obtain
p(z) = 0. (10)
Using condition (2), we have

SEF<db(‘TTL+17 TZ)7 Sp(xn-i-l)? ()O(TZ)) < )\F(db(.an, 2)7 QO(xn), SD(Z)) (11)
Letting n — oo in (11), using (8), (9), (10), (F2) and the continuity of F, we have

sF( ILm dy(zpn+1,T2),0,0(Tz)) < AF(0,0,0) =0,

which implies from condition (F1) that

lim dp(xp41,T2) = 0. (12)

n—oo

On the other hand, from the condition (iii) of definition b-metric space, we have
dp(2, Tz) < sldp(2, Tnt1) + dp(Tns1, T2)).

Taking the limit as n — oo in above the inequality, using (8) and (12), we get dy(z,Tz) =
0, that is Tz = z. Hence, z is a ¢p—fixed point of T. Now we show that z is the unique
p—fixed point of T. Assume that w € X is another p—fixed point of 7. From (1), we
have

s“F(dy(z, w), 0(2), p(w)) < AF(dy(2,w), ¢(2), p(w))

and thus, s°F(dy(z,w),0,0) < AF(dy(z,w),0,0), which implies dy(z,w) = 0, that is
zZ=w. |

Definition 3.3 Let (X, dp) be a b-metric space with coefficient s > 1, a : X x X — [0, 00)

be a mapping, ¢ : X — [0,00) be lower semi continuous function, F' € F, A € (0,1) and
e > 1 be a constant. A mapping 7' : X — X is said to be an (F, ¢, a)s—weak contraction
mapping if,

z,y € X with a(z,y) > s = s*F(dy(T2, Ty), o(Tx), p(Ty)) < AF(dp(z,y), (), ¢(y))

Theorem 3.4 Let (X,dy) be a complete b-metric space with coefficient s > 1 and
T : X — X be a—admissible mapping type S. Suppose that the following conditions
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hold:

(1) there exists g € X such that a(zg, Tzg) > s,

(2) T is an (F, ¢, a)s—weak contraction mapping,

(3) if {x,} is a sequence in X such that a(zy,zn+1) = s and z, — x then a(z,,x) > s
for all n € N.

Then

(i) FT - ng

(i) T is - weakly Picard operator. Moreover, if a(x,y) > s for all z,y € Fr, then T has
a unique -fixed point.

Proof. (i) Assume that £ € X is a fixed point of T" such that «(&,§) > s. Applying (13)
with z = y = &, we obtain

Then we have F(0, (), ¢(&) < kF(0,9(£), ¢(€)), which is implies that

F(0,0(),0(8)) = 0. (15)

On the other hand, from (F1), we have

p(€) < F(0,9(8),9(£))- (16)

From (15) and (16), we obtain ¢(§) = 0, which proves (i).

(ii) Let zp € X be such that a(xg, Trg) > s. Define a sequence {z,} by x,, = T"x¢ for
all n € N. By condition (1), we get a(xg,z1) = a(zg, Tzo) > s and we deduce that
a(z1,r2) = a(Tzg,Tx1) > s. Continuing this process, we get a(zy,zp+1) = s for all
n € NU{0}. If x, = xp41, for some n € N, then x,, = Tz,. Thus, z, is a fixed
point of T'. Therefore, we assume that z, # x,41, for all n € N. Using condition (1) as
a(Tp—1,2n) = s for all n € N, we obtain

F(dy(zn, 2ns1), 9(@n), p(Tnt1))

STF(dp(Txp—1,Txn), o(Txn-1), p(Txy))

AF(dp(Tzp—2, Txn-1), 0(Txn—2), p(TTpn-1))

L0, ¢(T 1), @(Tn 1)) — F(0,9(Tan 1), 9T 1))

= A (dp(Txp—2,Txn-1), 0(TTn—2), p(TTH_1))- (17)

<
<

By induction, we have

SEF(db(Tﬁn—lu Txn)7 @(Tﬂjn—l)v @(Txn))
N F(dy(ar, T), o(a), o(T2)).

F(dy(7n, Znt1), o(Tn), ¢(Tns1)) <
<

The rest of the proof follows using similar arguments to the proof of Theorem 3.2. H

Example 3.5 Let X =[1,00) and dp, : X x X — [0,00) be defined by dy(z,y) = |z — y|
for all z, € X. Let F : [0,00) — [0,00) and ¢ : X — [0,00) be defined by F(a,b,c
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a+b+cand p(x) = Inz. Then, it is obvious that F' € F and Z, = {1}. DefineT': X — X
1
byT:L':x and a: X x X — [0,00) by

1 z,y € X,
0 otherwise.

a(z,y) = {

Now, we will show that T is an (F, ¢, a)s- contraction. If we take s = 1, then we have

s*F(dy(Tx, Ty), p(Tx), p(Ty)) < AF(dy(,y), o(x), o(y))-

Therefore, by Theorem 3.2, we conclude that 7" has a unique p-fixed point which is
Frnz,= {1}

4. Applications

Application to integral equations:

In this section, firstly we shall apply Theorem 3.2 to show the existence of solution
of Volterra integral equation. Then, we give some fixed point results in partial b-metric
spaces, using the main results in the previous section. Now, we investigate the existence
and uniqueness of solution of Volterra integral equation:

)= ol0) 4 [ K0,

where for all ¢t,p € [a,c], v:[a,¢] = R, K : [a,c] X [a,c] - R and p is a real number.

Theorem 4.1 Consider the Volterra integral equation. Suppose that the following con-
ditions are satisfied:

(i) K : [a,c] x [a,c] — R is continuous,

(ii) for all t,p € [a,c], e > 1 and X € (0,1), we have

C
A
sup K(t,p)|dt < ——
a<p<cJa | ( )‘ 36|:u|

Then the Volterra integral equation has a unique solution.

Proof. Let X = Cla,c] and let T': X — X be defined by
Talt) = oft) + 1 | K(t.p)op)dp

for all z € X. Let dyp(z,y) = lz(p) —y®)|lx = [; |x(p) —y(p)|dp for all z,y € X. We
define F : [0,00)% — [0,00) and ¢ : X — [0, 00) by

F(k,l,m)=k+ 14 m for all k,I,m € [0,00)
and ¢(x) =0 for all x € X. Now, we define a: X x X — [0,00) by

_ [ 3a(p) <y(p) for all p € [a, ],
oz, y) = {O otherwise.
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Assume that x,y € X such that a(x,y) > s = 3, that is z(p) < y(p) for all p € [a, c].
Here, we will show that T is an (F, ¢, a)s— contraction mapping. Suppose that x,y € X
and t,p € [a,c|. Then, we have

s°dy(Tw, Ty) = 3° || Tx(p) — Ty(p)||

=3° | |Tx(p) —T(p)|dp

C

I K(tp)( )dp — M/Ktp (p)dp‘dt

/ K(t,p)[z y(p)]dp‘dt
<3| sup / |Ktp|dt/ 2(p) — ()] dp
a<s<b
<3 u Y
| \35| | dp(z,9)
:)\db(fﬁ,y)

for all x,y € X. It follows that

s*F(dy(Tz, Ty), (Tx), p(Ty)) < AF(dy(,y), ¢(x), 0(y))

for all ,y € X. Thus, T is an (F, ¢, «)s— contraction mapping. Thus all the conditions
of Theorem 3.2 are satisfied. Then, T" has a unique ¢—fixed point in X. This implies that
there exists a unique solution of the Volterra integral equation. |

Application to partial b-metric spaces:
Now, let us recall some basic definitions on partial b-metric spaces.

Definition 4.2 [24] Let X be a nonempty set and and s > 1 be a given real number.
A function py : X x X — RT is a partial b-metric if for all x,y,z € X, the following
conditions are satisfied:

(p1) = =y < py(x,2) = pp(,y) = Po(y, y),

(p2) po(z, ) < po(z,Y),

(p3) po(x,y) = po(y, ©),

(pa) po(,y) < s(py(, 2) + Po(2,y) = Po(2,2)) + (152) (Po(, ) + Po(y, y))-

Definition 4.3 [19] A sequence {z,} in a partial b-metric space (X, py) is said to be:
(i) pp—convergent to a point z € X if lim py(x, z,) = pp(z, x).
n—oo

(ii) A sequence {x,} in a partial b-metric space (X, p) is called a Cauchy sequence if
lim py(zp, xm) exists and is finite.

n,M—00

(iii) A partial b-metric space (X, pp) is called complete if every Cauchy sequence {x,}

in X converges to a point z €X such that, lirg Pb(Tn, T) = lirg py(Tn, ) = pp(x, ).
n,m o m o

) )

Proposition 4.4 [19] Every partial b-metric p, defines a b-metric d,,, where

dp, (7,y) = 2pp(z,y) — po(x, ) — Pp(Y, y)

for all x,y € X.
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Lemma 4.5 [19] Let (X, pp)be a partial b-metric space. Then,

(i) A sequence {z,}nen in a partial b-metric space (X, pp) is a Cauchy sequence if and
only if it is a Cauchy sequence in the b-metric space (X, dp).

(ii) A partial b-metric space (X, pp) is complete if and only if the b-metric space (X, dy)
is complete.

(iii) Given a sequence {z, }nen in a partial b-metric space (X, pp) and z € X, we have

lim py(z,2,) =0 < pp(z,z) = lim pp(x,2,) = 0= lim pp(zp,Tm).
n—oo n—oo n,m%oo

Now, we give our some results in partial b-metric spaces.

Corollary 4.6 Let (X, p,) be a complete partial b-metric space with coefficient s > 1.
Let «: X x X = [0,00) and T : X — X be a given mapping such that s¢py(Tz, Ty) <
App(z,y) for all x,y € X and for some constant A € (0,1) and € > 1. Then T has a
unique fixed point.

Proof. Consider the metric d,, = 2py(x,y) — pp(x, ) — pp(y,y) on X and the function
¢ : X — [0,00) defined by p(x) = pp(x,z). Applying Theorem 3.2 with F(a,b,c) =
a + b+ ¢, we obtain the desired result. [ |

Corollary 4.7 Let (X, p,) be a complete partial b-metric space with coefficient s > 1.
Let a: X x X — [0,00), T': X — X be given mappings such that for all z,y € X and
for some constant A € (0,1) and ¢ > 1,

(Y, y) +Pb(TxaTI))‘

s*pp(Tx, Ty) < App(z,y) + L(pp(Ty, Tx) 5

Then T has a unique fixed point.

Proof. Consider the metric d,, = 2py(x,y) — pp(x, ) — pp(y,y) on X and the function
¢ : X — [0,00) defined by ¢(x) = py(z,x). Applying Theorem 3.4 with F(a,b,c) =
a + b+ ¢, we obtain the desired result. [ |
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