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Abstract. In this note, we introduce the concept of topologically simple semihypergroup and
determine when topological simplicity of a complete subsemihypergroup of a semihypergroup
implies its simplicity from algebraic point of view.
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1. Introduction and preliminaries

The theory of hyperstructures first emerged in the mid-1930s when the concept of
algebraic hypergroups was introduced by Marty and Wall as a generalization of groups
[T0, T2]. However, the real origin of this concept actually dates back to the emergence
of group theory in 1930 and in the Fribinius’s studies. The theory of hypergroupoids (in
the sense of Marty) is a well-developed branch of hyperstructure theory. By contrast, few
studies have been conducted On this area concerning with topological structures. In fact,
the theory of topological hypergroupoids was initiated in [2] via introducing the concept
of topological transposition hypergroups with the help of employing pseudo and strong
pseudo continuous hyperoperations. Later on, introducing topological hypergroupoid by
Hoskava [7] led to improving this notion. Heidari et al. [5] stated the concept of topological
hypergroups in the sense of Marty as a generalization of topological groups. Cristea and
Hoskava [d] worked on the fuzzy pseudotopological hypergroupoids. They developed the
concepts of topological hypergroupoid and pseudocontinuous or continuous hyperopera-
tion into the fuzzy case. The topological isomorphism theorems of topological polygroups
was proved by Heidari et al. [6]. The role of complete parts in topological polygroups has
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been investigated by Salehi Shadkami et al. [I7]. Abbasizadeh and Davvaz [[l] discussed
the relation between two definitions of a fuzzy topological polygroup. The concept of
topological complete hypergroup, which is a special class of topological hypergroups was
introduced and studied by Manoranjan et al. [9].

In this paper, by considering the notion of a semihypergroup, we introduce the concept
of a topologically simple semihypergroup. In particular, using complete semihypergroup,
the relationship between topologically simple semihypergroup and simple semihyper-
group from algebraic point of view is investigated, and finally some related results are in-
dicated. Further, some theorems and definitions regarding hypergroupoids used through
the paper are presented in this section. The preliminary concepts in this field can be
found in [3].

A n-hyperoperation on nonempty set H is a map o : H" — P*(H), where P*(H) is the
set of all nonempty subsets of H. A hyperstructure (multivalued algebra) is a nonempty
set endowed with a family of hyperoperations, and a hypergroupoid is a hyperstructure
with a singleton family of hyperoperations.The hyperoperation of h; and ho as the ele-
ments of H is shown by hj o ho and called the hyperproduct of hy and ho. If I and J
are nonempty subsets of H, then [ o J = U h1 o ha. When the hyperoperation of a

hi€Th,eJ
hypergroupoid has associative property, the hypergroupoid is named a semihypergroup.

Likewise, a semihypergroup (H, o) is called hypergroup if
Vhe HHhoH=Hoh=H.

A complete part of semihypergroup (S, o) is the non-empty subset 7" of S that for any
non-zero natural number n and for all sy, so, ..., s, of S the following implication holds:

TN s #0=1[2, s €T

A left hyperideal of the semihypergroup S is a nonempty subset I of S with SI C
I. Similarly, the right hyperideal can be defined. In addition, I is called (two-sided)
hyperideal if it is both right and left hyperideal. If a semihypergroup S has no proper
hyperideals, it is called simple. In fact, semihypergroup S is simple if and only if Ss5 = S
for all s # 0. It is clear that each hypergroup is a simple semihypergroup [g].

Lemma 1.1 [5] If (S,7) be a topological space, then the family 5 including all Sy =
{U € P*(S):U CV,V €7} is a base for a topology on P*(S). This topology is shown
by 7*.

Definition 1.2 [5] Suppose (S, 0) is a semihypergroup and (S, 7) is a topological space.

The triple (S,0,7) is called topological semihypergroup if the mapping (x,y) — z oy

is continuous with respect to the product topology on S x S and the topology 7* on

P*(S). Moreover, topological semihypergroup (H,o, ) is called topological hypergroup
X

when the mapping (z,y) — v 18 also continuous, where % ={z€eH:x€zoy}

In topological groupoid theory the translation maps are homeomorphism. However,
they are just continuous in topological hypergroupoid theory in general [I1]. We say the
topological hypergroupoid (H,7) is a compact Hausdorff topological hypergroupoid if
topological space (H, 7) is compact as well as Hausdorff [d].

Theorem 1.3 [d] Let H' be a subset of compact Hausdorff topological hypergroup H.
Then hH' = hH' for all h € H.

Lemma 1.4 9] Let (H,o,7) be a topological complete hypergroup that every open
subset of it is a complete part. Then, the translation maps are open maps.
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2. Main results

In this section, we introduce the concept of topologically simple semihypergroup and
determine when topological simplicity of a subsemihypergroup implies its simplicity from
algebraic point of view.

Definition 2.1 Subsemihypergroup S’ of topological semihypergroip S is called topo-
logically simple if for every hyperideal of it such as I, we have S’ C I.

Definition 2.2 Let (5,0) be a hypergroupoid and = € S. We say x has infinite order
(O(z) = oo) if for all (m,n) € Z2, where m # n, we have z" (2™ = (), where z* =
xoxo---ox (k times).

—

The following example indicates that a topologically simple semihypergroup is not
simple algebraic, generally.

Example 2.3 Let (H,o,7) be a compact Hausdorff topological complete hypergroup and
a € H has infinite order. Then the subsemihypergroup S = [J;2, a’ is a topologically
simple subsemihypergroup of H that is not simple from algebraic point of view. In fact,
according to the definition of simple semihypergroup, the subsemihypergroup S is not
simple because a € S (as defined by S) and a ¢ SaS (a has the infinite order), therefore
SaS # S. On the other hand, every hyperideal of S that is in the form of I = U;’ij al(j >
2) has intersect with any infinite open subset of S which is seen in the form of U =

U2 y a’(j > 1). So I is dense in S, i.e. S is a topologically simple subsemihypergroup of
H

Based on the following lemma, the closure of any subsemihypergroup of a topological
semihypergroup is again a subsemihypergroup.

Lemma 2.4 Let 7' be a subsemihypergroup of topological semihypergroup (5,0, 7).
Then T is a subsemihypergroup of S, where the bar denotes closure.

Proof. Suppose z,y € T and we have z oy € T. Then since T is closed , there exist
neighbourhoods V;, of x and V, of y that (Vo V) = (. On the other hand, since z and
y are elements of T, non-empty subsets V(7T and V, (T exist. If a, € V(T and
ay € V, (T then

0+#azo0a, C(V,NT)o(V,NT)CTCT,
which is a contradiction. [ |
The following corollary is immediate obtained by previous lemma and Example PZ3.

Corollary 2.5 Let (S,0,7) be a topological complete semihypergroup and each topo-
logically simple subsemihypergroup of S is simple. Then, no subsemihypergroup of S
contains an element of infinite order.

Theorem 2.6 Let (S,0,7) be a compact Haussdorf topological complete semihyper-
group that every open subset of S is a complete part. Then S is a topologically simple
semihypergroup if and only if for all z in S, we have Sox 0 S = 5.

Proof. Suppose (S, 0,7) be a compact Haussdorf topological complete semihypergroup
that every open subset of S is a complete part. Additionally, suppose S is topologically
simple and x is an arbitrary element of S. Then S ox oS is a hyperideal of S and this
hyperideal has to be dense in S via definition of topologically simple semihypergroup.
So, SozxoS=25.
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Conversely, suppose for every element such as x in S, Sox oS = S and I be a non-zero
(two-sided) hyperideal of S. If 7 is a non-zero element of I, then by Theorem I3, we have

S=S0i0SCSoloSCI.

Hence, I = S, and so S is topologically simple semihypergroup. [ |

Theorem 2.7 Let (H,o,7) be a compact Haussdorf topological complete semihyper-
group that every open subset of S is a complete part. Then subsemihypergroup S of H
is topologically simple if and only if S is simple (algebraic) subsemihypergroup of H.

Proof. We first suppose S is a topologically simple subsemihypergroup of H, I is a
non-zero proper hyperideal of S and i is an element of I. By Lemma [, Soio S is a
closed proper hyperideal of S. Therefore, (SoioS) (S is also a closed proper hyperideal
of S, a fact contradicting the topological simplicity of S.

By contrast, suppose S is simple subsemihypergroup of H. By Theorem I3 the closure
of every hyperideal of S is a hyperideal of S. Thus, if I is a non-empty hyperideal of S
then T is a hyperideal of S. Since S is simple, we have S = I. As a result, S C S

=1,
means S is topologically simple semihypergroup. [ ]
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