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Abstract. In this paper, by using the sequence of multipliers, we introduce frames with
algebraic bounds in Hilbert pro-C*-modules. We investigate the relations between frames
and *-frames. Some properties of *-frames in Hilbert pro-C*-modules are studied. Also, we
show that there exist two differences between *-frames in Hilbert pro-C*-modules and Hilbert
C”-modules. Finally, dual *-frames in Hilbert pro-C*-modules are presented.
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1. Introduction

Frames in Hilbert spaces introduced by Duffin and Schaffer [5] in 1952, to deal with
some problems in the nonharmonic Fourier series. In 1986, Daubechies et al. [4] reintro-
duced them. By using the sequence of bounded linear operators instead the sequence of
element in Hilbert space, many generalizations of frames were presented, e.g. the fusion
frames by Casazza et al. [3] and g-frames by Sun [15].

In 2000, Frank and Larson [6, 7] introduced the concept of frames in Hilbert C*-
modules as a generalization of frames in Hilbert spaces. Han et al. [9] and Jing [10]
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continued these generalizations. Later, Zhuraev and Sharipov [16] considered pro-C*-
algebras which the topology is determined by a directed family of C*-seminormes and
introduced Hilbert module over pro-C*-algebras.

Raeburn and Thompson [14] showed that every Hilbert C*-module countably gen-
erated in the multiplier module admits a frame of multipliers. In 2008, Joita [12] re-
considered ideas Raeburn and Thompson in Hilbert modules over pro-C*-algebras and
proposed frames of multipliers in Hilbert pro-C*-modules. The notion of *-frames in
Hilbert C*-modules was recently presented by Alijani and Dehghan [1].

In this paper, we introduce *-frames in Hilbert modules over pro-C*-algebras and
investigate some results for these frames. The paper is organized as follows: in section 2,
we recall some facts about pro-C*-algebras and Hilbert modules over pro-C*-algebras.
In section 3, *-frames and examples are introduced. Later, we investigate the pre-*-
frame operator and the x-frame operator for standard *-frames, and study some of their
important properties. Finally, the dual x-frames are surveyed.

Throughout this manuscript, let A be a unital pro-C*-algebra with respect to the fam-
ily of continuous C*-seminorms p = {p)}rea and E, F' be finitely or countably generated
Hilbert A-modules. Also, we use I, J to denote finite or countably infinite index sets.

2. Preliminaries

In this section, we recall some of the basic definitions and properties of pro-C*-algebras
and Hilbert modules over pro-C*-algebras.

Definition 2.1 [11] A pro-C*-algebra is a complete Hausdorff complex topological -
algebra A whose topology is determined by its continuous C*-seminorms in the sense
that a net {a)} converges to 0 iff p (a)) — 0 for any continuous C*-seminorm p on A
and we have:

(1) p(ab) < p(a)p(b),
(2) p(a*a) = p(a)?

for all C*-seminorm p on A and a,b € A.
Example 2.2 [11] Every C*-algebra is a pro-C*-algebra.

The set of all continuous C*-seminorms on A is denoted by S(A). An element a € A
is bounded if sup{p(a); p € S(A)} < co. The set of all bounded elements in A is denoted
by b(A). Let A be a unitary pro-C*-algebra and a € A. Then nonzero element a is called
strictly nonzero if zero doesn’t belong to o(a).

Definition 2.3 [12] Let A be a pro-C*-algebra. A pre-Hilbert .A-module is a complex
vector space F which is also a right A-module, compatible with the complex algebra
structure, equipped with an A-valued inner product (.,.) : E x E — A which is C-and
A-linear in its second variable and satisfies the following conditions:

(i) (@, 9)" = (y,2);
(ii) (z,2) > 0;
(iii) (z,z) =0iff x =0

for every z,y € E.

We say that F is a Hilbert A-module (or Hilbert pro-C*-module over A ) if E is
complete with respect to the topology determined by the family of seminorms pg(z) =

Vp({(z,z)) for x € E and p € S(A).
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Let E be a pre-Hilbert A-module. For every p € S(A) and for all z,y € E, the following
Cauchy-Schwarz inequality [11] holds

p((z,9))* < p((z,2))p((y, v)).

Definition 2.4 [11] Let E and F be two Hilbert .A-modules over pro-C*-algebra A. An
A-module map T : E — F is called bounded if for all p € S(A), there is C, > 0 such
that pp(Tx) < Cppg(x) for all x € E.

A bounded A-module map from E to F is called an operator from F to F, and it is
adjointable if there is a map T* : F' — E such that (T'z,y) = (x,T*y) forallx € E, y € F.
Every adjointable map is bounded .A-module map. The set of all adjointable maps from
E to F is denoted by L(E, F) and we write L(E) for L(E, E) [12].

An element T' € L(E, F) is bounded in L(E, F) if (sup{pr(g,r(T);p € S(A)} < 0).
The set of all bounded elements in L(E, F') is denoted by b(L(E, F')).

Definition 2.5 [8] Let A be a pro-C*-algebra and E, F' be two Hilbert .A-modules. Then
the operator T': E — F' is called uniformly bounded (below), if there exists C' > 0 such
that for each p € S(A),

pr(Tx) < Cpg(x), forall x € FE,

<
_ _ (1)
(pr(Tx) > Cpg(x), forall x € E)

The number C in (1) is called an upper bound for T'. Set

|T||oo = inf{C : C' is an upper bound for T},
pr(T) = sup{pp(T'(z)) : x € E, pg(r) <1}

Clearly, we have p(T') < ||T||oo for all p € S(A).

In [12], the Hilbert M (A)-module L(A, E) is called the multiplier module of E and it is
denoted by M(E). For all h € M(E) and x € E, we have (h, z)y(g) = h*(v). Moreover,
if a € Aand h € M(E), then h.a can be identified by h(a).

A Hilbert A-module E is countably generated if there is a countable set {z}, in E
such that the submodule of E generated by {zna; a € A,n=1,2,...} is dense in E.

The set H4 of all sequences (a,), with a, € A such that > a)a, convergent in A is
a Hilbert A-module with inner product ((an),,, (bn),) 5, = >, a5nbn-

Definition 2.6 [12] Let E be a Hilbert pro-C*-module. The sequence {hj,}, in
M(E) is called a standard frame of multipliers in E if for each « € E, the series
22 (@, hn) vy (P, ) py gy converges in A and there exist two positive constants C' and

l% such that

for all z € E.

3. =*x-Frames

In this section, we introduce standard *-frame of multipliers in Hilbert .A-module F
and investigate examples of standard *x-frames.
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Definition 3.1 Let E be a Hilbert pro-C*-module. The sequence {h,}, in M(E)
we call a standard *-frame of multipliers for E if for each x € FE, the series
> (@ ha) ay () (Bns @) )y 18 convergent in A and there exist two strictly nonzero elements

C and D in A such that

n

for all x € E.

If A\ = C = D, then standard *-frame {h;};c; of multipliers is called a standard A\-tight
«-frame. If {h;};c; possesses an upper *-frame bound, but not necessarily a lower *-frame
bound, we call it standard x-Bessel sequence of multipliers for F.

Remark 1 FEvery standard frame of multipliers in E with bounds C and D is a standard
x-frame of multipliers in E with A-valued %-frame bounds (v/C)14 and (v/D)1 4.

Example 3.2 Let Hy4 be a Hilbert A-module with the following operations:

vy = {myitien, o = {Ti}iew, (i} {ui}) =D fui,

1€N

pr(z) = (p((@,2)y ))2, Vo= {zitien, y={yitien.

Let J = N and define {f;}jc; € Ha by f; = {fij}ieN such that

; 1qi= .
fiz{ iz Vien

We observe that
{oids fid i Az g, = Tjlalaz; = Tjz;.

Also,

Z< f])HA fis ) Z%IJ

jedJ jedJ

So {fj}jes € Hy is a standard normalized *-frame.

Exzample 3.3 Let H 4 be a Hilbert A-module. Then L(A, H4) is L(A)-module with the
following operations:

wv = {uvitien, U= {Uitien, ({ui}, {vi}) : Z“l Vi s

€N

() = (p((uyu)y ))?, ¥ u={utien, v={vi}ien.

Let J = N and define h; € L(A, H4) by h; = {h}}ien such that

; LCla)i=j )
hg(a):{<“ 0A>§7§§,, Vj €N,
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where C' is constant.

p(3_ 1 (@) (a)) = p(i(@)hi(a)) = p({a.CLa) {a.CLa)) = pl({a. CLa))? < o,

which implies that h; is well-defined and adjointable. h} € L(Hy4,A) is obtained by
h% = {h] }ien, as h] ({x;}) = Claz;, and we have

(i} i) agea ey (i LD g = B (@D ({ai}) = OLaz; Claa.

So,
Z (@, h5) nr ) s 2D arcm ) = Z ({zitier hj>M(HA)<hj’ {xi}ieN>M(HA)
JjeJ jeJ
= ZClAfjij]-A
jeJ
= ClAijl'jCLL\ =Cly <1’,1’>HA Cly.
jEJ

Consequently, {h; }j c7 in M(H 4) is a standard C'14-tight - frame of multipliers in H 4.

4. x-Frames and their properties

In this section, we investigate the pre-kx-frame operator and the x-frame operator for
standard *-frames. Then we study some properties of them.

Proposition 4.1 Let the sequence {h;};c; be a standard x-frame of multipliers in E.
Then {<h2; $>M(E)}z€[ S HA

Definition 4.2 Let the sequence {h;};c; be a standard #-frame of multipliers in F,
thus we can define a linear map 1" : B — Hy by T'(z) = {(hi, ) ;g }ier is called the
pre-*-frame operator or *-frame transform for {h;};cr.

Theorem 4.3 Let {h;};c; be a standard *-frame of multipliers in F with lower and upper
x-frame bounds C and D, respectively. Then the pre-x-frame operator T is invertible and
pe.a(T) < p(D).

Proof. Let J be an arbitrary finite subset of I. Using the Cauchy-Schwarz inequality,
for any p € S(A) and {y;},.; € Ha, we have

(P, (T))* = (ﬁHA({<hi7$>M(E)}ieJ))2
= sup { (A {0hss e 1)) P () <1
< s p(({hn @) {2 ad,)) < swp p(udw)

pH 4 ({yi};)<1 P ({yi};)<1

N

P ZieJm<hi’x>M(E))
< p(D)p((a, ) g)p(D7)

(p(D))* (P ())*.
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This shows py , (Tx) < p(D)pg(z) for all x € E, so T is well-defined, bounded and

pemL(T) < p(D). Since (T'z,Tx)p = 32 (x, hn) gy (hn, @) pp ) for each z € E, we
n

observe that
Clx,z) ,C* < (Tx,Tx)p < D(z,x)pD".

Suppose that x € ¥ and Tx = 0. Thus, x = 0 and T is invertible. |

Proposition 4.4 Let {h;};c; be a sequence in M (F). Suppose that
Q : @ = {(hi, )y (g tier 1s an invertible element in b(L(E, Ha)). Then {hi}tics is a
standard *-frame of multipliers in E.

Proof. Let the sequence {a;}icr be in H4. We can write
({aihier, Q@) = ({aihier {his@)army ey )
= @i(hi, x) py

el

= <Z hiai,x> .
il E

This shows Q*({ai},c;) = > hia;. Moreover, Q* is an invertible element in b(L(H 4, E)).
i€l

Define U := Q*Q. Hence, U and Uz are positive and invertible clements in b(L(E)). As

see in the [11], we have

Hu

_1]1—2
o=

1 1 1 2
(@, ) p < <U51‘,U5:L‘>E < HUE . (@, ) p.

[e.e]

Since (Qz,Qx)p = > (=, hi>M(E)(hi, x)M(E), series is convergent in A and
el

-1 1

([0 | ro@@p([o2]| 107 <D @i (i 2hae
icl
< (o3| 1ot p|U] 14
So {h;}ier is a standard #-frame of multipliers in E. [ ]

We define the synthesis operator for s-frame {h;};c; as follows:
T . H_A — F R T*({al}) = Z hzaz
1€l
Definition 4.5 Let the sequence {h;}icr in M(E) be a standard *-frame of multipliers

in F with pre-x-frame operator T. The x-frame operator S : E — F is defined by
Se=T"Tx =} cphi (hi, @) -

Remark 2 Let {h;}icr is a standard x-frame of multipliers in E with lower and upper
x-frame bounds C' and D, respectively. Then

C(x,x)p C* < (Sz,z)p < D (x,x) D*
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forallx e F.

Theorem 4.6 Let the sequence {h;}c; in M(E) be a standard *-frame of multipliers
in E with *frame operator .S, lower and upper *-frame bounds C and D, respectively.
Then the following holds:

i. S is invertible, positive and self-adjoint operator.
ii. (p(C~1))72 < pr(S) < (p(D))? and C*CIp < S < D*DIg.
Proof. i. Suppose that Sz = 0 for any = in E. By Remark 2 we observe that (z,z);, =0,
which implies S is invertible. Since S = T*T and (Sz,z), = (Tz,Tx)p, S is positive
and self-adjoint operator.

ii. Let J be an arbitrary finite subset of I. Using Cauchy-Schwarz inequality and for
any p € S(A), we have

2 2

ﬁE(Zhj<hjax>M(E)) = sup P(<Zhj<hja$>M(E)vy>)

jeJ pr(y)<l jeJ

=< sup P(Z<x7hj>M(E)<hj’y>M(E))
pe(W)SL ey

N

P(z (z, hj>M(E)<hj’ ‘r>M(E))

jeJ

X sup P(Z (y, hj>M(E)<hj>y>M(E))
pe(y)<1 jeJ

< s (D) D)D) D)

< (p(D)) (pr(x))*.

So {> hj(hj,x) M( E)}n is a cauchy sequence in Hilbert pro-C*-module E and the series
j=1

> hj(hj, x) M(p) 18 p-convergent in E, which means S is well-define. The above proof
J€J
for J = N shows that

Pe(S@) = (pe(X2 _ hslhint) ) < (D) (Pl

jed

Furthermore, () (o(C 1))~ < (S(x)). Hence, (o(C~1))~2 < p(S) < (p(D))*. By
Remark 2, CC*Ig < S < DD*Ig. [ ]

>

In [1], the authors showed that every x-frame in Hilbert C*-modules can be studied
as frame with different bounds. But, in Hilbert pro-C*-modules, we have the following
different result.

Proposition 4.7 Let the sequence {h;};c; in M (FE) be a standard #-frame of multipliers
for E with *-frame bounds in b(.A). Then {h;};cs is a standard frame of multipliers in F
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) L2
and HSE
o

with lower and upper frame bounds HS =)
Proof. Since {hi}ics is a standard *-frame of multipliers for E, > (., hi) pr ) (hi> @) 0y ()
is convergent in A for all x € E. By Theorem 4.6, S 2 is invertilloelé and positive operator
and there are C, D in b(.A) such that

C(x,z)C* < <S§x,Séx> < D (z,z) D*.

So, for each z in F, EHA(S%) < p(D)pp(z) and p(S=) < p(D). Since D € b(A), 5% €
b(L(E)). According to [12], we have

_1]1—2
5%

In [1], the authors showed that for every x-frame in Hilbert C*-modules, pre-+-frame
operator 7' is closed rang and T is surjective. In Hilbert pro-C*-modules, by Proposition
2.13 in [8], and Proposition 2.2 and Theorem 2.5 in [2], we have the following useful result
that this is different by similar Theorem in Hilbert C*-modules.

Remark 3 Let E be a Hilbert pro-C*-module. If {h;}icr is a standard x-frame with lower
and upper *-frame bounds C' and D in b(A), then pre-x-frame operator T is closed rang
and T™* is surjective.

Proposition 4.8 Let the sequence {h;};cs be a standard *-frame in M (E). If there exists
an invertible map V € b(L(E, F)), then {Voh;},cs is a standard *-frame of multipliers
for F.

Proof. Let J be an arbitrary finite subset of I. Since {h;};cs is a standard *-frame of
multipliers for F with *-frame bounds C' and D for any y € F, we have:

> W V) aiey Vhis ) asey = D VY i) gy (i V) aa iy
icJ icJ

So > (y, Vhi>M(F)<Vhi, y}M(F) is convergent in A. We have

el
(V*y,Viy)y <C1Y (V )i V) ariC*
i€l
_C 12 y,Vh F) Vhl, >M(F)C*71
1€l
similarly,

Z (v, th‘>M(F) (Vhi, y>M(F) < D(V'y, V') gD
i€l

Since V* is an invertible element in b(L(F, E)) by [[13], 2.8], then

—2
(y,y) < (V*y, Vi) < |[VFII2 (9, y) -

1

LN
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We conclude that

1

HV*% :C<y7y>F(HV*71

C) <> (W VA prey (Vi W) as oy
iel

<Vl Dy w) p IV o D)

Theorem 4.9 Suppose that sequence {h;}icr in M(FE) is a standard *-frame of multi-
pliers in F with #-frame bounds C and D respectively. Then the following holds:

i The sequence {S71h;}icr is a standard *-frame of multipliers in E with *-frame bounds
~land C71, respectively Also (D*)_ID_IIE <SSt (e o,

ii. The equality x = Z hi (S™1h;, x> Z S—1h; (hi, @) pr(py 1s valid for every z € E
and S is the umque operator with thls property
Proof. i. Let x be an arbitrary element in FE. Then

<S_1x,x>E = <S_1x,SS_ a: Z<S x, h <hZ,S J:>

el

. . 71 o 1 1 71 . . .
Similarly, <ac, S x>E E <S x, h; >M(E) <hz,5’ >M(E). Hence, S™" is self-adjoint.
Since {h;};cs is standard #-frame of multipliers, we have

C (S 'z, 57 '2), C* < ; (87, hi) ) <hi,S_1:U>M(E) =(S7'z,2) .
This shows that S~! is positive operator and

(2,57 @)y = (57w, hi) <hi,5_1:c>M(E)gD(S‘lx,S_1x>ED*,

el

which implies for all z € E
D Y (S e ) (D)< (ST e, ST ), < CTH(S T e 1) (CF)

So DY (D*)71sTt < (ST < O~ (C’*)_IS_I. Since S is positive operator,
D YD*) g < St < CHC*) . For all z € E, we have

DYz, x), (D*)7! < Z <S’_1m,hi>M(E)<hi,S_1x>M(E) <O N, 2), (07
iel

Consequently {S~1h;}icr is a standard *-frame of multipliers in E.
ii. For every x € E, we have:

Zh S~ hi, ) M(E),

el

v =8"1(Sx) =Y S hilhi, )y

el
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Suppose that 6 € L(E) is an invertible positive operator such that for every x € E,
r=> hi<0_1hi, a:>M(E). Then

el

© = L hi0 hisw) gy = 2 hilhi, (071 2) 3y ) = S0 1)'2,

which implies that S(§~!)* = Ir. By tacking adjoints on both sides, we get 715 = I,
and hence 6 = S. |

The sequence {S~1'h;}ics is called the canonical standard #-frame of multipliers of
{hitier
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