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Abstract. In this paper, we prove Jensen’s operator inequality for an h-convex function and
we point out the results for classes of continuous fields of operators. Also, some generalizations
of Jensen’s operator inequality and some properties of the h-convex function are given.
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1. Introduction

Inequalities play an important role in almost all branches of mathematics as well
as in other areas of science. Convex functions have received considerable attention in
the literature due to their applications in many scientific fields, such as mathematical
inequalities, mathematical analysis, and mathematical physics. In the paper, [I0] a large
class of non-negative functions, the so-called h-convex functions are considered. This class
contains several well-known classes of functions such as non-negative convex functions,
s-convex in the second sense [@, B, (1], Godunova-Levin functions [8], and P-functions
[@]. For further details see [I-3, 5].

We fisrt recall here some concepts of h-convexity that are well known in the literature.

Definition 1.1 Let I,J be intervals in R, (0,1) C J, and let A : J — R be a non-
negative function, h # 0. A non-negative function f : I — R is called h-convex if for all
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x,y € I, A€ (0,1), we have

Oz + (1= XNy) <A f(2) +h(1 =) f(y). (1)

If the inequality in () is reversed, then f is said to be h-concave.

Remark 1 It follows from the above definition that if f is a non-zero h-convez (h-
concave) function then h(X) + h(1 —X) = 1 (h(A) + h(1 = X) < 1) for all X € (0,1).

Definition 1.2 A non-negative function h : J — R is said to be a super-multiplicative
function if

h(zy) = h(z)h(y) (2)
for all z,y € J. If inequality (@) is reversed, then h is said to be a submultiplicative

function. If the equality holds in (2), then h is said to be a multiplicative function.

Example 1.3 Let 0 < a < b and h # 0 be a non-negative function such that h(A) > A
for all A € (0,1). Then the function f defined by

ax;ﬁa—%
pr-elor 0 ={30T

is a non-convex function, but it is h-convex. In addition, if A(A) < A for all A € (0,1)
then the function f defined by

b o
a+b
2

f:I=la,b] =R, f(x):{

axr =

is a non-concave function, but it is h-concave. Moreover, if h # 0 is a non-negative
function such that hA(A) > X (resp., h(A) < A), then every convex (resp., concave) function
is h-convex (resp., h-concave).

If h is a super-multiplicative or a submultiplicative function, then some very interesting
results for h-convex functions are arised. For example, we give a simple characterization
of h-convex functions, which is analogous to the characterization of convex functions.

Theorem 1.4 Let h : [0,400) — R be a super-multiplicative function. Let f: I — R
be a h-convex function. Then for z,y,2z € I, x < y < z the following inequality holds:

h(z —x)f(y) < h(z —y)f(x) + h(y —z)f(2). (3)

Moreover, if h is multiplicative then h-convexity f is equivalent to (B).

Proof. Let f be h-convex and z,y,z € I, x < y < z. Then we have

F) = rC—Ze+ V220 < (=) p@) + n(E=2) £(2)

h(z—y) ooy, My—a)
<7h(z_x)f() h(z_x)f( ),
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which imply that (8). To prove the moreover part, suppose z,y € I with x < y and
0 <A< 1 Then z < Az + (1 — A\)y < y and by the assumptions we have

hy—x)f(Az+ (1 =Ny) <h(y—Az— (1 =Ny) f(z) +h(Az+ (1 =Ny —2)f(y)

and

h(y —2)f(Az+ (1= Ny) <h(Ay —2)) f(z) + h((1 = N)(y —2)) f(y)-
Thus

h(y —2)f(Az + (1= Ny) < h(y — 2)h(N) f(2) + h(y — 2)h(1 = N f(y).
Dividing both sides of this inequality by h(y — ) completes the proof. ]

Similarly, there is the following characterization of h-concave functions.

Corollary 1.5 Let h: [0,+00) — R be a submultiplicative function and f : I — R be
a h-concave function. Then for x,y,z € I, x < y < z the following inequality holds:

h(z —2)f(y) = h(z —y)f(z) + h(y — ) f(2). (4)

Moreover, if h is multiplicative then h-concavity f is equivalent to ().

We begin with the following variant of Jensen’s inequality which we call the h-Jensen’s
inequality.

Theorem 1.6 Suppose that I,J are intervals in R, (0,1) € J,and h : J — R is a
non-negative super-multiplicative function, h # 0. Let f : I — R be a h-convex function.
n

Then for every z; € I and all ¢; > 0 with > ¢; = 1, we have
i=1

n

F(Qotiws) <Y h(t) (@), neN, n>2 (5)

i=1

If h is submultiplicative and f is h-concave, then inequality (H) is reversed.

Proof. We proceed by induction on n. For n = 2 it is just (0). Now, if (H) holds
n .
for kK = n — 1, then given t; > 0, 2; € I and > t; = 1. Define s; = 1 lt for all

=1 n

1=1,---,n— 1. Then we have

n n—1
Z tiz; = (1 —tp) ( Z si:c,-) + thxn.
i=1 i=1

So applying the h-convexity of f, we have

n—1

FOY_timi) S h(L—ta)f (D siz) + hitn) f(@n).
=1

i=1
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Now, by inductive hypothesis, we have
n n—1
FO - tiws) <h(L—tn) > h(si) f(a) + h(tn) f ()
i=1 i=1

n—1 )
RO t0) 3 g )+ ) o) = DR )

Corollary 1.7 Let h # 0 be a non-negative super-multiplicative and let f : I — R be a
h-convex. Then

FEY i) < (h(8) ™MD h(ti) f(x) (6)
=1 =1

n
forall t; > 0, z; € I and 0 # t = Y_ t;. Moreover, if h is submultiplicative and f is
i=1
h-concave, then inequality (B) is reversed.
Corollary 1.8 Let h # 0 be a non-negative super-multiplicative and let f : I — R be a
h-convex. Then

F7tY ) < (h(n)7' Y f(w) (7)
=1 =1

for all n € N, and x; € I. Moreover, if h is submultiplicative and f is h-concave, then
inequality (@) is reversed.

2. h-Jensen’s operator inequality

In what follows, A and B are C*-algebras. We denote by Ay, the real subspace of all
self-adjoint elements in A and by A, the set of all positive elements in A. Here the
symbol 14 denotes the identity operator in A. We write x € Ay (x > 0) to mean that
x € Ap, and Sp(z) C [0, 4+00). If x —y > 0, then we write > y. A linear map ¢ : A — B
is positive if ®(x) > 0 whenever = > 0. It is said to be unital if ®(14) = 1p. For a
real-valued function f of a real variable and a self-adjoint element = € Aj, the value
f(x) is understood by means of the functional calculus for self-adjoint operators.

Definition 2.1 A non-negative continuous function f : I — R is said to be operator
h-convex if

FOA+ (1 =)B) <h(A)f(A) +h(1 =N f(B) (8)

holds for each A € [0,1] and every pair of self-adjoint operators A and B acting on an
infinite dimensional Hilbert space ‘H with spectra in I. If the inequality in (B) is reversed,
then f is said to be operator h-concave.

The following example shows that if a function is convex, there is no guarantee that
it is an operator h-convex.
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Exzample 2.2 Let h(t) = t* on [0,1] and f(t) = > on [0, +00). Then the function f is
convex but is not operator h-convex. To see this, let

11 31
A—<11> and B—<11>.

) =B - (550

_1(61
—8\10)"

The following theorem shows a generalization of Jensen’s operator inequality for the
h-convex functions.

Then we have

M) F(A) + h()FB) ~ £

which is not positive.

Theorem 2.3 Let I be an interval such that 0 € I and let f : I — R be an operator
h-convex function with f(0) < 0. Then f(A*XA) < 2h(3)A*f(X)A for all A € B(H)
with [|A|| < 1 and all self-adjoint operator X € B(#) with spectrum in I.

Proof. Define the operators Y, U,V on H @& H as follows:

X0 A B A-B
v=(00) ve(E k) ve(eh)

1

where B = (1 - AA*) 2 and C = (1 — A*A) é. Then U and V are unitaries and we obtain

YU — (A XAA XB)) VYV = < A*XA—A XB>‘

BXA BXB —BXA BXB

Now, from the operator h-convexity f we have
fA*X A) 0 B A*XA 0 Py . 1.,
( o smxpy) =10 Bxp)=IGUYULZVYYV)
1

< I UYT) + B FVYY)

= W)U FV)U + )V f(V)V

= h(5)U" (f(g() f(g))U+h(;)V* <f(X) 0 >V

o (f(g() 8) v+ v (f(X) 0) v

N
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Corollary 2.4 Suppose that all assumptions of Theorem P=3 hold. Then
1
J(A*XA+ B*YB) < 2h(§) (A*f(X)A+ B*f(Y)B)
for all A, B € B(H) with A*A+ B*B < 1 and all self-adjoint operators X,Y € B(H)
with spectrum in 1.

Proof. Define the operators C, D on H @ H as follows:

AQ X0
CZ(BO) and D:<O Y)'

Then ||C|| € 1 and spectrum D is in I, so by Theoren E=3 we obtain

FA*XA+BYB) 0\ ,[(AXA+BYB 0
0 fo0y) =1 0 0

— §(C*DC) < 2h(%)0*f(D)C

L (A f(X)A+B*f(Y)B 0
_2h(2)< 0 0)'

In particular, we deduce the desired inequality. [ ]

Corollary 2.5 Suppose that all assumptions of Theorem I3 hold. Then

N N
F(S7 ATXiA) < 20(5) SO ATF(X)As, (N €N)
i=1 i=1

N

for all {A;}., C B(H) with > A¥A; < 1 and all self-adjoint operators {A;}}¥, C B(H)
i=1

with spectrum in 1.

Corollary 2.6 Suppose that all assumptions of Theorem =3 hold. Then f(PXP) <
2h(3)Pf(X)P for all projection P € B(H) and each self-adjoint operator X € B(H)
with spectrum in 1.

Corollary 2.7 Let f : I — R be an operator h-convex function with 0 € I, f(0) < 0.
Let A be a C*-algebra, and 7 : A — B(H) be a positive, linear contraction on .A. Then
f(m(z)) < 2n(3)7(f(x)) for each self-adjoint operator = € A with spectrum in I.

Proof. Restricting w to the commutative C*-algebra generated by x. According to Stine-
spring’s decomposition theorem [9], there is a *-homomorphism p : A — B(K) on a
Hilbert space K and an operator A € B(#H,K) with ||A]| < 1 such that n(z) = A*p(z)A
for all x € A. By extending Theorem P23 to this situation (for example by making a
similar argument on H @ K) we obtain

F(r(x)) = £ (A°p(a) A) < 2h(3)A*F (pl)) A = 2h(35)A*p(f(x)) A = 20(3)m (£ ()

for all self-adjoint operator = € A. u



S. S. Hashemi Karoues et al. / J. Linear. Topological. Algebra. 11(02) (2022) 77-83. 83

Suppose that € is a locally compact Hausdorff space and p is a positive Radon measure
on 2. Recall that a map ¢ : Q — B(A, B) is called a field of positive linear operators if
®(t)(z) > 0 whenever > 0 and t € 2, where B(A, B) is the space of all bounded linear
operators from A to another C*-algebra B. We say that such a field is continuous if the
function ¢ — ®(t)(z) is continuous for all x € A. If the C*-algebras are unital and the
function t — ®(¢)(1.4) is integrable with integral 15, we say that ® is unital.

Theorem 2.8 Let f : I — R be an operator h-convex function with 0 € I, f(0) < 0.
Let A and B be unital C*-algebras. If ® : Q — B(A, B) is an unital field of positive
linear operators defined on a locally compact Hausdorff space €2 with a bounded Radon
measure p, then the inequality

7 /Q B ((O)dn(t)) < 20(3) [ SO C(O)du(t)

Q

holds for all bounded continuous field x : © — A of self-adjoint elements in A with
spectra contained in I.

Proof. We first note that the function ¢t — ®(¢)(x(t)) is continuous and bounded, hence
integrable with respect to the bounded Radon measure u. Let C(£2,.A) be the C*-algebra
of bounded functions on Q with values in A. A self-adjoint element x € C(Q,.A) has
spectra in I if for every ¢ € ) the self-adjoint element y(¢) € A has spectra contained in
I. In this case we write f(x)(t) = f(x(t)). Define the mapping

T CQA) =B, w(x) = /ch(t)(x(t))du(t), Yy € C(Q, A).

Then 7 is an unital positive linear map and by corollary 24 we obtain

1 1

£ #O00)n®) = Fr00) < MG 00) = 20(5) [ SO ()t
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