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Abstract. In this paper we prove a unique common coupled fixed point theorem for two
pairs of w-compatible mappings in Sp-metric spaces satisfying a contractive type condition.
We furnish an example to support our main theorem. We also give a corollary for Jungck
type maps.
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1. Introduction

In 2012, Sedghi et al. [10] introduced the notion of S-metric space and proved several
results, for example, refer [7, 11]. On the other hand, the concept of b-metric space was
introduced by Czerwik [2].

Recently, Sedghi et al. [8] defined Sp-metric spaces by using the concepts of S and
b-metric spaces and proved common fixed point theorem for four maps in Sy-metric
spaces.
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Bhaskar and Lakshmikantham [3] introduced the notion of coupled fixed point and
proved some coupled fixed point results . Several authors proved coupled fixed point
theorems in various spaces,for example, see the references[5, 6] and the references therein.

The aim of this paper is to prove a unique common coupled fixed point theorem for
four mappings in Sp-metric spaces. Throughout this paper R* and N denote the set
of all non-negative real numbers and positive integers respectively. First we recall some
definitions, lemmas and examples.

Definition 1.1 ([10]) Let X be a non-empty set. A S-metric on X is a function S :
X3 — Rt that satisfies the following conditions for each z,v, z,a € X,

(S1): 0< S(x,y,2) for all x,y,z € X with z # y # z,
(S2): S(x,y,2) =0 x=y =2z,
(S3): S(x,y,2) < S(z,z,a) + S(y,y,a) + S(z,2,a) for all z,y,z,a € X.

Then the pair (X, S) is called a S-metric space.
Definition 1.2 ([2]) Let X be a non-empty set and s > 1 a given real number. A

function d : X x X — R™T is called a b-metric if the following axioms are satisfied for all
z,y,2 € X,

(b1) d(z,y) =0 if and only if z =y,
(b2) d(:l},y) = d(yv I),
(b3) d(z,y) < sld(x, 2) +d(z,y)].

The pair (X, d) is called a b-metric space.

Definition 1.3 ([8]) Let X be a non-empty set and b > 1 be given real number. Suppose
that a mapping Sj, : X3 — R* be a function satisfying the following properties:

(Spl) 0 < Sp(z,y,2) for all z,y,z € X with z # y # z,
(562) Sb($7yvz) =0ezr=y=z
(Sb?’) Sb(:nayv Z) < b(Sb(:wa: a) + Sb(yayv CL) + Sb(z7 2y a)) for all T,Y,2,a € X.

Then the function Sy, is called a Sp-metric on X and the pair (X, Sp) is called a Sp-metric
space.

Remark 1 ([8])It should be noted that, the class of Sy-metric spaces is effectively larger
than that of S-metric spaces. Indeed each S-metric space is a Sy-metric space with b = 1.

Following example shows that a Sy-metric on X need not be a S-metric on X.

Ezxzample 1.4 ([8]) Let (X, Sp) be a Sp-metric space and Sy(x,y, z) = S(z,y, 2)P, where
p > 1is a real number. Note that S is a Sy-metric with b = 220’1, Also, (X, .S}) is not
necessarily a S-metric space.

Definition 1.5 ([8]) Let (X, S;) be a Sy-metric space. Then, for x € X and r > 0, we
defined the open ball Bg,(z,r) and closed ball Bg,[z,r] with center x and radius r as
follows respectively:

Bg,(z,7) ={y € X : Sp(y,y,x) <1},
Bg,[z,r] ={y € X : Sp(y,y,x) < r}.

Lemma 1.6 ([8])In a Sp-metric space, we have

Sb(x’ z, y) < bSb(ya Y, ‘T)
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and
Su(y,y,x) < bSp(z, x,y).
Lemma 1.7 ([8])In a Sp-metric space, we have
Sy(x,x,2) < 2b8y(z,z,y) + b2Sy(y, vy, 2).

Definition 1.8 ([8])If (X, S,) be a Sp-metric space. A sequence {z,} in X is said to be:

(1) Sp-Cauchy sequence if, for each ¢ > 0, there exists ng € N such that
Sp(xp, T, ) < € for each m,n > ny.

(2) Sp-convergent to a point z € X if, for each € > 0, there exists a positive integer
ng such that Sy(xy,,z,, ) < € or Sp(x,,x,z,) < € for all n > ny and we denote
by lim z, = =z.

n—oo

Definition 1.9 ([8]) A Sy-metric space (X, Sp) is called complete if every Sp-Cauchy
sequence is Sp-convergent in X.

Lemma 1.10 ([9]) If (X, S,) be a Sp-metric space with b > 1 and suppose that {x,} is
a Sp-convergent to x, then we have
(Z) %Sb(y,x,az) < lim inf Sb(yvyaxn) < lim sup Sb(y7y>$n) < 2b5’b(y7y>$)
and
(i) b%Sb(azja:,y) < lim inf Sy(zn, 2p,y) < lim sup Sy(xn, Tn,y) < b2Sy(x, z,y) for all
n—oo n—oo

y e X.

In particular, if z = y, then we have lim Sy(xy,,x,,y) = 0.
n—oo

Definition 1.11 ([3]) Let X be a nonempty set. An element (x,y) € X x X is called a
coupled fixed point of a mapping F': X x X — X if z = F(z,y) and y = F(y, ).

Definition 1.12 ([4]) Let X be a nonempty set. An element (z,y) € X x X is called

(i) a coupled coincident point of mappings F' : X x X — X and f: X — X if

fx:F(x,y) and fyZF(y,x),
(7i) a common coupled fixed point of mappings F': X x X — X and f: X — X if

r=fr=F(z,y) and y = fy = F(y, ).

Definition 1.13 ([1]) Let X be a nonempty set and F' : X x X — X and f: X —
X.Then {F, f} is said to be w-compatible pair if f(F(x,y)) = F(fz, fy) and f(F(y,x)) =
F(fy, fx) whenever there exist x,y € X with fo = F(z,y) and fy = F(y,x).

2. Main Result

Now we give our main result.

Theorem 2.1 Let (X,Sp) be a Sy-metric space. Suppose that f,g : X x X — X and
F,G: X — X be satisfying

(2.1.1) f(X xX)CG(X),9(X xX) CF(X),
(2.1.2) {f,F} and {g, G} are w-compatible pairs,
(2.1.3) One of F(X) or G(X) is Sp-complete subspace of X,
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(2.1.4) Sy(f(2,y), f(z,9), 9(u,v))

(Fl‘ Fzx Gu)v b(Fquvav)vsb(f(xv )’f( ) FCC)
o ) S ). 0. 2). ). Solg(.v). a(u,0). Gu), Sy{a(v. u). (v, 1), G)
h ﬁ,z [Sb( (z,y), f(z,y), GU)+Sb( (u, )ag(wv) )], ’

4b2 [Sb( ( )af(y ) Gv)+Sb( ( ),g(v,u) Fy)]

for all z,y,u,v € X, where 0 < k < ﬁ.
Then f, g, F' and G have a unique common coupled fixed point in X x X.

Proof. Let zg,yo € X. From (2.1.1), we can construct the sequences {x,}, {yn}, {zn}
and {wy,} such that

f(@on, yon) = Gropy1 = 2o,
(y2n7 -TZn) Gan-‘rl = W2n,
9(®2n11, Yont1) = Fronio = 2on41,
9(Yon+1, Tont1) = Fyont2 = wopp1, n=0,1,2,---

Case(i): Suppose 2o, = 2om+1 and way,, = way,41 for some m. Put

Som = max{Sp(22m+1, 22m+1, 22m), Sb(W2m+1, Wam+1, W2m) }-

From (2.1.4), we have

Sb(22m+2,22m+25 22m+1)
= Sp(f(z2m+2, Yam+2)s f(Z2am+2; Yam+2)s 9(T2m+1, Y2m+1))

Sp(F'zom+2, Fromi2, Gxam+1), So(Fyam+2, FYom+2, GY2m+1),
Sp(f(zam+2, Yam+2)s f(T2m+2, Yam+2), Fxom2),
S (f(y2m+27 x2m+2)7 f(Yom+2, $2m+2)7 Fy2m+2)7
Sp(g(x2m+1, Y2m+1), 9(T2m+1, Yom+1)s GTam1),
< kmax Sp(9(Yem+1, T2m+1), 9(Y2m+1, T2mt1), GY2m+1),
1 |:Sb(f($2m+2a Yom+2); f(T2m+2, Y2m+2), GT2m+1) }
2| +5,(9(72m41, Y2mr1)s 9(T2ma 1, Y2ma1), Fromya) |’
1 |:Sb(f(92m+27 Tom+2), f(Y2m+2, Toam+2), GYam+1) }
4% | +Sp(9(Y2m+1s T2m+1)s 9(Y2mt1, Tamr1), Fyami2)

([ Sb(22m+1, 22m+15 22m) s Sp(W2m415 Wom-41, Wom )y Sp(22m+25 22m+2, 22m+1),
Sp(Warm+2, Warm+2, W2m41) s Sb(22m+1, 22m+15 22m ) > Sb(Wam4-1, Wam41, Wam ),
1 [Sb(22m425 22m12, 22m) + Sb(22m+1, 22m+1, 22m+1))

(152 196 (W2m 42, Wam+2, Wam) + Sp(Wam+1, W2m+1, Wam+1)]

< kSomy-

= kmax

Similarly, we can prove

Sp(W2m+2, Wam+2, Wam+1) < kSom41.

It follows that zopmi9 = 2zomy1 and womio = womy1. Continuing this process we can
conclude that zo,,1x = 2zom and waoy1r = way, for all k > 0. It follows that {z,,} and
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{wy, } are Cauchy sequences.
Case (ii): Assume that z,, # 2,41 or wy, # Wy for all n. From (2.1.4), we have

Sb(22n+2,22n+2, 22n+1)

= Sy (f(wan+2, Yon+2) [ (@2n42, Yont2), 9(T2nt1s Yant1))

Sp(Front2, Fronto, Groni1), So(Fyan+2, Fyonta, Gyanii), )
Sp(f(zan+2, Yant2)s [(@oant2, Yont2), Fronia),
So(f (Y2n+2, Tant2), f(Y2nt2; Tani2), Fyonyi2),
Sp(9(x2n+1, Yon+1)s 9(Ton+1, Y2n+1), GTant1),
< kmax Sb(g(an—i—l; x2n+1)7 g(an—l—la $2n+1)7 GQQn—s—l)y
1| Se(f(m2n12, Y2nt2), f(T2nr2, Y2nt2), GTant1) }
4% 1 +Sp(9(z2n+1, Yont1), 9(T2n41, Yont1), Frong2)
1 [Sb(f(y2n+2, T2n42), f(Y2n+2, T2nt2), Gyant1) }
4% 1 +5u(9(y2nt1, Tant1), 9(Y2nt1, T2nt1), Fyant2) | )

Sp(22n+1, 22n+15 22n) , Sp(Wan+1, Wan+1, W2n ), Sp(22n+2, 22042, 22n+1),
Sp(Wan+2, Wont2, Wan+1), S (22041, 22n+1, 22n) Sp(Wan+1, Wan1, Wan ),
% [Sb(22n42, 22n+2, 22n) + Sp(22n+15 22041, 22n+1))

a5z [Sb(W2n12, want2, wan) + Sp(Want1, Wont1, Won+1)]

= kmax

But
1z 16 (22042, 22n42, 22n) + Sb(22n41, Z2n+1, 22n41)]
< @[Qbsb(zzmm 2on42, 22n+1) + bSb(22n, 220, 22n41)]
1 2
< @[2555(22n+27 Zon+2, 2on+1) + 0°Sp(22n41, 22041, 2on)]
< max{Sy(22n+2, 22n42, 22n+1), Sp(22n+1, Z2n+1, 22n) }
< max{S2,+1, S2n }
Similarly,
1
a2 1S (W2n 12, want2, wan) + Sp(want1, Wonyt1, Wont1)] < max{Sa;i1,S2n}
Hence,
Sp(22n+2, 22n+2, 2on+1) < kmax{San 11,52, }.
Similarly,

Sp(Wan+2, Wont2, Want+1) < kmax{Sont1, S2n}-
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Hence, it is clear that
Son+1 < kmax{San+1, Son}
If Sop4+1 is maximum, then we get contradiction. Hence So, is maximum. Therefore
Sont1 < kSon < Sop. (1)

Similarly, we can conclude that Ss, < S2,—1. Thus, {S,} is non-increasing sequence of
non-negative real numbers and hence converges to r > 0. Suppose r > 0. Letting n — oo
in (1), we have

r<kr<r.

It is a contradiction. Hence r = 0. Thus,

lim Sp(zn+1, 2nt+1,2n) =0 (2)
n—oo
and
lim Sp(wp i1, Wnt1,wy) = 0. (3)
n—oo

Now, we prove that {z2,} and {wa,} are Cauchy sequences in (X,Sp). On contrary
suppose that {z2,} or {ws,} is not Cauchy then there exist ¢ > 0 and monotonically
increasing sequence of natural numbers {2my} and {2n4} such that ng > my.

maX{Sb(szk, Z2my 5 Zznk), Sb(w2mk , Woamy, w2nk)} =€ (4)

and

max{Sy(22m, » 22my. » 22n,—2)s Sb(Wam,, , W2, , Won, —2)} < €. (5)

From (4) and (5), we have that

€ < max{Sp(22m,» 22mus 2211 )s Sb (W2, s Wam, , Won, ) }
< 2bmax{Sy(22my., 22my » 22mi+2) > Sb(Wamy s Womy » W2, +2) }
+omax{Sy(22n, s 220, » 22ms+2)s Sp(Wan, , Won, , Wom,+2) }
< 40 max{.Sy(22m, » Zomy » Z2mp+1)s Sp (W, » W, » W, +1) }
+2b2 max{ Sy (22my+2, 22mu+25 22my+1)5 b (W2 12, Wy +2, Wome+1) }
+20% max{Sy(22n, » 22n, » Z2n,+1)s St (Wan, s Won, , Wan, +1) }

+b° max{Sy(22m,+2, 22mi+2> 22n,+1) b (Wam, +2, Womy+2, Wan, +1) }- (6)
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From (2.1.4), we have

Sb(22mp+2,22m+2 22n,+1)
= Sb(f($2mk+27 yzmk+2), f($2mk+2a mek+2), g(9€2nk+1, y2nk+1))

Sp(FTamy+2, FTom+2: GTon+1), So(FY2mu+2, Fyomut2: GYang+1), )
Sp(f(T2mi+2: Yomu+2), [ (Tamu+2, Yome+2)s FTamy+2),
Sp(f (Y2mu+2> Tome+2)s [ (Y2mu+25 T2mp+2)s FY2m,+2),
Sp(9(T2n,+1, Y2ne+1)s 9(X2n+1, Y2n,+1)s GTon,+1),
< kmax Sp(9(Y2n+1, T2ne+1), 9(Y2ne+15 T2np+1)s GY2n+1),
N [Sb(f(l‘zmﬁz, Yome+2) s J (Z2m, 42, Yom,+2), zenk+1)]
| +8(9(Tans+15 Y2ni+1)s 9(Tang+15 Y2ng+1)s FTam,+2)
1 {Sb(f(y2mk+2, Tom,+2), [ (Y2mi+2; Tame+2)s GY2n,+1)
+S(9(Y2n,+1, T2n,+1)5 9(Y2n,+1, P20, +1) FY2ms+2)

Sb(22my+15 22mi+15 2208 ) s Sb (W21, W2y +1, W2n,. )
Sb(22mp+25 22mi+2, Z22mt1), Sb(Wormi+2, Wamy4-2, Wamy+1),
Sp(22n,415 220,15 Z2n, ), Sb(Wong+1, Wane+1, Wany, )
[Sb Zompt2s 22mu+2> 22n, ) T Sb(Z2n, 41> 22m0 415 Z2mat1) |
1= [So(Wam, 42, Wam, +2, Wan, ) + Sp(Wan, 41, Wan, +1, Wam, +1) |

= kmax

"T
H

Similarly,

Sh(W2my +25W2m+25 W2y +1)

S (Z2mu+15 22mu+1> 2201, ) > Sb(W2rmp 415 W2y +15 W2n,, )
St(22mp+25 22m+25 22mu+1)5 So (W2, 42, Wom, 42, W2, 1),
< kmax . Sp(22n,+15 22n5+15 22n,) > b (W2 +1, Wan, +1, Wan,, ),
1 [ 9 (22mut2s 22mu+25 22n,) + Sb(22m04+15 220,41, Z2met1) |
17 [S(Wam, 42, Wam, 12, Wan, ) + Sp(W2ny 115 Wan, 41, Wam+1)

Thus

max { Sb(22m, 125 22my+25 22n,41) > S (W2, 425 Wam,+2, Wan, +1) }

S (Z2mp+15 22mu+15 220, ) > So (W2 415 W2, +1, Wan,, ),
S (22mp+25 22mu+2> 22mu+1) s Sb(W2my 42, Wy +2> Wam,+1),
< kmax Sb(Zan—l—hZan—f—l;Zan) Sp(Wany+1, Wong+1, Wan,, ), A7)
1 [ 9 (22mut2s 22mu+25 220, ) + So(22m0415 22n, 415 Z2mu+1) |
1= | So(Wam, 42, Wam, 42, Wan, ) + Sp(Wan,+1, Wan,+1, Wam,+1) |
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But

max{Sp(22my,+1, 22m,+1, 22n, ) S (Wam,+1, Wam, +1, Wan, ) }
< 2bmax{Sy(22m,+1, 22mu+15 22my ) s Sb(W2rmy 415 Worny+15 W, ) }
+ bmax{Sy(22n,, 2205 22m ), Sb(Wany s Wany,, Wam, ) }
< 2bmax{Sp(22m,+1, 22my+1, 22ms )> Sb (W21, Wamy+1, Wam,, ) }
+ % max{Sy(22m,, Z2m,> 22n, ) » S (W2, » W, , Wan, )}
< 2bmax{Sy(22m,+1, 22mu+15 22my. ) s Sb(W2rmy+1, Wormy+15 W, )
+ b? (2b max{Sy(22my.» 22my 22m_2)> Sb (W2, s Wam,» Wan,_,)})
+ b? (bmax{Sy(22n, » 22n,» 22n,_ )> Sb(W2n, » Wan, , Wan,_,)})
< 2bmax{Sp(22m,+1, 22my+1, 2ms )» Sb(W2rmy+1, Wamy+1, Wam,, ) }
+ 2% + b? (20 max{Sy(22n, s 22n, s 22n,—1)s Sb(Wan, , Won, , Wan,—1)})
+ b (bmax{Sy(22n, s> 22n,—2, 22n0—1)> Sb(Wan,—2, Won, —2, Wan,—1)})
< 2b max{Sp(22m,+1, 22my+15 22my )s Sb(Wam,+1, W21, W2y, ) }
+2b%¢ + 2b* max{Sy(22n, » 22ns » 22n,—1)s Sb(W2n, , Won, , Won, —1) }

+ b° max{ Sy (22,1, 22nx—1, Z2nx—2)> Sp(Wan,—1, Wan,—1, Wan,—2) }-

Letting k£ — 0o, we have

. 3
klim max{Sp(22my+1, 22mp+15 22ny, ), Sb(Wamy+1, Wam,+1, Wan, )} < 20%€.
o0

Also

1 (Sb(22mu+2, 22m, 42, 220, ) + Sp(22n, 415 220,415 22m,+1) )

< L 2b Sb(22mk+27 22my+25 Zka+1) + b2 Sb(22mk+17 22my+15 Zan)
= 4b% \ +2b Sp(22n,+1, 220,415 22n, ) + 0 So(22mu 41, 22me+1, 22n,.)

9
< 1 ma {2bSb(32mk+27Z2mk+2’32mk+1)7b Sb(Zka+1aZ2mk+1722nk)7}

= p2 2b Sp(22n,+15 220,415 220y, ), 0 Sb(22mp+1, 22mp+1, 22n,.)

2 Sp(22my+25 22mi+2, 22mu+1)s Sb(22mu+1, 22mu+15 220k )5
<max ¢ 2 Sp(22n,+15 22nk+15 2201 ) > Ob(22mu+15 22mp+15 2204 )+
St (W41 W41 220, )

Letting k£ — 0o, we have

. 1
klim be(Sb(@mﬁz, 22m+2s 22n, ) + Sb(22n,415 220,415 22me+1)) < 2be.
o0

Similarly,

. 1
klgilo @(Sb(w%nk—i-% Wom,+2, Won,, ) + Sp(Wan,+1, Wony+1, Wam,+1)) < 2be.
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Now, letting k¥ — oo in (7), we have

lim max Sb(22m, 42, 22m,c+2, Z2m41) < kmax { 2b%¢,0,0, 2be, 2be }
k—00 Sp(W2m,+25 W2, +25 Won,+1)
=k 2b%€.

Hence, letting k¥ — oo in (6), we have
e<O0+0+0+0%k 263 < e,
it is a contradiction. Hence, {22, } and {wy, } are Sp-Cauchy sequences. In addition

max{Spy(22n+1; 22n+1, 22m+1)s So(Wan+1, Wan41, W2m+1) }
< 2bmax{Sy(22n+1, 22011, 22n), Sp(Want1, Wany1, Wan) }
+ bmax{Sy(22m+1, 22m+1 22n), Sp(W2m+1, Wam+1, Wan) }
< 2bmax{Sy(22n+1, 22n+1, 22n)5 So(W2n 41, Want1, Wan) }
+ 207 max{Sy(22m-+1, 22m+1, 22m), So(W2m+1, W2m+1, Wam) }

+ b2 maX{Sb(Zan 22, ng), Sb(w2n7 Wan, w2m)}

From(2), (3) and since {z2,} and {ws,} are S}, -Cauchy sequences, it follows that {z2,41}
and {wa,, 41} are also Sp-Cauchy sequences in (X, Sp). Thus, {z,} and {w, } are Sp-Cauchy
sequences in (X, Sp). Suppose F'(X) is complete subspace of X. Then it follows that {z,}
and {wy,} converges to a and f3 respectively in F'(X). Thus, there exist v and v in F(X)
such that

lim 2z, =a=Fuand lim w, == Fv. (8)
n—oo n—o0

Now, we have to prove that o = f(u,v) and 8 = f(v,u). Using (2.1.4) and Lemma
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(1.10), we obtain that

23Sy, 0), £ (u,v), )
< lim sup Sp(f(u, v), f(u,v), (L2041, Y2n+1))

u, Fu G$2n+1), Sb(FU, F’U, Gy2n+1),

( ) ( ) ),Sb(f(v,u),f(v,u),Fv),
($2n+1 y2n+1) 9(2nt1,Y2n+1), Grany1),
(y2n+17 $2n+1) 9(Y2n+1, Tant1) GYan+1),

v), f(u,v), Grony1) ]

Sp(F
S
S
S

< lim sup kmax
n—oo

| +S4(g $2n+17y2n+1) 9(T2ns1,Y2nt1), Fu) |
1| Se(f(v,u), f(v,u), Gyany1)

\ w [+Sb( (Y2n+1, T2n+1), 9(Y2n+1, T2n+1), Fv)
( (a « ZQTL) Sb(ﬁaBaU}Qn)va(f(u)v)af(ua U)va)v

o ( (v,u), f(v,u), B), Sp(22n+15 220415 22n)s Sp(Wan 11, Wont1, Wan),
= Jim sup k max [Sb(f( v), f(u,v), 22n) + Sp(22n+1, 22041, @) |,
\ E [So(f (v, u), f(v,u), wan) + Sp(want1, Want1, B) |

v)
< kmax {008b<f< ), f(u,0), @), Sp(f (v, u), f(v,u), 8),0,0, }
- 17 (20 Sp(f (u,v), f(u,v),a) + 0], ﬁ[% Sy(f(v,u), F(v,u), B) + 0]

:k:max{Sb(f(u,U), (U,U), ) ( (U7u) ( ) )}

f
g
i

/

Similarly,

7bSb(f( ) f(v,u),ﬁ) < k’maX{Sb(f(U, U)vf(uvv)’a)vSb(f(vvu)vf(v’u)’ﬁ) } .

Thus, we have

It follows that f(u,v) = « and f(v,u) = 8. Thus, («, ) is a coupled coincidence point of
f and F. Since {f, F'} is a w-compatible pair, we have Fa = f(«a, ) and F = f(8, a).
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From (2.1.4) and Lemma (1.10), we obtain that

?bsb(f(OZ’B)’ f(avﬁ)a Oé)

< lim sup Sy(f(a, B), f(e, B), 9(®ant1, y2n41))

Sp(Fa, Fa, G$2n+1),5b(F57F57Gy2n+1)
Sp(f(a, B), fla, B), Fa), Sp(f(B, @), f(B, ), F'B),
Sb(( ((£C2n+1 y2n+1)) §x2n+17y2n+1§ g$2n+1§7
. Sp(9(Y2n+1, T2n+1), 9(Y2n+1, T2nt1), GYon+1),
< Jp sup komaxy [Sb(f( B), f(a, B), Gan1)

a7 | 4G ( (332n+1,y2n+1),g(372n+1,y2n+1),Fa) ’
1 |: (f(ﬁaa)7f(ﬁ7a)7Gy2n+l)
% 1 +5p(9(y2n+1: T2n+1): 9(Y2n+1, Tany1), FB) |

( Sy(Fa, Fay, zap), Sp(FB, F B, way,), )
Sb(f(aa 6)7 f(Oé, ﬁ)’ FO[), Sb(f(/Bu O[), f(ﬁ7 Oé), Fﬁ)a
Sp(22n+415 22n+15 22n) s Sp(Wan 11, Wont1, Wan),

= lim sup k max 1 [ Se(f(, B), f(a, B), 220)
el 4% | +Sy (220415 2on+1, f(a, B)) |
1 Sb(f(ﬁaa)af(ﬁva)7w2n) :|
4% | +Sy(want1, wony1, f(B, @)

208y (f(a, B), f(a, B), ), 208, (f (B, ), f(B, @), B),0,0,0,0,
< k max %[stb( (a7 ) f( )7a)+b28b(a’avf(aaﬁ))]’
AH%&G@ J{,L)+¥&(,J(,m

=2bk maX{Sb(f(ayﬁ)7f(av/8)va)aSb(f(ﬁva)af(ﬁva)’ﬁ) } .

Similarly,

fsb<f<ﬂ, ), f(Ba), B) < 2b k maX{?;E;(ﬁ,a)Z;w,a),g;’ }

Hence,

It follows that « = Fa = f(a, ), and g = F8 = f(8,«). Therefore (o, 3) is common
coupled fixed point of (f, F'). Since f(X x X) C G(X), there exist a,b € X such that
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f(a,B) = a=Gaand f(B,a) = f = Gb. From (2.1.4), by Lemma 1.7 and b > 1 we have

Sp(a,e, g(a, b)) = Sp(f (e, B), f(a, B), g(a,b))
Sp(Fa, For, Ga), Sb(Fﬂ,Fﬁ,Gb) Sp(f(e, B), fe, B), Fa),
<k max S( ( ) (67 ) 5) ( ( )79(0'7 )?Ga)vSb(g<b7a)7g(bva)va)a
?[ ( ( ) fla /3) Ga)+5b( (a,b),g(a,b), Fa)],
— k max 0 ,0,0,Sb( ( a, )7 ( ) ) Sb(g(b7a) g(b7a>7/8>7 }
4b2 [O-FSb(Q(d,b), (CL b) )] L[O_‘_ b(g(b’a)vg(baa)aFﬂ)]

< bk max { Sy, o, g(a, b)), Sp(B, 8, g(b,a)) } .
Similarly,

Sb(ﬁvﬁag((%a)) <bk max{Sb(oz,Oz,g(a,b)),Sb(B,ﬁ,g(b, CL)) } :

Thus,

max { Sp(a, ary g(a, b)), Sp(B, B, 9(b,a)) } < bk max { Sp(a, oy g(a, b)), Sp(B, B, 9(b,a)) } .

It follows that g(a,b) = o = Ga and g(b,a) = f = Gb. Since the pair {g,G} is w-
compatible, we have Ga = g(«, 8) and G = g(f, «). Using (2.1.4), we obtain

Sb(FB)FBaGﬁ)
Se(f(B, ), f(B,a), FB),
7Sb( (/Bv ) ( )7 ﬁ)u
,Ga) + 5 ( ( ) ( ﬁ),F )]
) )’Gﬂ)+ b 7a7

Sb(Oé,Oé, a75))75b(6767g Bva) 0000
< kmax 462 [Sb(Oé « g(avﬁ)) + ( ( 718) g
4b2 [Sb(ﬁ 57 (,3,04)) +Sb(g ,a),g
= kmaX{Sb a, o, g(a, B)), Sp(8,8,9(8, o) )}

Sb(a7aag(a7ﬁ)) - Sb(f(a )7 f(Oé, ﬁ)vg(a7ﬁ))
(

Similarly,

Sb(67579<ﬁ7a)> < k‘maX{Sb(a,0479(01,6)),Sb(ﬂ,,8,g(ﬁ,05)) } .

Thus,

max { Sp(ev, @, g(a, B)), Sp(B, 8, 9(B, @) } < kmax { Sp(a, v, g(v, B)), Sp(B, 8, 9(B, ) } -

It follows that o = g(o, 8) and 8 = g(B,a). Thus, @« = Ga = g(a, ) and f = G =
9(B8, «). Hence, (a, ) is a common coupled fixed point of f, g, F and G. To prove unique-
ness let us suppose (a!, 8') € X x X is another common coupled fixed point of f, g, F
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and G such that a # o' and 8 # B'. From (2.1.4), we have that

B
Sb(F ,FO&,GO&l),Sb(FB,Fﬁ,Gﬁl),
B)’F )7Sb(f(5> )f(ﬂa ) ﬂ)
,Ga'), Sy(g(B', at), g(BY, at), GBY),
o, B), Gal) + Sy(g(al, 81), g(al, A1), Fa )],
Sb( (51 1)7 ( )aF

=k max { Sy(a, @, at), Sy(8, 8, 8Y) } .
Similarly,
Sp(B,8,8") < kmax { Sp(a, a,a'), Sy(8,8,8") }.
Thus,
max { Sy(ev, o, 1), Sp(B, B, 8Y) } < kmax { Sp(a, a,at), Sp(B3, 8, 8) } .

It is a contradiction. Hence, (a, ) is the unique common coupled fixed point of f, g, F'
and G. [ ]

Exzample 2.2 Let X = [0,1] and
Sy X x X xX 5RY by Sy(z,y,2) = (ly+2—2z| + |y — 2[)?
then Sy is Sp-metric space with b = 4. Define f,g: X x X - X and F,G : X — X by

:U2+y2 z2 —|—y2 x x
f(ﬂf,y) = 46 ) g(xay) = 47 ) F(LE) = Z and G(:’U) = 1A
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also put k£ = 4—17. Then

Sb(f(xa y),f(x,y),g(u,v))
= (If(z,y) + g(u,v) = 2f (z,y)| + | f(2,y) — g(u,v)|)
=4 (|f(z,y) — g(u,v)|)*
2

. 2?2+ u? 0P

46 47
42 — w2 4y? — 02 2
=4 47 + y47
1 1 ([42? — u? 4y? — v? 2
~sar G S
1 /1 (|42 —u?| |42 -2\’
<sgam G )
1 Ax2 — 42 4y2—v2 2
Sip <max{ 16 l 16 })
= %max{Sb(Fx,Fx,Gu), Sy(Fy, Fy,Gv)}
Sb(F‘T Fa Gu) Sb(FyaFyan) ( ('1:? )7f( ) F$)
< kmax d P @2), f(y, ) Y), So(g(u,v), g(u, v), Gu), Sp(g(v, u), g(v, u), Gv),
h 4},2 [Sb(f( y), f(z, )Gu)+Sb(( v), (u,v) )],

4b2 [Sb(f( ) f( ) Gv)+Sb( ( ) g(U? ) Fy)]

It is clear that all conditions of Theorem 2.1 satisfied and (0, 0) is unique common coupled
fixed point of f, g, F and G.

From Theorem 2.1, we have the following corollary.

Corollary 2.3 Let (X,S;,) be a Sp-metric space. Suppose that f : X x X — X and
F: X — X be satisfying

(2.3.1) f(X x X) C F(X),

(2.3.2) (f,F) are weakly compatible pairs,
(2.3.3) F(X) is Sp-complete subspace of X,
(

2.3.4) Syp(f(=,y), f(=z,y), flu,v))

— — —

< k max

Su(f (s, 2), f(y,7), Fy), b< (u, 0), £ (u,0), Fu), Sy(f (0,40), f (v, ), F),
452[ ( ( )’ (SU )Fu)+Sb(f(u’vaf(u’U7 T
( ( ) f(yv ) FU +Sb(f Uau)af(vau)aF

for all x,y,u,v € X, where 0 < k < ﬁ.

Then f and F' have a unique common coupled fixed point in X x X.
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