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Abstract. In 1897, Hensel introduced a normed space which does not have the Archimedean
property. During the last three decades theory of non—Archimedean spaces has gained the
interest of physicists for their research in particular in problems coming from quantum
physics, p—adic strings and superstrings. In this paper, we prove the generalized Hyers—
Ulam—Rassias stability for a system of additive, quadratic and cubic functional equations in
non—Archimedean normed spaces.
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1. Introduction and preliminaries

A classical question in the theory of functional equations is the following: “When is it
true that a function, which approximately satisfies a functional equation £ must be close
to an exact solution of £” If the problem accepts a solution?, we say that the equation
€ is stable. Such a problem was formulated by Ulam [23] in 1940 and solved in the next
year for the Cauchy functional equation by Hyers [11]. It gave rise the stability theory for
functional equations. Hyers’ theorem was generalized by Rassias [21] for linear mappings
by considering an unbounded Cauchy difference. In 1994, a generalization of the Rassias
theorem was obtained by Gavruta [9] by replacing the unbounded Cauchy difference by
a general control function in the spirit of Rassias approach (also, see [8, 16]).
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The functional equation

flx+y)+ flx—y)=2f(x) +2f(y) (1)

is related to a symmetric bi—additive function [1, 15]. It is natural that this equation
is called a quadratic functional equation. In particular, every solution of the quadratic
equation (1) is said to be a quadratic function. It is well known that a function f : X — Y
where X and Y are real vector spaces, is quadratic if and only if there exists a unique
symmetric bi—additive function B such that f(z) = B(z,z) for all . The bi—additive
function B is given by B(z,y) = 1(f(z +y) — f(z — y)).

The Hyers—Ulam stability problem for the quadratic functional equation was solved
by Skof [22]. Czerwik[4] proved the Hyers-Ulam-Rassias stability of the equation (1).
Later, Jung [14] generalized the results obtained by Skof and Czerwik. Eshaghi Gordji
and Khodaei [7] obtained the general solution and the generalized Hyers—Ulam—Rassias
stability of the following quadratic functional equation for a,b € Z\{0} with a # +1, +b,

flaz +by) + flaz —by) = 2a* f(x) + 26" f(y). (2)

Jun and Kim [12] introduced the following cubic functional equation

fQRrx+y)+ f2r—y) =2f(z +y) +2f(x —y) + 12f(z) (3)

and proved the general solution and the generalized Hyers—Ulam—Rassias stability of
the functional equation (3). They proved that a function f : X — Y, where X and YV
are real vector spaces, is a solution of (3) if and only if there exists a unique function
C: XxXxX — Y suchthat f(x) = C(z,x,z) for all x € X. Moreover, C' is symmetric
for each fixed one variable and is additive for fixed two variables. The function C' is given
by C(x,y,2) = g5 (fx +y+2) + fle —y —2) = f(x +y —2) — f(x —y + 2)) for all
r,y,z € X. Obviously, the function f(x) = ca?® satisfies the functional equation (3),
which is called the cubic functional equation. Jun et al. [13] investigated the solution
and the Hyers-Ulam stability for the cubic functional equation

flaz +by) + f(az — by) = ab®(f(z +y) + f(z — y)) + 2a(a® — b?) f(z),

where a,b € Z\{0} with a # £1, +b.

In 1897, Hensel [10] has introduced a normed space which does not have the
Archimedean property. During the last three decades theory of non—Archimedean spaces
has gained the interest of physicists for their research in particular in problems coming
from quantum physics, p—adic strings and superstrings [17]. Although many results in the
classical normed space theory have a non—Archimedean counterpart, but their proofs are
essentially different and require an entirely new kind of intuition [2, 5, 6, 8, 18, 20, 24].

Let K be a field. A non—Archimedean absolute value on K is a function |- |: K — R
such that for any a,b € K we have

(7) |a| = 0 and equality holds if and only if a = 0,
(ii) |abl = |al[b],
(i17) |a + b| < max{]al, |b|}.

The condition (ii7) is called the strict triangle inequality. By (ii), we have |1| = |—1| = 1.

Thus, by induction, it follows from (7i7) that [n| < 1 for each integer n. We always assume

in addition that | - | is non trivial, i.e., that there is an a¢ € K such that |ag| & {0, 1}.
Let X be a linear space over a scalar field K with a non—Archimedean non—trivial
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valuation | - |. A function || - || : X — R is a non—Archimedean norm (valuation) if it
satisfies the following conditions:

(NA1) |lz|| = 0 if and only if x = 0;
(NA2) |rz|| = |r|||z|| for all » € K and z € X
(NA3) the strong triangle inequality (ultrametric); namely, ||z+y| < max{||z|, |ly||} (z,y € X).

Then (X, | -||) is called a non-Archimedean normed space.

It follows from (N A3) that ||z, — || < max{||z)41 — )| : I <7< m—1} withm > [
Therefore, a sequence {z,} is Cauchy in X if and only if {x;,11 — =, } converges to zero
in a non—Archimedean normed space. If each Cauchy sequence is convergent, then the
non—Archimedean normed space is said to be complete and is called non—Archimedean
Banach space.

In mathematics, especially in the field of group theory, a divisible group is an abelian
group in which every element can, in some sense, be divided by positive integers, or
more accurately, every element is an nth multiple for each positive integer n. Let n be a
positive integer and G an abelian group. An element x € G is said to be divisible by n if
there is y € GG such that z = ny. An abelian group G is divisible if and only if for every

positive integer n and every g in G, there exists y in G such that ny = g.

Throughout this paper, unless otherwise explicitly stated, we assume that
i, 7, k,m,n,p,s,t € NU{0} with 1 <i<s<j<t<k<n,X beanon-Archimedean
Banach space and G be a divisible group with the identity element 0. Also, let f : G" — X
be a function. We consider the following generalized system of additive, quadratic and
cubic functional equations:

flarzy + biyr, xo, ooy ) = a1 f(x1, oy Tn) + 01f (Y1, T2, ooy ),

f(zla vy Ts_1,05Ts + bsy57xs+17 7In) =

s f(T1, ey @n) + 05 F(X1y ooy Ts—1, Ysy Tsp1y ooey T,

(@1, @5, Q5410551 + Ds1Ys 15 T2, s Tn) + [(T1 000y Ts, Qs 41T 541 — Ds1Ys415 T4 2, -y Tn)
2a§+1f(x17 7xn) + 2b§+1f(x1, s Loy Ys+15, Ts+25 ~-~a$n)a

flxr, ey i1, aee + by, Tpg1y ooy Tn) + f(T1, ooy Te—1, Qey — bilYp, Tg1,y ey Ty) =

202 f (21, 0oy Tp) + 202 F(T1, ooy Tt 15 Yty Th 1y ey T ),

F(@1, s Ty @11 + e 1Yer1, Te 2,y oo, Tn) + (215000 Toy Qe 1Te41 — De1Ye41, T2, ooy Tn)) =
at+1b%+1(f(x1, ey T Tt ]+ Y1y Tty oeey T )+

f(@1, oy @y, Tpp1 — Ypa1, Tpa2y ooey Tp)) + 2at+1(a§+1 — b§+1)f(m1, ey T,

f(zla ey Tn—1, AnTnp + bnyn) + f(zla ey Tn—1, AnTp — bnyn) =
anb? (f(21, ey T 1, Tp + Yn) + (1, oy 1, T — Yn)) + 2an (a2 — b2) f(21, ..y 20),

for all x;,y; € G and a;,b; € Z\ {0}, i = 1,....,n, and a; # +1,£b; , i =t +1,....n.
In this paper, we prove the generalized Hyers—Ulam—Rassias stability of system (4) in
non—Archimedean Banach spaces.

2. Main results

We prove the following main result, which can be regarded as an extension of the main
results of Park [19] and Cieplinski [3].
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Theorem 2.1 Let ¢; : G** — [0,00) be a function such that

limm*)oo m t— 2m 2m ,3m 3
[2smaT . .amd(E=s)ma2m, a adm|

ai™agly ...

@i(2mainx17 Y1y -eey 2maﬁ1xi717 Yi—1, 2ma;mmiv 2ma;nyi7 2mdﬁ1£i+1a Yi+1

PREES) 27na;nxt7 Yt, aﬁlxt+17 Yt41y ey GZL!L'”, y’n) = 07 (5)
1

limy;,— 00 |25ma”in_“a;n4(tfs)ma§ibl___a%m,agrl_“a%m
m,m m,m m
on(2 ay m17y17"'72 ay $t7yt7at+1xt+17yt+1

3 ceey a;gn_lxk—h Yk—1, G/ZLI]C, a?ylw azn.i,.lxk-‘rh Yk+1y -+ G/ZLJ)’,“ yn> = 0,

fori e {1,....,t} and k € {t + 1,...,n}. Also assume that

1
lim max { max{
m—ro0 m t— 2m 2m 3(m+1) 3(7"""1) 3m 3
25mat . apAt=sIma2m, | a?m2a,) T ay ap’ly...aym|
m . m m_m m+1
@k(2 al xlaylu“'a2 at xtaytaat+1 Tt41y Yt41y ey
m—+1 . —
a‘k—l ‘rkflvykflaa;cnxkn 07 a;cn+1xk+17yk+17 ~~~7anmxnvyn) t k=t + 17 ceey TL},
1 1

max{

3 3 ' 2(m+1) 2(m+1

laiy,..ap |ZSmaT...a?4ﬂ—s+(t—s)masg_n;+ )...aj(m+ )aifl...afmai’fl...aﬁﬂ
6

2m+1am+1 ., 2m+1am+1 ( )

m,.m m,m m . m
(pj(2 aq xl,yl,...,Z as TsyYs, s+1 Ls+1yYs+1,-- -1 Ij_l,yj_l,Q CLj ZZ?]‘,

m_m m_m m_m m—+1 m—+1 o
2 aj xj72 aj+1xj+17yj+l7"'72 Ap Tty Yty Qpy 1 Tt41, Yt41y o0 Ay xnvyn) ) *8+17"'7t},

1 ( 1
max
t—s,2 2,3 3 i m+1 m+1 - 2 2m 3
[4t=sa2 .. .afa} ,...a3| |20tsma T e T el a4 Oma2 T i e L adm
m—+1_m+1 m—+1_m+1 m._m m_m m_m m_m
@1(2 ay Z‘1ay17"'72 a;_1 xi—layi—laQ a; 331‘,2 a; 1'1‘72 ai+1xi+17yi+17"'72 Qg Ts,
m+1_m-+1 m+1_m+1 m+1 m+1 R _
Ys, 2 Qi1 Ts+15Ys+1, by 2 Ay Tty Yty Gy Te41s Y41y -0y Ay TpyYn) o 1 =1, 75}} =0,
and

¢<x17y1a~--axn7yn) = lim max{max{
p—00

1

m t— 2m 2mo ,3(m+1) 3(m+1) 3m 3
|25ma. amAt=sima2m, | a2m2a, 1T Lay, aiy ...adm|

m,m m,m
max{ C)Ok(Q ay x15y17"'72 Qg T,

m+1 m+1 m m m . _
Yt, Q41 Tt41,Yt415 - Qg1 Th—1, Yk—1, mkaoaak+1xk+1;yk+lv ey Ay xnayn) tk=t+ 17 "'7n}a
1 1

max{
3 3 : 2 1 2 1
|at+1"'a’n| |QSmaT...aT4J78+(t75)masim+ ) a.(m+ ) 2m 2m ,3m a%m|

L ea; az’l..ai™aly. -
m_.m m_.m m—+1_m+1 m—+1_m+1 m_m
@i (2" a T, Y1, 2" A Ts, Ys, 27T AT Tty Yss - 27T A X1, Y51, 27 A g,

m_m m,m m,m m+1 m+1 R
2 a; $]72 Ai41T5+15 Yj+1, ey 2 Ay Tty Yty Qp g1 Lt41, Ytt1y o0 Ay x'nmyn) ty=s+ 1, "'>t}7
1 1

max{
t—s 2 2.3 3 i ¢ m—+1 m—+1 .y 2 2 3
[4=5aZ ...afa),...a3 |2sma* T La] a?}rl...agnll(t mait aFm ey ..adm|

+1 _m+41 +1 _m+1 +1 _m+1
807,(2m (1,1 xl;ylv"'72m ai_l mi*layifla2ma;nxi72maﬁ1xi+layi+la"'a2ma';nxsaysv2m a5+1 Ts41,

+1, m+1 m+1 +1 sl = =
y8+17"'72m at xtvytaat+1 $t+1»yt+17-~-7ag xnuyn) °7’_17"'78}}7m_0717"'7p} < oo,
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for all z;,y; € G and a;,b; € Z\ {0}, i = 1,....,n. Let f : G — X be a mapping
satisfying

||f(a1$1 + b1y17x27 7xn) - alf(xla x2, ,.’En)_
blf(y17m27 7:671)” < <P1($17Z~/175U2a92a "'7l‘n7yn>7

(1,22, s Ts—1,Q5Ts + sYsy Tst1y -y Tny) — As f(T1, T2y eeey Ty ) —
bsf('Tl,xQ, vy Ts—1,Ysy Ts+1, 7xn)” < 508(:171’ Y1, T2, Y2, "'7xn7yn)a

| f(21, 22,0y Ts, Qs 18541 + Dsg1Ys i1, Toga, oo, Tn)+

J(x1, 22, 0 T, Q11541 — Do 1¥Yst15 Tog2y s Tn) — 2a§+1f(:c17x2, vy Ty ) —
2b§+1f(x1,x27 vy Tsy Ys415 Ls425 -y mn)” < L)08-&-1(3317ylavayQa 2] xnayn)v

[ f(x1, 20, s i1, 1Tt + Drys, Tea1y ooy T )+

F@y, @0y ey Ty 1, Qe — b, Tii1y ooy Ty) — 202 f (21, T2y ey T) — (8)
202 f (X1, T2,y ooy Tt 1, Yty Tt 1y s Tr) || < 08 (T1, Y15 T2, Y2, oy Ty Y )

I|f(z1, 20, s Tty Q1 Te 41 4 Do 1Ys41, Tog 2,y oy T )+

f(l‘l,mg, ey Ly A4 1Tt41 — bt+1yt+1,xt+2, ,xn)

—at+1bf+1(f(1:1,x2, ey Tty L1 + Yt+1, LTt42, ,LEn)—F

J(@1, @2, 0y T, Tip1 — Yeg1, Teg2, s Tn))

—2at+1(af+1 — b?+1)f($1,x2, vory Tl < @41 (T1, Y1, T2, Y2y ooy Ty Yn ),

||f($1a T2y ey L1, ATy + bnyn) + f(l‘l,xg, vy Tp—1,AnTn — bnyn)_
anb%(f(xlvx% ey Tp—1, Ty + yn) + f(xly T2y ey Tn—1,Tpn — yn))_
2an(a% - bi)f($1,l’27 71',”)H g Qon(xlvthQayQ’ ...,xn,yn),

for all x;,y; € G and a;,b; € Z\ {0}, i = 1,....,n, and a; # +1,£b; , i =t +1,....n.
Assume that f(z1,22,...,2,) = 0 if 2; = 0 for some j = s+ 1,...,t. Then there exists a
unique mapping 7' : G" — X satisfying (4) and

Hf(xla axn) - T(xh 7xn)|| < ‘1’(201,1117 ~~~7mnayn) (9)

for all z;,y;, € G, i=1,...,n.
Proof. Fix i € {1,2,..., s} and consider the following inequality.

Hf(l“l,w, e QT by Ty) — @ f(T1, T2, o, Ty e, ) — bif (@1, T2, 0, Y, ---,%“n)” (10)

g @i(mlayth,y27"'7xn7y’n)'
Putting x; = y; and a; = b; in (10) we get

1 1
2a¢f(x1’x2’ '~-a2a'ixi7 7$n)H < m@i(xhylaanyQ; vy Ly Ty "'7xnayn)'

||f(.1‘1,332, ceey Ly 7'1:771) -

Therefore, one can obtain

1
2i—1a1...ai_1
1

2ia1...ai_1ai

I fQayx1,2a0a, ..., 20, 1Xi—1, Tjy vy Thy)

f(2a1x1, 20,2.%2, cony 2aixi, xiJrl, ceey ZL’n) H

<7|21a P ‘%(201561,%,m,2aif1$if1,yif1,$i,$i,$i+1,yz‘+1,-~~,$myn)~
10 —104
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So, we have

1 1

IIf(x1,x0,...;x0) f(2a1x1,2a0a, ..., 20455, Ts 11,y oy T ) || < max{m(ll)

2%aq...a4
%(2@1%17?41;~~~a2%—1%717%717%7$i7$i+17yi+1»~~~»$myn) D= 1»~~~»8}~

Now, fix j € {s+ 1,5+ 2,...,t} and consider the following inequality.

||f(:1715 L2,y Q5T 5 + b]y]’ ,In) + f(.Tl,IQ, N b]yJ7 ,.In) - za?f(zlaan ,In) (12)
- Qb?f(xl,mQa e Yjs ,l'n)H < @j(xlvyla ey Ly Yjyeeny xnayn)

Putting y; = z; and b; = a; in (12), we get

1 1
Hf(thQa“'axja'“axn)_ 4 Qf(m17x27"'72ajxj?"'7xn)|| < P) @j(xlayla"'axjvxja“'axnayn)'
a; |4a|

Hence,

1

||4j—s—1a2 P J(@1, 0y 0, 2054185415000, 205 1051, L5, T 1,0y Tny)
s+1--051

1

- 4i—5q2 a2 a2 f(xla"'axsa2a5+lxs+1a"'52ajxj7xj+1a---axn)|| <
s41---05 105
1

Ai—sg2 2 2 Sﬁj(zl,yl,~--7Is,ys,2a5+1$s+1,ys+1,-~',2aj—1$j—1,yj—1,
| agyp---07_ 1G5

LjyLjyLjq1sYj4+1y -0y ‘rnvyn)

So, we have

1
Hf(m17x25 7xn) - mf('rl7 ...,x5,2as+1$5+1, "'72atxt7xt+17 7xn)||
agiq---0p
1 (13)
< max{—— O (1, Y15 s Ty Yss 2054105415 Ys 41
X |4‘7 Sangl...a?_la? J ’ bl )8y IS S S 1S ]

"'a2a'j—1xj—17yj—17xjaxjaxj-‘rhyj-ﬁ-la "'axn7yn) : j =5+ 177t}
Now, fix k € {t +1,t+2,...,n} and consider the following inequality

If(x1, ..., apzi + bkYky ooy Tn) + f(T1, oy QT — OkYky ovey Tpy) — akbi(f(xl, ey Tl + Yk, ...,xn814)
+ f(xla ey Tk = Yky ey xn)) - 2ak(ai - bi)f(xla axn)” < (Pk(mla Y1y+y Thy Yky -o-y Ty yn)

Putting y; = 0 in (14) to get

1 1
”.f(xh ooy Ty axn) - 73]“(%1’1'2» oy ATk, 71'?1)" < 7390k(x17y13 ey T, 0, "'7xn7yn)'
@ |2a;|
Therefore, one can obtain
s - —
— = J(X1,...,T¢,Q X ey A1 —1, T X ey L - S e—
a?+1”.a%_1 1y eees bty U1 Lt 41y ooy U —1L k-1 Ly L4119 o0y b a§+1”.ai_1az

1

F(@1y ooy Ty Q1 Tt 1y oy Alo—1Th—1, Ak They Tl 1y ooy )| € =
b b b b b) b b b b n X |2a§+1...a%_1a§;|

Ok (T, Y1y ooy Tty Yty M1 Tt 15 Yot 1y ooy Qb 1Lh—1, Yh—1, Tk, 0, Tl 15 Ykt 15 ++o» Ty Yn)-
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So, we have

1 1
I f(z1,.2p) = 55—

(15, Tty Q1T 41, oy @) || < max|
apyq...

n 2035 ...a}_,a}|

47

(15)

wk(xlayla ey LTy yt>at+1$t+1,yt+1, ey O —1T)—1,Yk—1, ‘rk‘voaxk-‘rl)yk‘-‘rla ~~~7-Tn7yn) . k =t + 17 7”}

By (11), (13) and (15) we get

1
[f(z1, @2, ..., an) — f(2arz1, .., 20¢@, app1Te41, - ann)|l
250,1...a54t*3a§+14.4a%a?+1...a§b
1 1
gmax{”f(‘rlw-»-,mn)*ﬁf((vl,...,Zt,at+1zt+1,...,an:l,‘n)“,”ﬁf‘(iﬂly»-<vzt:at+lzt+1v-<~7anmn)
at+1an at+1.4.an
1
Ty 33 /(@1 s, 205 1115 s 2048, 4414415 -0 Ann) |l
a5+1...atat+1...an
1
I a2 a3 e flx1, o 5,205 41T 5415, 204 T8, A4 L1 T4 415 -, AnTy)
SH1AE A0
! e 2 )
- AL Ty ooy 204 T, At p 1Tt g1y oy An Ty
25a1ma54t_5a§+1ma%af+1.A.ai B s o
<max{max{ﬁwk(wl,yl,~-,CCt,yt,
123 4 -y ail
At 1T 4415 Yl o A — 1Tk —15 Yk —1> ks 0y Tl 1, Ykf 15 s Ty Yn) 1 k=t +1,...,n},
1 1

3 7y max{ = 525 (T1, Y1, s Ty Ys s 2054185415 Y15 - 2051251,
\at+1..,a7L |4 Sagiq--aj_qaj

Yj—1s Ty T Tjhls Yjblseees Tty Yty Gtp1Tt4 15 Ytt1s -, AnTn,Yn) 1 J = s+ 1, ..., t},

1 { 1 2 9
max{— Pi (20121, Y15 205 1T5-1, Yi—1, Tis Ty,
\4t_5a§+1.“a?a%+1“.a%\ |2%ay...a;_1a;|
Tid 1 Yidls oos Ty Ysy) 2054 1T b1y vy 24Tty Ap 1T 415> AnTn) ¢ i=1,~~,s}}~
It follows that
1
I ™™ w1y 2™ @ g @™ Tty s )
ST M t— 2m 2m ,3m 3 1 L t Tt Qe p1Tt41s e Gy Tn
2“”(11 ...u.:g"4( S)maSJrl...at at+1.4.anm
1

N 1 1, (t— 2(m+1 2(m+1) 3 1 3(m+1
2s(m+1) qmFl gmtly(e s)(m+1)a5$vlw+ )mat(m+ )at_(ﬂw ) g3mtD
f(2m+la;n+1zl, .4.,2m+lazn+lzt,amr+llzt+1, 4..,a:;1+lzn)” <

1

max { max{
\25"%11"..4a,'_'3"4(t75)ma§$1 ...a?m2af§r7?+1)4..a3(m+1)a%7+”1 .adm|

Qma:"ﬂ')hytaam+lxt+11.Ut+1a“-1amjlmk—lvyk—lﬂaZkavov AR 1T 15 Ykt ls o Gy @y Yn) k=t 4+ 1,...,n},
t+1 k—1 + + +
! max{ L 0 (2™aT e,
3 3 st (t—s 2(m+1) 2(m+1) o om 3 J 1 ’
|at+1"'an| [28™Malr...a™ 4] s+( ‘“’>""as+1 e ajfl...atmatrl...a%m\
m_m m+1_m+1 m+1_m-+1 m _m
Y1,-2 Ay Ts,Ys, 2 + asJ:rl Tsp1sYstlseens2 + aj:rl Tj—1,Yj—1,2 aj Tj,
m_m m_m m_m m41 m41 .
27a i, 27 T, Y1, s 2 Oy wtvytaat+t Tt Yetts o am T en, yn) 1= s+ 1, ., ),
1 { 1
max
t—sq2 2,3 3 i g1 m+1_m t—s)m 2m 2m ,3m 3
|4 a5+1--»atat+1.“an| |21+Sma1 ceag ai+1..4a§n4( ‘5)’”a5+1. aj at+1...anm|
m41 _m+1 m41_m+1 m _m m _m m m m_m
wi(2mt a" ey, yr,..,2 + ‘17',_+1 Tio1,Yi—1,2 a; 5,27 a; ©i,27 a4 1 Tig1, Yit1, o 2 Qg Ts,
m4+1 _m+1 m41_m+1 m41 m41 .
ys, 2™ GSJ:E Ts41sYstlseer2 + a; + th,ymatfi th+11yt+1,-~,an+ Ty, Yn) 10 = 1,“-73}}7

for all m € NU{0}. It follows from (16) and (6) that the sequence
1

sm ,m mA(t—s)m 2m 2m ,3m 3m
2smagt...a” 4(t=s) agl..amal . ay)

{

er(2™al 1, Y1, e

s

f(2ma71n:c17 cey 2ma;nxt, a?j—lxt—i-la crey CLZL‘T")}

(16)
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is Cauchy. By completeness of X, it is a convergent sequence. Therefore we can define
T:G" = X by

1
T(x1,...,z,) = lim
(@1, 2n) o= 2sma. apAt=sma?m | aZmadT adm (17)

m _m m._.m m m
f@Ma wy, .., 2™ ai Ty, afy 1 Tpyrs s g Ty,

for all z;,y; € G and a; € Z\ {0}, i =1,....,n, and a; # +£1,£b; , i =t+1,...,n. Using
induction with (16) one can show that

1
”f(l‘h ,l'n) - 25ma§"...a;"4(t_5)ma§m 2m ,3m “a%m

maimadn.
1

m t— 2m 2mo,3(m+1) 3(m+1) 3m 3
|25ma. amAt=sima2m, | a2m2a, YT ay, agy ..am|

F@2Ma wy, .., 2™ ai Ty, af Ty s g ) ||

< max { max { max{

m_m m_m m—+1 m—+1 m m
ka(z ay x15y17"'72 Ay Tty Yty Ay q Tt41, Y41y -0 Q1 Th—1, Yk—1, A, xk,O,ak+1xk+1

y Yk+15 ~-~7a?$nayn) tk=1t+ 1, "'an}a

1 ( 1
max
3 3 . _ 2(m-+1 2(m—+1
laiyy...a3 |2smaln...am4i—sH(t S)WaS(+1 )...aj( )a?ffl...a?ma?fl...aiﬂ 18)
m,m m,m m+1_m+1 m+1_m+1 m,_m
¢](2 ay xlay17"'72 Qg xsay8a2 Qg iy xs+l7ys+17"'72 G;j71 xjflayj7172 a; Tj,

m_m m_m m_m m+1 m-+1 o
2 a; x]72 a’j+1mj+17yj+1a"'72 Ay Tty Yty Qp 1 Tt41, Y41y -0 Qpy x’ruyn) 1) =85+ la"'at}7

1 1
PP a——y max{|2i+sm mil _mtlm mg(t—s)mgIm gamgdm o sm|
Si1e-aiag, .l a" el Al al a;m’...a;"a}ly . .ad

m—+1_m+1 m—+1 _m+1 m_m m,m m_m
i 2™ a" Y, 2T A i, Yo, 27 g, 2 g s, 27 A T, i

m_m m+1_m+1 m+1_m+1 m+41 m—+1
7"'a2 Qg x37y$72 as+l ‘rs+1’y3+17"'72 Qay Itayt7at+l Lt41, Yt41y 05 Ay xvuyn)

:i:l,...,s}} :m:O,l,...,p}

for all z;,y; € G, i =1,...,n and p € NU {0}. By taking p to approach infinity in (18)
and using (7) one obtains (9). For ¢ € {1,2,...;s} and by (10) and (17), we get

T (21, 2, ..., a;x; + biYiy ooy ) — @;T (21, Ty ey Ty ooy Ty) — U, T (21, T2y ey Yy ooy T ||

. 1
- W%E;%Q || 9smagm am4(t—s)ma27n a2ma3m a3m
1 Qg 10 10

m._m m_m m._m m m
f@2ma wy, ..., 2™ (@i + biyi), -, 2" @ vy, @ Ty 1 e, g )

a; m._m m . m m
- f@"a*x 2Mawy, .., 2" a Ty, 4t an'Ty)
— 1 L1y .- Gy oo t Lty Ay 1 Tp41y .- n
25ma717"b'”a;n4(t s)magrl_”a%magill”.a%m PREES) i PREET) s Qg y g eeey Uy (19)
- b f2mal'z 2"a Y, . 2 ay T, 0 T antx,)||
92smagm aﬂ%4(tfs)ma2m CL2 ag a3m 1 Llyeeey i Yiyeeoy t Tty Qpy 1 Teq1,y -0 Ay Ty
1...ay sh1-ayayyy.ay
< lim L wi(2™a w1, y1, ., 2"y, 2™ A Y, - 2 A X, Y
X e 7 1 ’ PIERES) 7 (2] 7 (EAAS] t ’ 9
m—o00 |28mam am4(t—symg2m  ,2m,3m a3m|
1 ---ay S1---0% t+1---0n

m m
A T 1, Yty oy Oy Ty Y)-
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It follows from (12) and (17) that

T (z1,22,...,a;2; + bjy;, ..., xn) + T(x1, T2, ..., ajT5 — bjyj, .o, Tn) — Qa?T(acl,xg7 Ty s T

. 1
— 2b?T(x1ax27 Y5, ,.’I?n)” = lim

sm ,m mA(t—s)m2m 2m ,3m 3m
m—oo | 25MaT a4t mIma2m aZmar . ad

m_m m_m m_m m m
f(2 aq Il,...,Q aj (CLjZEj +bjyj)7~-~72 Ay Tty Ay QL4150 Oy an)
1
sm ,m mA(t—s)m ,2m 2m ,3m 3m
2smagl™...a” 4(t=s) agl..armayl . ay)
m_m m_m m_m m m
f@2Ma "z, . 2" (a5 — bjy;),s -, 2™ Ty, @1 Ty s O )
(20)
2a?
J m,.m m_ m m_m m m
B T ey e e T T T - f(2"a w2 aT w27 T Ay T s 0 )
al ...G,S CLS+1...CLt at+1...an
_ 2b3 f(2m m oM My, om ,m m m )H
osmgm m4(t—s)m om 3m 3m 3m A1 Ty ey aj Yjsens Ay Tty Qg 1 Tt415 005 Ay Ty
af...a” azlly...aimaply ..ap
< I !
< lim
sm m mA(t—s)m2m 2m ,3m 3m
m=oo [25mar . aA=S)ma2m aZmadT . adm|
m_m m_m m,_m m,_m m m
30](2 ay xlaylv"wQ aj xja2 aj yja"'a2 Qy xtvytaat+1xt+1vyt+la 'aanxnayn)

forall j € {s+1,s4+2,...,t}. By (14) and (17), we get

2
1T (21, .oy apr + bgYry ooy Tn) + T(X1, ooy Gk TE — DkYky ooy Tn) — @b (T(21, ooy Tl + Yhoy oovy )

F+T(21,22, ey Tl — Yky ooy T)) — Qak(a% — b%)f(xl,@, ey ) ||

= lim || — !
m—ro0 | 25MaT @ A=Ima2m aZma L adm
f@Ma wy, ... 2™ a vy, afy 1 X1y s ap (@R + DYk, - Gg) )
1

2smaf. am4t=s)ma2m, a2 a}l . adm

f@2Ma w1, ... 2" a vy, afy  Tegrs s ap (T — DrYg ), ooy g Ty
akb% (21>

©2smapr Lamdt=ome2m a2 a3 adm

m . m mo_.m m m m m
(f(2™ay" 1, ..., 2" a2, a1 Ty 1, ey QR Tk + AL Yk oo, Q) T

m _m m . m m m m m
+ f(2Ma xy, ..., 2" a)" Ty, A To g, AR T — QR Yk, e, Gy T))
2ay (a3 — b3)
— A1 Ty ey 270 Tty Qg 1 T1 5 weey Ay Ty
2sma. apAt=s)ma?m | aZmadT adm (27a'ws, o 2700 T, T s 0|

< i 1
< lim

m—o0 |25 aTt . aAt=Ima2m ™ al . adm

m_m m_m m m m m
(pk(2 ay xhyla"'az Ay xt7ytaat+1xt+17yt+17"'7ak Ty Qp Yky -eey Qpy mn,yn)

for all k € {t+1,t+2,...,n}. By (5), (19), (20) and (21), we conclude that T satisfies
(4).

To prove the uniqueness property of T, Let 77 : G — X be a mapping 7" : G" — X
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which satisfies (4) and (9). Then we have
||T(:E1a L2y eey $n) - T/(xlv L2y -ees l’n)”

1

m M m_m m m

< e am A madn 2 a3m|max{HT(2 al’ @y, . 2" a Ty, A Ty s gy )
..al 20 P a

— f2a"®y, ... 2" a wy, af Ty s an ) || | (2 L, 2T T A T s Gy )
—T'2™a @1, ..., 2™ a) Ty, A Ty, e a;"xn)H}

1

m . m m_m m

< e gm (= mgdT M ogm max{¢(2 al’ @y, Y1, 2™ a Ty, Yry A7 Tepn,
|25malr...a” a;m...ai"ayl . .adm|

m m,_m m,_m m m
yt-‘rl)--')an x?’uyn) a(b(Q al $17yl,-~-72 a’t 'rt7yt7a/t+1xt+17yt+1a-~'aa/n x’ruyn)}v

which tends to zero as m — oo by (7). Therefore T = T’. This completes the proof. |

The following theorem, general system of additive functional equations, is especial case
of Theorem 2.1, which generalizes results of Cieplinski [3].

Theorem 2.2 Let ¢; : G** — [0,00) be a function such that

1
: mo . m mo . m m _m mom —
mlinoom%@ ay' T, Y1, e 20 T, 27 A Yy e, 2 A T Yn) = 0
1 Yn

for i € {1,...,n}. Also, assume that

1
lim max{
N itnp,P+1 _p+1l p p
p—roo [20TmPal ™ "y Ay g an

+1 _p+1 +1_p+1
©i(2PT el g, 2Pl

P P p Ci _
Yi—1,2Paixi, 2Palwi, 2P ay i1, Yig, - 2PAb T, yn) i =1,.,m) =0

and
1

D(21, Y1y ey Ty Yn) = lim max{max{
sy YLy ooy dbns Yn X 1 1
t—o0 |2i+npabt ...af+ ay i...an|

+1_p+1 +1_p+1 D D D
(pi(2p ay xl,yl,...,Qp a, 1 xi_l,yi_l,Q”ai a:i,2pai mi,Z”ainiH,

Yi+1, "'72pa17)rrnvyn> ES 17 ...,TL}7 pP= 07 ]-a at} < 00,
for all z;,y; € G and a;,b; € Z \ {0}, where i = 1,...,n. Let f : G — X be a mapping
satisfying

||f(a1$1 + b1y17$27 7xn) - alf(xthv 7mn) - blf(y17x27 7£L.n)H
< ¢1(x1’y17m27y27 "'7xn7yn)a

||f(x1,x2, sy ATy + bnyn) - anf($1,$27 7$n) - bnf(xl,xg, 7yn)H

g Qon(xlvyla xr2,Y2, ...,xn,yn),

for all z;,y; € G and a;,b; € Z\ {0}, i = 1,...,n,. Then there exists a unique mapping
T : G" — X satisfying additive system and

Hf(l'l, 733”) - T('Tlv 7$n>|| < ‘1’(301,1/17 ~-~7$n7yn)

for all z;,y; € G, i =1,...,n.

Park [19] proved the below theorem which is especial case of Theorem 2.1.
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Theorem 2.3 Let B; be normed spaces for i = 1,...,d and D be a Banach space. Let
I ngl B; — D be a mapping for which there exists a function ¢ : Hf-l:l B? — [0,00)
such that

oo d
1 . . . . . .
@(.’lﬁl,yl, ~--axd7yd> = ZZ (p(2]+1$1,07 ...72]+1LL'Z',1,0723.TZ‘,2]yi,23$i+1,0, ...,2].’Ed,0) < 00,

4itid
7j=01i=1
and
d d
H Z f(l'l, ey Lj—1,T4 —+ yi7l'i+1, ,l’n) =+ Zf(l’l, ey Lj—1,T5 — yi,$i+1, ,.’En)
i=1 =1
d
- 2df($1,$27 vy Ly 7'/1"71) - Z2f($17 ey Li—15Yis Ti4-1, 71‘71)“ < Qo(xlvyh "'7xdayd)7
i=1

for all x;,y; € B; , i = 1,...,d. Assume that f(xy,...,2,) =0ifz; =0 forany i =1, ...,d.
Then there exists a unique multi-quadratic mapping M : H?Zl B; — D such that

||f(.T1, "'axd) - M(J?l, ,J?d)” < (b(-rlayl; -"axdayd)a

forall x; € B; , 1 =1,...,d.
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