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Abstract. In this paper, we establish the Hyers—Ulam—Rassias stability and the Hyers—Ulam
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1. Introduction and preliminaries

We say that a functional equation is stable, if for every approximate solution, there
exists an exact solution near it. In 1940, Ulam posed the following problem concerning
the stability of functional equations [21]: we are given a group G and a metric group G’
with metric d(.,.). Given € > 0, does there exists a ¢ > 0 such that if f : G — G’ satisfies

d(f(uwv), f(u)f(v)) <& (1)

for all u,v € G, then a homomorphism h : G — G’ exists with d(f(u),h(u)) < € for
all w € G?7 The problem for the case of approximately additive mappings was solved
by Hyers [12] when G and G’ are Banach spaces. Thereafter, this type of stability is
called the Ulam-Hyers stability. In 1978, Rassias [18] proved the existence of unique
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linear mappings near approximate additive mappings that provide generalization of the
Hyers result. By using the notion of Cadariu and Radu [6], Jung [13] applied the fixed
point method to the investigation of Volterra integral equation. They verified that if a
continuous function v : I — C satisfies the Volterra integral equation of second kind such
that

o) - [ ()] < 010

for all ¢ € I, then there exists a unique continuous function vy : I — C and a constant
K such that

vo(t) —/ f(&vo(€))dé and | v(t),vo(t) |< Ko(t) forall t e l.

The theory of nonlinear impulsive differential and integral equations and inclusions have
become important in some mathematical models of real processes and phenomena stud-
ied in physics, chemical technology, population dynamics, biotechnology and economics
(see [3]). In paper [11], Guo established some existence theorems of external solutions for
nonlinear impulsive Volterra equations on a finite interval with a finite number of mo-
ments of impulse effect in Banach spaces, and offered some applications to initial value
problems for the first order impulsive differential equations in Banach spaces. Seeing that
many problems in applied mathematics lead to the study of systems of differential or in-
tegral equations, the existence of solutions for system of nonlinear impulsive Volterra
integral equations on the infinite interval R with an infinite number of moments of
impulse effect in Banach spaces is studied.

In 2009, Benchohra et al. [5] discussed the existence and uniqueness of solutions to im-
pulsive fractional differential equations. Also they extend the idea of impulsive fractional
differential equations in Banach spaces, see [4]. Moreover, Balachandran et al. [2] proved
some new results in Banach spaces for fractional impulsive integro-differential equations.
In this paper, we presented the stability results in the sense of Hyers and Ulam of im-
pulsive Volterra integral equation by applying fixed point approach. For detailed study
of Ulam-type stability with different approaches, we recommend some papers such as
1, 7,9, 10, 14-17, 19, 20, 22-30].

The main purpose of this paper is to examine the stability of impulsive Volterra integral
equation of second kind given by

o(t) = / Fav@)da+ 3 Lu(t), 2)

c<trp<t

where f is a continuous function and c is a fixed real number, [, : C - C, k=1,2,...,m
and v(t, ) represents the left limit of v(t) at t = ¢.

Definition 1.1 If for each function v(t) satisfying
t
o)~ [ flavt@yda— 3 ()] < o)
¢ c<tp<t

where ¢(t) > 0 for all ¢ € I, there exists a solution vy (t) of the impulsive Volterra integral
equation (2) and a constant K > 0 with |v(¢) — vo(t)| < K(t) for all t € I, where K is
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independent of v(t) and vg(t), then we say that the implusive Volterra integral equation
(2) has the Hyers-Ulam-Rassias stability. If ¢(t) is a constant function in the above
inequalities, we say that the implusive Volterra integral equation (2) has the Hyers—
Ulam stability.

For a nonempty set Y, we introduce the definition of generalized metric on Y as follows.

Definition 1.2 A mapping d : Y x Y — [0,00] is called a generalized metric on set YV
iff d holds:

(a) d(u,v) = 0 if and only if u = v;

(b) d(u,v) = d(v,u) for all u,v € Y;

(¢) d(u,w) < d(u,v) + d(v,w) for all u,v,w €Y.

We now introduce one of the fundamental results of fixed point theory. For the proof,
we refer to [8]. This theorem will play an important role in proving our main theorems.

Theorem 1.3 Let (Y, d) be a generalized complete metric space. Assume that © : Y —
Y is a strictly contractive operator with L < 1, where L is a Lipschitz constant. If there
exists a nonnegative integer k such that d(©*+1u, ©Fu) < oo for some u € Y, the the
following are true:

(a) The sequence O"u converges to a fixed point u* of ©;

(b) u* is the unique fixed point of © in Y* = {v €Y | d(0Fu,v) < oo};

(c) If v € Y*, then d(v,u*) < 27 d(Ov,v).

In this paper, using the fixed point Theorem 1.3, we study the Hyers—Ulam—Rassias
stability and the Hyers—Ulam stability of the impulsive Volterra integral equation (2).

2. Hyers—Ulam—Rassias stability

In this section, we are going to prove the Hyers—Ulam—Rassias stability of impulsive
Volterra integral equation (2).

Theorem 2.1 Suppose I = [ay, b1] be given for fixed real numbers a;,b; with a; < by
and K, L1, Ly are positive constants with 0 < KILq + Lo < 1. Let f : I xC — C is
continuous function which satisfy the Lipschitz condition

’f(t,ul) - f(t,vl)‘ < L1’u1 -1

(3)

for any t € I and uy,v; € C.
Moreover, I : C — C and there exists a constant Lo such that

‘Ik(ul) - Ik(vl)‘ < L2’u1 - 01’ (4)

for all uq, v, € C.
Let v : I — C be a continuous function such that

o))~ [ flaso@)da= 3 Lel)] < () (5)

c<tp<t
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for all t € I and for some ¢ € I, where I, : C — C, k = 1,2,...,m and v(t, ) represents
the left limit of v(t) at ¢ = t, where ¢ : I — (0,00) is a continuous function with

t
| [ etord| < Kot ()
for all t € I, then there exists a unique continuous function vy : I — C such that
t
w(t) = [ faw@)dat Y L(t)) 7)
¢ <ty <t
and
o(t) — wo(0)] < 77 (1) ®)
NS T (KL 1+ L) *
forallt e I.

Proof. First, we define a set Y = {hg : I — C|hg is continuous} and introduced a
generalized metric on Y as follows:

d(f,ho) = inf{C € [0, 00], | f(t) — ho(t)] < C(t), for allt € I}. 9)

We can see easily that (Y,d) is a complete generalized metric space, see [13]. Consider
the operator © : Y — Y defined by

t
(©h)t) = [ Fla(@da+ 3 Lin(t) (10)

for all hy € Y and t € I. Next, we will check that the operator © is strictly contractive
on the set Y. Suppose gi,h1 € Y and assume that C,, 5, € [0,00] be a constant with
d(g1,h1) < Cg,p, for any g1,hy € Y. By (9), we can write

191() = P (8)] < Cun, (1) (11)

for all t € I. From inequalities (3), (4), (6), (10) and (11) it follows that

(090~ )0 = | [ {#@o)) - s(a () o

+ Y {Ik(gl(t;))_lk(hl(tlz))}‘
c<tp<t
< L1Cy,p, /CtSO(Oé)dOé’ + Lo Z ‘gl(t,;) — ha(t;))

c<tp<t

< (KLI + L2)091h1@(t)

for all t € I,ie., d(©g1,0h1) < (KLi + L2)Cy,p,. Hence, we may conclude that
d(©g1,0h1) < (KLy + Lo)d(g1,hy) for any g1, h; € Y, where 0 < KLy + Lo < 1.
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It follows from (10) that for any arbitrary hg € Y, there exists a constant C' € [0, 0]
with

©ho(t) ~ hol6) = | [ gr(asho(@)da+ Y Tll(ee)) ~ haft)] < Ol

c<tp<t

for all t € I. Since g1, hg are bounded and r)}me ©(t) > 0, then equation (9) implies that
€

d(Ohg, hp) < 0. (12)

So, according to Theorem 1.3 (a), vg : I — C a continuous function exists in a way
that ©"hy — ho in (Y,d) and Ovy = vy, i.e., vy satisfies (7) for all ¢ € I. Next, we
show that {g1 € Y|d(ho,91) < oo} =Y, where hg was selected with the property (12).
Let g1 € Y, since we know that g; and hg are bounded on closed interval I for and
minger ¢(t) > 0, then a constant exists Cy, € [0, 00] such that |ho(t) — g1(t)] < Cy, (1)
for all ¢t € I. Thus, we can write that d(hg, g1) < oo for any g1 € Y. Therefore, we get
that {g1 € Y|d(ho,91) < oo} =Y. From Theorem 1.3 (b), we conclude that vy, given by
equation (7), is the unique continuous function. Finally, Theorem 1.3 (c) implies that

1 1
d(6w,v) < :
KL+ L) O S TR v 1)

d(v,vg) < . (13)

since inequality (5) means that d(©v,v) < 1. In view of (9), we can conclude that the
inequality (8) holds for all ¢ € I. [ |

In the previous theorem, we have examined the Hyers—Ulam—Rassias stability of the
impulsive Volterra integral equation (2) defined on compact domains. Now, we will prove
the last theorem for the case of unbounded domains.

Theorem 2.2 Suppose I denote either R or (—o0,a] or [a,00) and K, L1, Ly are positive
constants with 0 < K L1+ Lo < 1. Let f : I xC — C is continuous function which satisfies
the Lipschitz condition (3) for all ¢ € I and uy,v; € C. Moreover, I}, : C — C be impulse
satisfying the condition (4) with constant Lo, for all uj,v; € C. Let v : I — C be
a continuous function satisfies inequality (5) for all ¢ € I and for some ¢ € I, where
¢ : 1 — (0,00) is a continuous function satisfying condition (6) for any ¢t € I, then there
exists a unique continuous function vg : I — C which satisfies (7) and (8) for all ¢ € I.

Proof. First, we will prove our theorem for the case I = R. For any n € N, we define the
interval I, = [¢ —n, c+n]. In accordance with Theorem (2.1) exists a unique continuous
function vg y, : I, = C such that

vom(t)—/ fla,vopn(a))da + Z I (von(ty)) (14)

and

1
(KLi+ L2)

lo(t) —vo(t)] < - o(t), for allt € 1. (15)
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The uniqueness of vg, implies that if ¢ € I,,, then

Vo,n(t) = vont1(t) = vons2(t) =--- . (16)

For t € R. Define n(t) € N as n(t) := min{n € N|t € I,}. Next, we define a function
vg : R — C by

vo(t) = Von(r) (1) (17)

and claiming that vy is continuous. For any ¢; € R we take the integer n; = n(t;). Then,
t1 belongs to the interior of the interval I, 1 and there exists positive € > 0 such that
vo(t) = v n,+1(¢) for all ¢ with t; —e <t < t; +¢. Since vg p,+1 is continuous at t1, so is
vg. That is vg is continuous at ¢; for any t; € R.

We will now prove that the continuous function v satisfies (7) and (8) for all ¢ € R.
Assume that n(t) be an integer for any ¢t € R. Then it holds that ¢ € I,,;) and it follows
from (14) that

vo(t) = Vo (t) = / flasvonpy(@))da+ Y Ix(von(ty))

c<tp<t

t
:/ flasvo(@)da+ S iw(t)),

c<tp<t

where the last condition holds true because n(a) < n(t) for any a € I, and it follows
from (16) that

'l)()(a) = Vo,n(c) (a) = Vo,n(t) (Oé) (18)
Since vo(t) = vg () (t) and t € I, for all ¢ € R, (15) implies that

1

KL +L2)90(t)~ (19)

o(0) = en(t)] = [o(t) = v, (1)) < 7

Finally, we are going to prove that vg is unique. To do this, we consider another continuous
function v; : R — C which satisfies (7) and (8), with v; instead of vy for all ¢ € R. Suppose
that ¢ € R be optional number. Since the restrictions vy, ,, and v1|r,,, both satisfies

n(t)
(7) and (8) for each t € I,,(4), the uniqueness of vy ;) = volr,,, suggest that

’Uo(t) = U0|In(t) (t) = /Ul|In(t) (t) =0 (:C)

are required. We can prove similarly for the cases I = (—o0,a| and I = [a, o). ]

3. Hyers—Ulam stability

In this section, we prove the Hyers—Ulam stability of impulsive Volterra integral equation
(2).

Theorem 3.1 Given p € R and ¢ > 0, suppose that I(p;q) denote a closed interval
{teRp—qg<t<p+q}. Let f:1(p;q) x C— C is continues function which satisfies
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the Lipschitz condition (3) for all t € I, uj,v; € C where L1 and L9 are constants with
0 < Lig+ Ly < 1and I : C — C with constant Lo satisfy the Lipschitz condition (4).
If 0 > 0 and a continuous function v : I(p;q) — C which satisfies

v(t)—b—/ fla,o(a))da— 3 Ik(v(t;))lga
p

c<tp<t

for all ¢t € I(p;q), where b is complex number, then there exists a unique continuous
function vy : I(p; q¢) — C such that

vo(t) = b+/ Flam(a)da+ 3 Iw(ty)) (20)
and
[u(t) — vo(t)] < 1= (Tg+ L) (21)

forallt € I(p;q).

Proof. Let Y = {h; : I(p;q) — C|hyis continuous} be a set and we introduce a
generalized metric on set Y as:

d(g1,h1) =inf{C € [0,00], |g1(t) — h1(t)| < C, for allt € I(p;q)}. (22)

We can see easily that (Y,d) is a complete generalized metric space see [13]. Consider
the operator © : Y — Y defined by

©h)(1) = b+ / fashi(@)da+ Y Llh(t)) (23)

c<tp<t

and for all hy € Y and t € I(p;q). Next, we will to check that the operator O is strictly
contractive on the set Y. Suppose that Cy,p, € [0, 00] be a constant with d(g1,h1) < Cy,n,
for any g1, h1 € Y. We have

|91(t) = ha(t)| < Cg,py,  forall ¢ e l(p;q). (24)

By making the use of (3), (4), (22), (23) and (24) we deduce

[(©g1)(t) — (Oh1)(t)| = ‘/t {f(a,gl(a)) - f(a,hl(a))}da‘

| > {Ik(gl(t;))—fk(hl(tz?))}’
< ’/ptLﬂgl(a)—hl(a)(daJrLz > \gl(ti)_hl(tl?)”

L].Cg1h1 |t - p| + L2091h1

<
< (L1g + L2)Cyyp,
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for all t € I(p;q) i.e., d(©g1,0Oh1) < (L1g + L2)Cy,p,. Hence, we may conclude that
d(©g1,0h1) < (L1g + Lo2)d(g1,h1) for any gi,h; € Y, where 0 < L1g + L2 < 1. By
applying same procedure as in Theorem 2.1, we can choose hy € Y with d(Ohg, hy) <
oo. Hence, from Theorem 1.3 (a) it follows that there exists a continuous function say
vo: I(p;q) — C in a way that Ohy — vg in (Y, d) as n — oo, and such that vy satisfies
the impulsive Volterra integral equation (20) for any ¢t € I(p;q).

Next, we are going to show that Y= {¢g1 € Y|d(ho,g1) < oo}. By applying a similar
argument to the proof of Theorem 2.1 to this case. Therefore, Theorem 1.3 (b) implies
that vy is a unique continuous function with property (20). Furthermore, Theorem 1.3

(c) implies that |v(t) — vo(t)] < =TTy forallteY. [ |

4. Conclusion

Two kind of novel stability concepts, Hyers—Ulam—Rassias stability and Hyers—Ulam sta-
bility, of a impulsive Volterra integral equation are offered. Using Banach’s fixed point
theorem in a generalized complete metric space, we prove the Hyers—Ulam—Rassias sta-
bility on bounded and unbounded intervals and Hyers—Ulam stability results on a finite
and closed interval.
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