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Abstract. Let G be a graph without an isolated vertex, the normalized Laplacian matrix
L(@G) is defined as £(G) = D_%C(G)D_%, where D is a diagonal matrix whose entries are
degree of vertices of G. The eigenvalues of £(G) are called as the normalized Laplacian
eigenvalues of GG. In this paper, we obtain the normalized Laplacian spectrum of two new
types of join graphs. In continuing, we determine the integrality of normalized Laplacian
eigenvalues of graphs. Finally, the normalized Laplacian energy and degree Kirchhoff index
of these new graph products are derived.
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1. Introduction

Let G = (V, E) be a simple graph (namely a graph without loop and multiple edges)
on n vertices and m edges and the degree of vertex v € V(G) is denoted by deg(v).
The eigenvalues of the adjacency matrix A = A(G) of G are called the eigenval-
ues of G denoted by A\ (G) = Xa(G) = -+ = M(G). Let Ai(G), Aa(G), ..., s(G) be
the distinct eigenvalues of G with multiplicity t1,%o,...,%s, respectively. The multiset
{IM (@], [Aa(G))e, .. [As(Q)]!} of eigenvalues of A is called the spectrum of G.
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The energy of graph G is a graph invariant introduced by Ivan Gutman as
E(G) =) IN(G),
i=1

see for more details [8, 10, 17]. Let £(G) = D(G) — A(G) be the Laplacian matrix of
graph G, where D(G) = [d;;] is the diagonal matrix whose entries are degree of vertices,
namely, d;; = deg(v;) and d;; = 0 for i # j. The matrix Q(G) = D(G) + A(G) is called
the signless Laplacian matrix of G. The signless Laplacian eigenvalues of G are denoted
by ¢1(G),q2(G),...,q.(G). If G is regular of degree r, then the eigenvalues of Q(G) are
2r,r 4+ Aay ..., 7+ Ay, see [1, p.14]. In [15], Jooyandeh et al. introduced the concept of
incidence energy of a graph as

RE(G) =) _Vai(G). (1)

Let G be a graph without an isolated vertex, the normalized Laplacian matrix E(G)
is defined as £(G) = D~ :L(G)D "> which implies that its (i, j)—entry is 1 if i = j,
and it is —1/y/deg(v;)deg(v;), if i # j and the vertices v;,v; are adjacent, and is zero
otherwise. The eigenvalues of £(G) are the roots of g(z) = det(6I — L(G)) and we
call them as normalized Laplacian eigenvalues of G, denoted by 61(G), 02(G), ..., 0,(G),
where 0, (G) = 0 for all graphs, see for more details [2, 3, 6].

The complement of graph G is denoted by G and a complete graph on n vertices is
denoted by K,,. Also a cycle graph with n vertices is denoted by C,,. Clearly, K, is empty
graph. The subdivision graph S(G) of a graph G is obtained by inserting an additional
vertex in the middle of each edge of G. Equivalently, each edge of G is replaced by a
path of length 2, see Figure 1. It is a well-known fact that Pg(g)(z) = 2™ "Qq(2?),
where Pg(z) and Q¢(z) denote the characteristic polynomial and the signless Laplacian
characteristic polynomial of G, respectively [7, p. 63]. From the definition, one can see
that +/q1(G), £1/¢2(G), ..., £/¢,(G) and [0]™~" are all eigenvalues of S(G).

it

Figure 1. Two graphs G and subdivision S(G).

Indulal in [13] defined two classes of join graphs as follows:

Definition 1.1 The Sye tex join of two graphs G and G5 denoted by G1VGs is obtained
from S(G1) and G2 by joining all vertices of G; with all vertices of Ga, see Figure 2.
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Figure 2. Graphs K2V Ky, and C4VKs .

Definition 1.2 The S,g4e join of two graphs G and G2 denoted by G'1 Y G is obtained
from S(G1) and Go by joining all vertices of S(G1) corresponding to the edges of Gy
with all vertices of Gg, see Figure 3.

Figure 3. Graphs K» !FTQ and Cy Y Ks.

The following results are crucial throughout this paper.

Lemma 1.3 [7] Let G be a r—regular (n, m)—graph with adjacency matrix A(G) and
incidence matrix R. Let L(G) be its line graph. Then

RRY = A(G)+rI and RTR = A(L(G)) + 2I.

Moreover, if G has an eigenvalue equals to —r with an eigenvector V, then G is bipartite
and RTY = 0.

Lemma 1.4 [7] Let G be an r—regular (n,m)—graph with eigenvalues r, Ag,..., \,.
Then {[2r — 2]%, [\ + 7 — 2]}, [-2]™™}, (2 < i < n) consist the spectrum of line grah.
Also V is an eigenvector belonging to the eigenvalue —2 if and only if RV = 0.

2. The normalized Laplacian spectra of two new join graphs

In this section, we determine the normalized Laplacian spectrum of G1VGs and G1 Y G,
where G; is r;—regular (i = 1,2). Consider two graphs G, G with V(G;) =
{ur,ug, ..., un, }, E(G1) ={e1,e2,...,em, } and V(Ga) = {vi,v2,...,vp,}. Then 1 and
0 are two vectors of order k£ with all elements equal to 1 and 0, respectively. Moreover
0;x; denotes an 7 X j matrix whose entries are zero, J;x; is one whose entries are 1 and
I, is the identity matrix of order n.

Theorem 2.1 For i = 1,2, let G; be r;—regular graph with n; vertices with incidence
matrix R and eigenvalues r; = A\ (G;) = A2(G;) = -+ > A\, (G;). Then the normalized
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Laplacian spectrum of G1VG, is {[0]*, [1 £ m]l, [1- M]l, [1]mM—m} (2 <

2(na+r1) n1+rs
Jj < mnp), (2 <k < ng) together with the roots of
L2 3ng + 27 2ning + 2riny + nare —0

xT
niy+ 7o (n1 +1r2)(ng2 + 1)

Proof. Let G; be an r;—regular graph with n; vertices and an adjacency matrix A(G;),
1 =1,2. Let R be the incidence matrix of G;. Then by a proper labeling of vertices, the
normalized Laplacian matrix of G1VG>y can be written as

1

[:(Gl\'/Gz) = 'Dféﬁ(Gﬂ/Gg)'D* 2

In 7Rn1><m1 7J71.1><n2
. B \/2(n2+7"1) \/(Tl1+7”2)(n2+7"1)
R
— _maiXny Im 0m1 “n
2(7’L2+T‘1) ! 2 ’
7J”2><”1 0 I _ A(GQ)
(n1+r2)(na+r1) n2xim M2 ity
where
(712 + rl)Inl Onl Xma On1 X Mo
D - 0m1 XMy 21m1 Om1 XMNo 9
OTLQXTLl 07L2 Xmq (nl + T2>I7L2
and
. (n2 + Tl)Inl _Rnl Xmq _JTLl XMNo
E(Gl\/GQ) = Rﬁlxnl 2Im1 00y xns

_anxnl Ongxml (nl + T2)1n2 - A(G)

1,, is an eigenvector corresponding to eigenvalue r; of G and the other eigenvectors are
orthogonal to 1,,. Let X be an eigenvector of G corresponding to an eigenvalue \;(G1) #
r1,2 < j < np. Then ® = [aX RTX 0]7 is eigenvector of Z(Gﬂ/Gg) corresponding to
the normalized eigenvalue & of graph G1VGs. Then £.® = 0®. Thus

; R s o
RTnl \/2(n2+r1) \/(n1+r2)(n2+r1) aX aX
ELTEITE Ln, Oy s RTX | =0 |RTX
2('I’L2+'f'1)
D g e | L0 !
(n14r2)(na+r1) n2Xm " T

This implies that

RRT
R e foX
(1- =2 RTX | = |RTX
2(na+4r1)
0" 0

The last equality follows from Lemma 1.3. By solving these equations, we get o =
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+4/Aj(G1) + 71, 2 < j < ny. Therefore, @ = [£4/X;(G1) + 11X RTX 0]7 is an eigen-

vector of E(Gl\'/Gz) corresponding to the normalized eigenvalues 0 of graph G1VGa,

where 0, =1+ % (k=1,2).

Now consider the mj — ny linearly independent eigenvectors Z; (1 <1 < mj3 —nq) of
L(G1) corresponding to the eigenvalue —2. Then by Lemma 1.4, RZ; = 0. Consequently

Q; = [0 2,0]7 is an eigenvector of £(G1VGy) with an eigenvalue 1, since
I 772"1 Xmy 7']”1 Xng
RTnl \/2(n2+7‘1) \/(nl +72)(n2+r1) 0 0
EQ = — Im1 0m1 X 1o Zl =Ly, xm Zl
2(na+r1) ! !
m 0 [ AGs) 0 0
(na+r2)(n2+r1) naxm "2 it

On the other hand, 1,, is an eigenvector of (G2 corresponding to the eigenvalue 7o,
in which all other eigenvectors are orthogonal to 1,,. Let Y be the eigenvector of Go
corresponding to the eigenvalue \;j(G2) # 72 (2 < j < ng2). By a similar arguments

we can deduce that ¥ = [00Y]7 is eigenvector of £(G1VGy) corresponding to the

eigenvalue 1 — % (2 <j<ma) Let A = [adn, x1 BIn,x1 YIn,x1]7 for some vector

(v, B,7) # (0,0,0). The equation £(G1VGs).A = zA yields that A is an eigenvector of A
corresponding to eigenvalue x if and only if A = [a 3 v]7 is an eigenvector of the matrix
M, where

1 —T1 —7N2

_2 \/2(n2+7‘1) \/(n1+r2)(n2+7”1)
M=| Vi l 0
e | B 0 1 — AG2)
(n1+72)(n2+71) nitrs

faks : : 3 _ 3na+2ry .2 2n1Mo+2r1ni14+nars . :
The characteristic polynomial of M is x it L T ) L = 0 and this

completes the proof. [ |
Corollary 2.2 If Gy = K, then the normalized Laplacian spectrum of G1VGs is {[0]!,

mi—ni+ns A (G1)+ri11 .
[yramtne [ JRLEAIETE 011 (2 < <),

Theorem 2.3 For i = 1,2, let G; be an r;—regular graph on n; vertices with incidence
matrix R and the eigenvalues r; = A1 (G;) = \o(G;) = -+ > Ay (G;). Then the normalized
Laplacian spectrum of G1Y Gy is {[0]!, 144/ /\;1((?112)4;231’ 1— ;\r’;l(fjg ST (2 < g < ),

(2 < k < ng), together with the roots of 2% — ?ﬁiifzzm + 27(’2?5:;4)”(?211':22)”2 =0.

Proof. It is not difficult to see that the normalized Laplacian matrix of G1 ¥ G5 can be
written as follows:

_Rn m
I’I’L1 _miXmy OTL1 XTig
A/ T1 (’I'LQ +2)
— _RZ;I Xny Im _Jm1 Xng
\/71(n2+2) ! (mai4r2)(n2+2) |’
O _Jn2><7n1 _ A(Gz)
T2 XMy (m1+7r2)(na+2) 2 mi1+rs
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where
(nQ + 2)In1 0n1 Xmy Onl XNo
D= 01, xny r1lm, 0, xns )
0n2><nl 0n2><m1 (ml + TQ)Ing
and
(n2 + 2)In1 _Rnl XMy On1 XNo
LGIYGy)=| RL v, 71lm, ~J s
0712)(77/1 _J’N/Q Xmy (ml + TQ)Inz - A(G)
Continuing of the proof is similar to that of Theorem 2.1. ]

Corollary 2.4 If Gy = K, then the normalized Laplacian spectrum of G Y Gy is {[0]},

[1m—rctne [ /2ER0 T (]l (2 <G <),

3. Integrality of two new join graphs

The graph G is L—integral if all its L—eigenvalues are integral. Since all £—eigenvalues of
G are in interval [0, 2], we can deduced that G is L—integral if and only if its eigenvalues
are 0, 1, or 2. The complete bipartite graphs are such graphs; in fact, no other connected
graphs are £—integral, see [14].

Proposition 3.1 [14] Let G be a connected graph. Then the following statements are
equivalent.

1) G is bipartite with three ﬁ—eigenvalues,
2) G is L—integral,
3) G is complete bipartite.

The following propositions give a necessary and sufficient conditions in which Syertex
and Seqge joins of graphs are L—integral.

Proposition 3.2 If G; is r;—regular connected griph (i = 1,2), then G1 VG2 and G1Y Gy
are L—integral if and only if G; = Ky and G2 = K,

Proof.
Since Kg\/an = Koy, and Ky V Kn2 = Kin,+2 are two graphs of order n with
the normalized Laplacian eigenvalues {[0]', [1]"~!, [2]'}, these graphs are L—integral.

Conversely, suppose that G1VGs is L—integral, G1 % Ky and Gy % K,,. By Theorem

>\.7‘(G1)+T1] [1_ Ak (Gz)] 7

2.1, the normalized Laplacian spectrum of G1VGs is {[0], [1i STna i) Ep

[1]™ =™} (2 < j < np), (2 <k < ng) together with the roots of

L2 3ny + 27 2ning + 2riny + nare

X =0.
ny+ 7o (n1 +1r2)(ng2 + 1)

Since G is connected graph, G1VGsy is connected. Hence, [0]' is an eigenvalue of

G1VG5. Thus, the other eigenvalues must be equal to [1]"~1, [2]!. Since 1 — = (+T2) <2,
2 < 7 < no, we have % = 0. So, \j(G2) =0, 2 < j < ny and it implies that G2 % K,,,
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Aj (G )+T’1

a contradiction. Since 1 — % < 2, 2 < j < ny, we achieve Snatr) = 0 and
thus \;(G1) = —r1, 2 < j < ny, a contradiction. On the other hand, 1 < 1+ % <
2,2 < j < ni, yields that % = 1. 80, \j(G1) = —r1 +2np > 0,2 < j <y, a

contradiction. As well as, for two eigenvalues that are the roots of

.1‘2 _ 3ni + 27‘2x 2ning + 2ring + nary
ny 4+ ro (m +7“2)(n2 +T‘1)

= 0. 2)

Since, G is connected and the normalized Laplacian eigenvalues are integral, one can
deduce that Eq.(2) is equal to (z —1)2 =22 -2z + 1 or (z —1)(z — 2) = 22 — 32 + 2.
In the first case, one can conclude easily that 2’&”1‘;3;%2;‘22{2 = 1 which yields that
nine = ro —n1, for r;1 > 1 which comes to a contradiction, because for example, there is

no an 8-regular graph of order 5. Thus, the second case holds, namely

9 On1 + 279 2nino + 2r1n1 + nory 9
T4 — T =z —3xr+2
ny+ro (n1+r2)(n2+r1)
and the proof is completed. [ ]

Proposition 3.3 Let G; be an empty graph of order ny and G2 be r—regular graph
of order na, then G1VG2 and Gy Y Gy are L—integral if and only if G2 = K, or Gs is
complete bipartite graph.

Proof. By using Proposition 3.1, Theorems 2.1 and 2.3, the proof is straight forward. B

The normalized Laplacian energy of G is defined as LE(G) = .7, |6;(G) — 1], see
[4, 12] for details.

Proposition 3.4 Let Gy is an r;—regular of graph of order n; and Go = FHZ. Then

1) Lg(leGz)—Q(Hﬁ)’

2) LE(GLY Go) = 2(1 4 77?5(3(31212)71).

Proof. By Corollary 2.2, Corollary 2.4, respectively, we have
5 n
LE(G1VGa) =) |6:(G1VGa) — 1
i=1

j(G1) + 11
— 1+ + +1
Z| n2+7‘1)|

G1 )+
=2+2
* Z 2(n2 +1m1)

:2(1+ RE(GO_\/%)’

71 (n2 —+ 2)
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LE(GL Y. Gy) = Z\a LV Gy) — 1|

(G1)+m
=145 |+ +1
Z’ r1n2+2)|

j(G1) + 11
=242
+ Z r1n2-|-2

RE(G1) — \/ﬁ)

1 (ng + 2)

:2(1+

where the last equality follows from RE(G1) —+/2r = Z \/Ai(Gr) + 7. [ |
j=2

The degree Kirchhoff index of graph G is defined by Chen et al. in [5] as

= Z d;rijd;,

1<j

where r;; denotes the resistance-distance between vertices v; and v; in a graph G. They
proved that K f*(G) =2m> ", ﬁ, where §;(G) is normalized Laplacian eigenvalues
of G of order n (2 < i < n), see [11, 18] for details.

Proposition 3.5 Let (G1 is an r{—regular graph of order ny with m; edges and Gy =
K,,. Then

“(G1VGa) = 22my + nana) (= 4 my —na +n (n1 = 1)/2(ns + 11)
Kf*(G1VGa) = 2(2my +ning) (5 +m1 —mi + 2+(n171)\/mi(735(c1)7\/ﬁ))’
) —omi 24 n2) (L mi—ni4n (m = 1)/ri(n2 + 2)
Kf*(G1Y Ga) = 2mi(2+ na) (5 +ma = m1 + H(nlfl)\/mims(cl)fm))'

Proof. It is not difficult to see that the number of edges of G1VG2 and Gy Y Gy are
E(G1VGs) = 2my1 +ning and E(G1Y Gs) = m1(2+nz), respectively. On the other hand,
since G is r1—regular by using Eq.(1),

1

RE(GY) =Y \/A(G1) + 11
j=1
and so
RE(GY) — V21 :Z )\j(Gl)+T1.
§=2

Now, Corollaries 2.2, 2.4 complete the proof. [ ]
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