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Abstract. In this paper, we shall establish some fixed point theorems for mappings with
the contractive condition of integrable type on complete intuitionistic fuzzy metric spaces
(X, M, N,*,0). We also use Lebesgue-integrable mapping to obtain new results. Akram,
Zafar, and Siddiqui introduced the notion of A-contraction mapping on metric space. In this
paper by using the main idea of the work, we introduce the concept of A-fuzzy contractive
mappings. Finally, we support our results by some examples.
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1. Introduction

In 2002, Branciari [3] analyzed the existence of fixed point for mapping 7 defined
on a complete metric space (X,d) satisfying a general contractive condition of integral
type. After the paper of Branciari, a lot of research works have been carried out on
generalizing contractive conditions of integral type for different contractive mappings
satisfying various known properties. In 2003, A fine work has been done by Rhoades
extending the result by replacing new condition [12]. Akram et al. [1] introduced a new
class of contraction maps, called A-contraction. which is a proper superclass of Kannan’s,
Reich’s and Bianchini’s type contractions [2, 7, 11]. In 2011, Dey et al. [4] proved some
fixed point theorems for mixed type of contraction mappings of integral type in complete
metric space .
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In this paper we consider (X, M, N, *, ) intuitionistic fuzzy metric spaces in Park’s
sense [9] and by using their idea, we provide some fixed point results for the mappings f
define on the space, satisfying a contractive condition of integral type.

2. Preliminaries

Definition 2.1 ([13]) A binary operation * : [0, 1] x [0, 1] — [0, 1] is called a continuous
t-norm whenever it satisfies the following conditions:

(a) * is commutative and associative,

(b) * is continuous,

(¢)ax1=aforall a €0,1],

(d) a*b< cexdforall a,b,c,d € 0,1] with a < c and b < d.

For example, a x b = ab, a x b = min{a, b}, a * b = max{a + b — 1,0} and

ab

axb= max{a, b, \}

for 0 < A < 1 are continuous t-norms.

Definition 2.2 ([13]) A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is called a continuous
t-conorm whenever it satisfies the following conditions:

(a) O is commutative and associative,

(b) ¢ is continuous,

(¢) a®0 = a for all a € [0,1].

(d) a®b < ¢Od whenever a < ¢ and b < d, and a,b,c,d € [0,1].

For example, aQb = min{a + b, 1} and a0b = max{a, b} are continuous t-conorms.

Definition 2.3 ([9]) A 5-tuple (X, M, N, *, ) is said to be intuitionistic fuzzy metric
space whenever X is a set, * is a continuous t-norm, < is a continuous ¢-conorm and M,
N are fuzzy sets on X2 x [0, 00) satisfying the following conditions:

(i) M(z,y,t) + N(z,y,t) <1,

(i) M(z,7,0) = 0,
(iii) M(x,y,t) =1 for all £ > 0 if and only if z =y,

(iv) M(z,y,t) = M(y, z,t),

(V) M(z,y,t) %« M(y,z,8) < M(x,z,t+s) forall z,y,z € X, s,t >0,
(vi) M(z,y,.) : [0,00) — [0, 1] is continuous,

(vii) limyyoo M(x,y,t) =1 for all z,y € X,

(viil) N(z,5,0) = 1,

(ix) N(z,y,t) =0 for all ¢ > 0 if and only if z =y,

(x) N(z,y,t) = N(y,z,1),

(xi) N(z,y,t)ON(y,2,s) = N(x,z,t +s) for all z,y,z € X, s,t >0,
(xii) N(z,vy,.) : [0,00) — [0, 1] is continuous,

(xiii) limy—yoo N(z,y,t) =0 for all z,y € X.
Then (M, N) is called an intuitionistic fuzzy metric on X.

Ezxzample 2.4 (]9]) Let (X, d) be a metric space. Denote axb = ab and a0b = min{1, a+b}
for all a,b € [0,1] and let My and Ny be fuzzy sets on X2 x (0, 00) defined as follows:

ht™ d(z,y)

My(z,y,t) = ————— N(z,y,t) = — 2D
d(wayv ) ht"—l—md(:n,y)’ (:E7y7 ) kt”—l—md(x,y)
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for all h,k,m,n € RT. If h=k=m =n =1, we get

t d(z,y)
Mgy(z,y,t) = T d(y) Ng(z,y,t) = ttd(z,y)

We call this intuitionistic fuzzy metric induced by a metric d the standard intuitionistic
fuzzy metric and (X, My, Ng, %, Q) is an intuitionistic fuzzy metric space.

For an intuitionistic fuzzy metric space (X, M, N, *, ), define
B(z,rt)={y € X : M(z,y,t) >1—r N(z,y,t) <r},

for all ¢ > 0 and 0 < r < 1. Denote the generated topology by the sets B(z,r,t)
by T(ar,ny- A sequence {z,} in (X, M, N,*,0) is said to be Cauchy whenever for each
e > 0 and t > 0, there exists a natural number ng such that M (z,,zy,t) > 1 — ¢ and
N(zp, xm,t) < e for all n,m > ng. Also, (X, M, N,x*,Q) is called complete whenever
every Cauchy sequence is convergent with respect 7(as n)-

Definition 2.5 ([5]) Let (X, M, N, %, () be a intuitionistic fuzzy metric space. The fuzzy
metric M, N is triangular whenever

1 1 1
S T N ——
M(z,9,1) M(z.zt)  M(zyt)

and N(z,y,t) < N(z,z,t) + N(z,y,t) for all z,y,z € X and t > 0.

Definition 2.6 ([6]) A sequence {z,} in a intuitionistic fuzzy metric space
(X, M, N,*,0) is called intuitionistic fuzzy contractive sequence if there exists 0 < k < 1
such that

1 1
-1<k|{——"—"-—--1
M(anrl? Tn+2, t) <M(.’En, Tn+1, t) )

and N(Zp41,Tnt2,t) < kEN(zp, Tpt1,t) for all n and ¢ > 0.

Lemma 2.7 ([8]) Let (X, M, N, x,{) be a triangular intuitionistic fuzzy metric space
and {z,} an intuitionistic fuzzy contractive sequence in X. Then {z,} is a Cauchy
sequence.

Definition 2.8 ([10]) Let (X, M, N,*,{) be a intuitionistic fuzzy metric space. A self-
map f on X is said to be intuitionistic fuzzy contractive whenever there exists k € (0, 1)
such that

1 1
M@, e St <M(z,y,t> B 1)

and N(f(z), f(y),t) < kN(z,y,t) for all x,y € X and t > 0.

Definition 2.9 ([1]) Let Ry denote the set of all non-negative real numbers and A be
the set of all functions a : RY — R satisfying

(A1) « is continuous on the set R3 (with respect to the Euclidean metric on R?),

(A2) a < kb for some k € [0,1) whenever a < a(a,b,b) or a < a(b,a,b) or a < a(b,b,a)
for all a, b.
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3. Main results

Theorem 3.1 Let (X, M, N,*,0) be a complete intuitionistic fuzzy metric space, ¢ €
(0,1), and let f: X — X be a mapping such that for each z,y € X, t > 0,

e L ewn L
LT s <e [T ptsjas 1)
0 0

N(fxz,fy,t) N(z,y,t)
/ w(s)ds < c/ o(s)ds, (2)
0 0

where ¢ : [0,400) — [0,400) is a Lebesgue-integrable mapping which is summable (i.e.,
with finite integral) on each compact subset of [0, +00), nonnegative, and such that for
each € > 0,

/06 ©o(s) ds > 0.

Then f has a unique fixed point @ € X such that for each x € X, lim f"z = a.

n—-+o0o

Proof. Step 1. We have

1 -1 RN S
T, iy, (z,fz,t)
[T s e [T s
0 0

This follows immediately by iterating (1) n times:

1 1 1 1 —1 1
ng, fntlyg, n—lg fng, z,fx,
/ T p(s)ds < o / T p(s)ds < < e / T p(s)ds.
0 0 0

As a consequence, since ¢ € (0, 1), we get

S SE— 1 1
M(fPax, frt1let) M(z,fz,t)
/ p(s)ds < c"/ o(s)ds — 0.
0 0

Step 2. We have —1— 0 as n — +o0. Suppose that

1
M(f"L£E7f"+1$,t)

i 1 1)=S%>0
nﬁufoosup M(fn.%',fn+1.%',t) B ot ’

Then there exists a m. € N and a sequence { f™" },;,>m. such that

! 1) 5> <>0
M(fra, i, t) t
as m — +oo and M(fnmx}nmﬂm) — 12> 5 for m > m.. Thus, by Step 1 and the sign of
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©, we have the following contradiction:

1 e

1 S
M(frma, frmTlg,t)

0= lim p(s)ds > /Qt o(s)ds > 0.
0

m——+00 0
Step 3. For each z € X, {f"x},en is a Cauchy sequence, that is

1

Ve >0 EmgeN:Vm,neN,m>n>m€:M -1

(fma, fra,t)

187

€
< -.
t

Suppose that there exists a ¢ > 0 such that for each [ € N there are m;,n; € N with

my > n; > [ such that (T 1

my l’,f”L x,t)

—1 > 2. Then we choose the sequences {m}en

and {n;};ey such that for each I € N, m; is “minimal” in m — 12> %, but

1
M(fra,friat)
— 1. At the first, we have

1
of Sz rizn — 1 and g gy

! 15
M(fmx, fra,t) t

as [ — +o00. Now, by the triangular inequality and Step 2

€ 1
< 1
t = M(frux, frx,t)
1 1
< -1 -1
M(frux, fro—le t) + M(fr—lg, frux, t)
1 +

(3 3
< —-14-—=—asl— .
M, fr iz TE g e

Further there exists u € N such that for each natural number v > p,

1 €
—1<-.
M(frmwtly, frotle t) t

In fact, if there exists a subsequence {4 }ren C N such that

1 e
—1> -,
M(fmotle, frotle, t) t
then
€ 1
-« 1
t O M(fme e, ety )
1
g _
M(fmatly, froes t)
1 1

-1
* M(fmyk:E,ankxat) * M(fnu’“x7fnyk+1$7t)

1 < £ foreach h € {n;+1,---,m; — 1}. Now, we analyze the properties

—lﬁgask%qtoo
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and from (1),

1 —1 —— o — 1
o FT. noy, 71 RN
/M(f R @(s)dsgc/w T pls)ds. (3)
0 0

Letting now k — +oo in both sides of (3), we have

/06 p(s)ds < C/OE p(s)ds

which is a contradiction being ¢ € (0,1) and the integral being positive. Therefore, for a
certain pu € N,

1 €
_ ]_ < -
M(frmwtly, frotle t) t

for all v > . Finally, we prove the stronger property that there exist a 0. € (0,¢) and a
v € N such that for each v > v, (v € N), we have

1 € — 0¢

1<
M(fm,,—i—lx’fnu-f—lx,t) t

Suppose the existence of a subsequence {1y }reny C N such that

1
M(fmatly, fratly t)

t
as k — +o0o. Also, we have

1 1
-1 e ———1
Mo 1 onp, 1 Lo Ty,
MGF" VR T e fVE T 2 ) M(f " Vka, fVk 2, t)
/ p(s)ds < c/ o(s)ds.
0 0

Letting kK — 400, we have again the contradiction that

[ et <e [ pteras

In conclusion of this step, we can prove the Cauchy character of {f"z},en (z € X). In
fact, for each natural number v > v, (v as above), we have

e 1 L
t T M(frvx, frex,t)
< 1 1
SM(fre, fretle,t)
+ ! ~14 ! ~1
M(fmwtle, frotly t) M(frtla, frox t)
< ! —1+(e—0.)+ L -1
M(frmvg, frotlet) O M(frex, fretlg )
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when v — 400, we have ¢ < € — 0., which is a contradiction. This prove Step 3.

Step 4. Existence of a fixed point. Since (X, M, N, *, () is a complete intuitionistic fuzzy
metric space, there exists a point @ € X such that a = lim,,—, o f"z. Further a is a fixed
point. In fact, suppose that m — 1> 0. Then

1 1 1
h«<—mm-1<————-—1
M(a, fa, ) M(a, fria,t)  M(f i, fat)

—1—0asn— +oo, (4)

Becuase M (a, f""tx,t) and M(f"*z, fa,t) converge to 1 as n — +o0. For the first one
it is obvious, while the second one we have

IVI(f"‘*’iz,fa,t)_l A{(f"lz,a,t)_l
p(s)ds < ¢ @(s)ds — 0 as n — +o0.
0 0

Now, if M(f""'x, fa,t) does not converge to 1 as n — -+oo, then there exists a subse-
quence { "z}, en € {f" 1o} ,en such that W — 1> £ for a certain £ > 0.
Thus, we have following contradictions:

0 M Ty L
0< / @(s)ds < / " o o(s)ds — 0 as v — +oo.
0 0

Step 5. Uniqueness of the fixed point. Suppose that there are two distinct points a,b € X
such that fa = a and fb = b. Then, by (1), we have the contradiction

Erorni Eresrni T L Tarn L
0< / o(s)ds = / o(s)ds < c/ p(s)ds < / o(s)ds.
0 0 0 0

The final step also proves that for each x € X, lim,, 10 f"z = a = fa. The proof is
completed. [ ]

Now we give remark and examples concerning these contractive mappings of integral
type, which clarify the connection between our result and the classical ones.

Remark 1 Theorem 3.1 is a generalization of the Banach principle, letting o(s) =1 for
each s >0 in (1), we have

RS S 1 1
M(fz,fu.t) 1 1 M(z,y,t)
cpsd5:—1§c<—1):c/ p(s)ds.
/0 s = 3, Fr) M(z,y,t) 0 ®)

Thus, a Banach fuzzy contraction also satisfies (1). The converse is not true as we will
see in follow examples.

g1 _ t _ _d(zy)
Exzample 3.2 Let X := {;|n € N}U{0}, M(x,y,t) = Ty and N(z,y,t) = Trdley)
with metric induced by R : d(z,y) := |z — y|, thus, since X is a closed subset of R, it
is a intuitionistic complete fuzzy metric space. We consider now a mapping f : X — X

defined by
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Then it satisfies (1) with ¢(t) = ¢+ ~2[1 —logt] for t > 0, ¢(0) = 0, and ¢ = 3. In this
context [; ¢(s)ds = v, so that (1), for = # y is equivalent to

< 1 )1/(M(le,fy,t>_1> ( 1 >1/<M(m1,y,t>_1)
1 <el——r-1 _
M(fxafyat) M(Jf,y,t)

Ifm,neNWithm>nandx:%,y:%,thenwehave

1 ) _
<M(f:r,fy,t)_ ) _

- [F3 D

1 1
1 1 Wi

n+1 m+1

(n+1)(m+1)

On the other hand,

1 . VY (5m1)
<M(w,y,t) - >

Now, we show that

|5 == {m _ n] e

nm

1 1

n m

(n41)(m+1) nm

el

or equivalently,

(ntm+1) nm

nm

Since nm < (n+1)(m + 1) and 2™ > 0, we have [(L] 7" < 1. In addition to,

m—n n+1)(m+1)
since for all m,n € N, we have m < 3n+nm+1, and so 2(m —n) < (n+1)(m+ 1), we
have

(n+m+1)

N

. _1 _ "
On the other hand, taking x = ;- and y = 0. For each n € N, we have [niﬂ] e

D=

and so,

1 ' Vismmo) [ 1t 111 1 , Y(sm)
M(fx. fy.t) Clet1] T 20n] 2\M@yt)

Therefore, such mapping f satisfies condition (3.2) with ¢ = % and therefore (1) with the
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same ¢ and for defined by o(t) = t:~2[1 —logt] for t > 0 and ¢(0) = 0, but

1 1
sup M -1
{eweXloty) Magn 1
Thus, it is not a Banach contraction.
Ezxzample 3.3 Let f : Rt — R* be defined by fz :=x+2, p = -2, M(z,y,t) = m,
N(z,y,t) = dry) - and d be the Euclidean distance function. Then, for an arbitrary

t+d(z,y)
c € (0,1), we have

/m_l p(s)ds =—2 <1 — 1) = -2 <1 — 1)
0 M(fﬂ?,fy,t) M(I7y,t)

<_9 ( 1 1) /M(zl,y,w_l (s)d
<—2c - = C @Ls)as.
M(.Z’,y,t) 0

Thus (1) is satisfied with ¢ = —2 and for all ¢ € (0,1), but f, being a translation on R*,
has no fixed points.

Definition 3.4 A self-map f on a intuitionistic fuzzy metric spaces (X, M, N, x*, Q) is
said to be A-fuzzy contraction if it satisfies the condition

1 1 1 1
—— 1<« -1, -1, —-1
M(fz, fy,t) (M(w,y,t) M(z, fz,t) M(y, fy,t) )
for all x,y € X and some « € A.

Lemma 3.5 Let a self-map f on a intuitionistic fuzzy metric spaces (X, M, N, *, (), for
all z,y € X, t > 0 and some S € |0, %) satisfying

1
M(fx, fy,t)

1 1
M(fz,x,t) - M(fy,y,t)

—lgﬁmax{ -2,

1 1 1 1
+ -2, + —2},
M(fy,y,t)  M(z,y,t) M(fr,x,t)  M(z,y,t)

is a A-fuzzy contraction.

Proof. Define the map « : Ri — R, as
a(u,v,w) = fmax{u + v,v + w,u + w}

for all u,v,w € Ry, where 3 is any fixed number in [0, %) Then a € A ([1]). first note
that « is continuous, second for

u < a(u,v,v) = fmax{u + v,v +u,v + v},

we consider the following cases.
Case I. max{u +v,v + u,v+ v} = u+ v. In this case, u < %v, with k = % €[0,1).
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Case II. max{u + v,v + u,v + v} = 2v. In this case, u < kv, with k = 28 € [0,1).
Similarly, for u < a(v,u,v) or u < a(v,v,u) we have u < kv for some k € [0, 1). Hence,

1 1 1
——— — 106 max{ + -2
M(fz, fy,t) M(fx,z,t)  M(fy,y,t)
1 n 1 5 1 n 1 2}
M(fy,y,t)  M(z,y,t) 7 M(fa,x,t)  M(z,y,t) ’
< 1 1 L 1 1 1)
=« ) - 4 - )
M(z,y,t) 7 M(z,x,t) 7 M(fy,y,t)

by the construction of «. Thus, f is an A-contraction. [ |
Example 3.6 Let X = {0,11,12,13,14,15,16,17,18,19}, M(x,y,t) = m and
N(z,y,t) = dz.9)  with usual metric relative to real line. f be a self-map on X, given

t+d(z,y)
by

o= 12 x =0,
T=V11 otherwise.

One can easily verify that f satisfies

1
M(fx, fy,t)

1 1
Sish maX{M(fx,x,w My 2

1 1 1 1
+ —2, + - 2},
M(fy,y,t)  M(z,y,t) M(fz,z,t)  M(z,y,t)

for all z,y € X and some g € [0, %) Hence, by Lemma 3.5, f is a A-fuzzy contraction.

Theorem 3.7 Let f be a self-map of a complete intuitionistic fuzzy metric space
(X, M, N, *,0) satisfying the following condition:

%y,til wl,'yﬂ -1 -Ll x,t -1 yl y,t -1
/ T (s)ds <o < / e (s)ds, / YOI (s)ds, / O so(s)ds)
0 0 0 0

()

for each =,y € X and ¢t > 0 with some o € A, where ¢ : [0, +00) — [0,00) is a Lebesgue-
integrable mapping which is summable (i.e., with finite integral) on each compact subset
of [0, +00), nonnegative, and such that for each € > 0,

/6 o(s) ds > 0. (6)
0

Then f has a unique fixed point z € X and for each z € X, lim, 100 [ = 2.

Proof. Let zyp € X be a arbitrary and define z,41 = fx,. From (5), for each integer
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n =1, we get
1 1 B S —1
M(zn,zpyq1,t) M(fap_1,fen,t)
/ plsds = | o(s)ds
0 0
1 1

1 -1 EE—— _ 1
(T —1,2n,t) (Tp_1,fxpn_1,t) (zn,fon,t)
<a</M T s, [T (s, [T ¢@wﬁ
0 0 0
1 —1 1 — 1 PR N — -1
Gn_1.8m:0) @n_1.8m:0) n g1 )
= (/M v gp(s)ds,/M v cp(s)ds,/M w @(s)ds) .
0 0 0

Then, by the axiom (A2) of function «,

T L M
o(s)ds < k o(s)ds (7)
0 0
for some k € [0,1) as a € A. In this fashion, one can obtain

1

1y o

Gt 1,0 [ERE
/M o p(s)ds < k/M et w(s)ds
0 0

R S
(Ty _9,@y_q1,t)
<w/M T o(s)ds
0

[ L
<k ; o(s)ds.

I E—
Taking limit as n — +o0, we get lim,, [;"“""" "  ¢(s)ds = 0 as k € [0,1). Which,
from (6) implies that

1
im-— 1 =0.
W M (2n, Tnits 1) 0 (8)

We now show that {z,} is a Cauchy sequence. Suppose that it is not a Cauchy sequence.
Then there exists € > 0 and subsequences {m;} and {n;} such that m; < n; < m;41 with

1 € 1 €
_ 1> - —-1<-. 9
M (zp,, xp,,t) Tt M(zm,, 0, 1,1) t ©)
Now, we have
1 1 1
-1< -1+ -1
M(xmi*hxnivt) M($mz‘*1>mmi’t) M('Imi?xni*ht)
1 €

< —14 = 10
Mem namat) (10)
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So, by (8) and (10), we get

JYTE— e
lim/ et ©(s)ds </ o(s)ds. (11)
1 0 0

Using (7), (9) and (11), we have

1

/0 ©o(s)ds §/0 Y o(s)ds < k/o o o(s)ds < k/o o(s)ds,

which is a contradiction (since k € [0,1)). Thus, {z,} is Cauchy and hence, is convergent.
Call the limit z. From (5), we get

1

Mo L Fiernrme i
/ (Fortny1o) o(s)ds :/ (Fzfon.t) go(s)ds
0 0

Moy L e Femeno L
<a</ T () ds, / T () ds, / et sO(S)dS>-
0 0 0

Taking limit as n — oo, we get

EremEni Erer=oR
/ o p(s)ds < « (0,/ R g&(s)ds,O) .
0 0

So, by the axiom (A2) of function a,

premeni
/ e(s)ds < k-0=0,
0

which implies that m =1or fz =z (by (6)). Next, suppose that w # z be another

fixed point of f. From (5) we have

e L T e L
/M(' " @(s)ds—/M(f o ©o(s)ds
0 0
e L e L oo L
<« / e go(s)ds,/ e gp(s)ds,/ e w(s)ds
0 0 0
T L e L T an L
—(/ pls)ds, [ pls)ds, [ o(s)ds
0 0 0
e L
=« / ©(s)ds,0,0 | .
0

So, by axiom (A2) of function «,

1

Mewn L
/ o(s)ds =0
0
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. . . 1 . . . . .
, whice implies that MGwd) = 1 or z=w (by (6)). Hence, the fixed point is unique.

Next theorem describes common fixed point of two self-maps on X having two related
metrics in integral setting.

Theorem 3.8 Let (X, My, Ny, *,0) and (X, Mg, N, *,{) be intuitionistic fuzzy met-

ric spaces with two fuzzy metric My(z,y,t) = m, Ny(z,y,t) tﬁ&?ﬁzj)
8(z,y)

Ms(x,y,t) = m, Ns(z,y,t) = (o) satisfying the following conditions:
(i) for all z,y € X,

Mt L el Na(,y,t)
/ p(s)ds < / »(s)ds and / ©(s)ds
0 0 0

and

N

Ng(:l:,y,t)
/ o (5)ds,
0

(ii) (X, Mg, Ng,*{) is complete,
(iii) S, T are self-maps on X such that 7' is continuous with respect to d and

Wy Ta e L s L e L s L
/ TSI o(s)ds < a / T G (s)ds, / O (s)ds, / T (s)ds
0 0 0 0

(12)

for each =,y € X and ¢t > 0 with some o € A, where ¢ : [0, +00) — [0,00) is a Lebesgue-
integrable mapping which is summable (i.e., with finite integral) on each compact subset
of [0, +00), nonnegative, and such that for each € > 0,

€
/ o(s) ds > 0. (13)
0
Then T and S have a unique common fixed point z € X.

Proof. For each integer n > 0, we define xo,+1 = T2, and zo,12 = Sxopt1. Then,
from (12), we get

s il Ty Teo 5o H L

xq,x9,t 5 xg,Sxq,t

/ s(w1 w2 gO(S)dS :/ 5(Tzg,Szy @(S)ds
0 0

1 [ E—
Mg (z0,21,t) M5(10 Tzg,t) Mg (zq,521.t)
<a / / (s)ds,/ w(s)ds
0 0 0
RN S
Md(IO xq, t) Jus(zo xq, t) Ms(zq1,22,t)
<a (/ ds,/ (s)ds,/ gp(s)ds) .
0 0 0

Then, by the axiom (A2) function a,

/0 p(s)ds < k/o p(s)ds
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for some k € [0, 1). Similarly, one can show that

e L #71
/Mrs( 2,23,t) (p(s)ds < k/Ma( 1,2,t) gp(s)ds
0 0

for some k € [0,1). In general, for any » € N odd or even,

1 ~1 1 1
@m0 (R
/MS o p(s)ds < k/MS v o(s)ds.
0 0

Thus, for any n € N odd or even, one can easily obtain that

1 —1 17_1
(Tn, @y p1,t) (zg,x1,t)
/Mé U p(s)ds < k”/M‘S T o(s)ds.
0 0

Then, by the condition (i) of the theorem, we obtain

1

-1 S S — L 1
(Tn Ty t1:t) (Tr Tpt1:t) (zg,x1,t)
/ T p(s)ds < / T p(s)ds < K / T p(s)ds.
0 0 0

Taking limit as n — co, we get

Mmoo L
lim/ et o(s)ds =0
nJo

as k € [0,1), which from (13) implies that lim,, m —1=0o0r M(zn,znt1,t) = 1.

We now show that {x,} is a Cauchy sequence with respect to (X, My, Ng, *, ). For any
integer p > 0,

1 —1 1 —1
(xn, @y ,t) s(xn, Ty ,t)
[T s < [T (s
0 0
MG L MG L
</ S\ Tn s Tn41 (p(s)ds +/ S\Tn41:Tn+2> So(s)ds
0 0

ﬁ_l
bt / PITTIT (s)ds
0

Tstmown ! Tstmown !
<k"/OM5< ) go(s)ds—i—k"Jrl/oMé( ) o(s)ds

—I—---+k‘"+p—1/ i ) ©(s)ds
0

k"™ W3 Gomr D L
gl k/ o(s)ds -0 as n — +oo,
— Rk Jo

since k € [0, 1). Therefore, {x,} is Cauchy. Hence, by completeness of X, {x,} converges
to some z € X, i.e. m —1— 0 or My(zp,z,t) =1asn— +oo for some z € X.
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Since T is continuous with the respect to d, we get

[Vt [ ! _ [Eeee
0= hrrln o(s)ds = hgbn p(s)ds = hrrln o(s)ds.
0 0 0

So, by (13), m —1=0o0r My(Tz,z2,t) =11ie Tz =z Now, by (12), we have
WesTn L Myresen L

/J(S) (p(s)ds:/5( 52,0 o(5)ds

0 0

pTREen yeren L wess L
<a ¢(s)ds, ©(s)ds, ©(s)ds
0 0 0
My5en L
<al0,0, ; w(s)ds | .

Then, by the axiom (A2) of function «,

RN S—— |
Mg (z,S2,t)
/ p(s)ds<k-0=0
0

and by (13), Ms(z,Sz,t) =1 or Sz = z. Thus z is a common fixed point of S and 7.
Let w # z be another common fixed point of S and 7" in X. Then by (12)

S eRm it T Fes L
/a( ) gp(s)ds:/ 5(Tz,Sw,t) o(s)ds
0 0
e ! ey L e sen L
<al [T s [T pteds, [T pleas
0 0 0
WG !
<a/ »(s)ds, 0,0
0

<k-0=0 as acA

Then by (13) we have —1=0or Ms(z,w,t) =1, hence z = w. [ |

1
Ms(z,w,t)
If S =T, then the Theorem 3.8 gives as follow.

Corollary 3.9 Let (X, My, Ny, *,0) and (X, Mg, Ns, %, Q) be intuitionistic fuzzy met-
d(z,y)

ric spaces with two fuzzy metric My(z,y,t) = m, Ny(z,y,t) = TR ey) and
Ms(x,y,t) = Hﬂ#zﬁ’ Ns(z,y,t) = tjgazf’i) satisfying the following conditions:

(i) for all z,y € X,

— 1 1 RN S—
(z,y,t) (z,y,t)
[ et < [T s
0 0
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Nd(x7y7t) N(;(I,y7t)
/ o(s)ds S/ w(s)ds,
0 0

(ii) (X, Mg, Nq,*, Q) is complete,
(iii) T is self-map on X such that T is continuous with respect to d and

1 -1 ES |
/MMT Ty, t) gp(s)ds ga (/M(s( Y t) ¢(s)ds,
0 0

m71 Mé(yny,t)fl
/ o (5)ds, / o(s)ds
0 0

for each =,y € X and ¢t > 0 with some o € A, where ¢ : [0,+00) — [0,00) is a Lebesgue-
integrable mapping which is summable (i.e., with finite integral) on each compact subset
of [0, 4+00), nonnegative, and such that for each € > 0,

/Oego(s) ds > 0.

Then T has a unique fixed point z € X.

Exzample 3.10 Consider X as Example 3.6, M(z,y,t) = m and N(z,y,t) =
d(z,y)

() with usual metric relative to real line. Define f on X by

o= 12 xz =0,
=111 otherwise.

Let ¢ : Ry — Ry be given by ¢(s) = =1 for all s € R;. Then ¢ : [0,+00) — [0, 400) is
a Lebesgue-integrable mapping which is summable on each compact subset of [0, +00),
non-negative, and such that for each ¢ > 0, foa o(s)ds > 0. Now, as we know from
Example 3.6, a self-map f satisfying

1
M(fx, fy,t)

1 1
M(fx,x,t) * M(fy,y,t)

—1<Bmax{ -2,

1 1 1 1
+ —2, + _ 2}
M(fy,y,t) M(z,y,t) M(fw,x,t)  M(z,y,t)

for all z,y € X, ¢t > 0 and some S € [0, %), is an A-fuzzy contraction. We have

M zl Ut -1 M :El,y,t -1 M JLl z,t -1 M y,l u.t -1
[T etsds <a ( [T etsgas, [T p(sgas, [T so(s)ds)
0 0 0 0

[ ST S— ]
M(fz,x,t) ' M(z,y,t)
=f max {/ ’ p(s)ds,
0

1 1 1 1
MGeen T MGyen 2 MGy T Meen 2
p(s)ds, p(s)ds ¢,
0 0
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which is satisfied for all z,y € X, t > 0 and some g € [0, %)
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