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Abstract. This study concerns the existence and multiplicity of positive weak solutions
for a class of semilinear elliptic systems with nonlinear boundary conditions. Our results is
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solution with positive energy.
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1. Introduction

The class of elliptic partial differential problems involving the nonlinear boundary condi-
tions arise from many branches of science, for example in mechanics, geometry and other
sciences. The attention of many authors have been attracted toward the existence and
multiplicity of solutions for semilinear elliptic problems with nonlinear boundary condi-
tions. The aim of this paper is to prove existence and multiplicity results of nontrivial
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nonnegative solutions for the semilinear elliptic system:
1
Au~+my(z)u = ;)\fu(x, u,v) + gu(z,u,v) x€Q,

1
Av+ma(z)v = =Afy(z,u,v) + go(x,u,v) x€Q,
p

(1)
ou 1 1
o = T M\, U, —Ju s Uy Qa
5 quh(a:uv)+rj(muv) x €0
ov 1 1
a5 - = v Ly Wy 7‘1) s Wy Qv
5, quh(muv)—i-rj(xuv) x €

where \,u > 0, 1 < ¢,r < 2 < p < 2% where 2* is the critical Sobolev exponent
(2* = ]\2,—2 it N >2 2"=0c0if N <2), % is the outer normal derivative, Q C RY is
a bounded domain with smooth boundary 92 and my, ms € C(£2) are positive bounded
functions. Also f,g,h and j are C'—positively homogenous functions of degrees p, 1, ¢
and r respectively such that f(x,0,0) = g(x,0,0) = h(x,0,0) = j(x,0,0) = 0.

We say ¢(x,u,v) is a positively homogeneous function of degree « whenever
Y(x,tu,tv) = t*(x,u,v) for every ¢ > 0. It is clear that if & > 0 and 9 (z,u,v)
is an a—homogeneous C'—function, then ¥ (z,u,v) < Ky(|u|* + |[v]%), where K, =
max{y(x,u,v) : (2,u,v) € Q x R, |u|* + [v|* = 1}. So from assumptions over f,g,h
and j we conclude that there exist positive constants Ky, K, Kj, and K such that

(2)

fl@uv) < Kp(jul’ + o), g(z,u,v) < Ky(lul + o)),
h(z,u,v) < Kn(ful® + [0]),  j(z,u,0) < Kj(Jul" + [v]").

Over the last years, many authors have studied the existence of solutions for the
following elliptic system

— Au+ my(z)[ulP2u = Fy(z,u,v) + Gylz, u,v) x €,
— Av+my(z)|vP~ 20 = Fy(z,u,v) + Gy, u,v) x €,
Ou 0

v _ Hy(z,u,v) + Jy(z,u,v) x € 09,

= Hu(:c,u, U) + Ju(x,u,v), on

on
where Q is a bounded region in RV (N > 2) with smooth boundary 9 and F,G, H and

J are positively homogenous functions of different degrees. For instance, Brown and Wu
[6] considered the case my = mgo = 0,G(z,u,v) = J(x,u,v) =0 and

1
F(z,u,v) =

= Bf(x)u%ﬂ

1 1
H(z,u,v) = A—g(z)u? + p—h(z)v?
q q

where a > 1,8 > 1,2 < a4 f < 2* and the weight functions f, g, h satisfy the following
conditions:

o f € C(Q) with || flleoc = 1 and fT = maz{f,0} £ 0.

e g, h € C(09) with ||glloc = ||hlec = 1 and ¢& = max{£g,0} # 0 and h* =
max{xh,0} # 0.
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They found that the above problem has at least two nonnegative solutions when the
pair of the parameters (A, ;1) belongs to a certain subset of R?. Also in [17], Wu con-
sidered the case F(x,u,v) = %)\f(a:)uq + %ug(w)vq,G(aﬁ,u,v) = J(z,u,v) = 0 and
H(z,u,v) = ﬁh(x)uavﬁ, where 1 < ¢ < 2, > 1,8 > 1 satisfy 2 < a+ 8 < 2*
and the weights f, g, h satisfy some suitable conditions. The author showed this problem
has at least two solutions when (), i) belongs to a certain subset of R2.

In [14], Feng-Yun Lu proved the existence at least two nontrivial nonnegative solutions
in the case my = mg = 1, F(z,u,v) = %)\f(:r)uq + %ug(:r)vq,G(:v,u, v) = J(z,u,v) =0
and H(z,u,v) = ——h(x)u®v?, where a > 1,8 > 1 and 2 < a + 8 < 2*. Recently,

a+pB
Fan [11] studied the case F(z,u,v) = A" + 1", H(z,u,v) = J(z,u,v) = 0 and
G(x,u,v) = a%ﬁguo‘vﬁ for 1 < r < p < 2*. By using the Nehari manifold and the

Lusternik-Schnirelman category, the author proved the problem admits at least cat(£2)+1
positive solutions. Moreover, equations involving positively homogeneous functions have
been considered in many papers, such as [2-4, 8, 12, 13, 15| and the references cited
therein.

In this paper, at first, by exploiting the relationship between the Nehari manifold,
fibering maps and extraction of the palais-smale sequences in the Nehari manifold and
using the Rellich-Kondrachov Theorem [5] we establish the existence of local minimizers
for Euler functional associated with the equation and so we prove the existence of non-
negative solutions of system (1). Then by using Mountain Pass Lemma [16], we establish
the existence of at least one solution with positive energy.

Problem (1) is posed in the framework of the Sobolev space W = W2(Q) x W12(Q)
with the norm

o) = ( J0vu s+ [ (v +m2<x>|v|2>dx) :

which is equivalent to the standard one and we use the standard L"(Q2) spaces whose
norms denoted by ||u|,. Throughout this paper, we denote by S, and S, the best Sobolev
and the best Sobolev trace constant for the embeddings of W12(Q) into L"() and
Wh2(Q) into L™(952), respectively. So we have

(0 A SN ([0 S
pallel + ol = 357 * (ogur + olyaay = 157

Now we will show the existence and multiplicity results of nontrivial solutions of system
(1) by looking for critical points of the associated Euler functional

Oy pu(u,v) = %M(u,v) — ;AF(U, v) — G(u,v) — 2uH(,u, v) — %J(u,v), (4)

where

M (u,v) :/Q(|Vu|2+m1(a:)u|2)da:+/ﬂ(|Vv|2+m2(x)|v|2)d:c
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and

F(u, 1)) = /;2f<x7 |u’7 "U’)d:l}, G(u, U) = /Qg(ma ‘u|7 ’de‘T?
(5)
H(u,v):/mh(x,u|,|v|)da, J(u,v):/mj(x,|u|,yv|)da.

Moreover, a pair of functions (u,v) € W is said to be a weak solution of the problem
(1)7 if <€l)\,,u,(u7 U): (9017 902)> = 07 ie.

/Q (Vu.Vr + mi(z)upr)de + /Q (V0.Via + ma(z)vps)da

1
= /\/ (fupr + fop2)dx + / (gup1 + gup2)dx
P Ja Q

1 1 ) .
+ L, / (huipr + hopa)do + / (upr + Jug2)do,
qa Joq T Joa

for all (¢1,p2) € W.

To get the solutions of system (1) we look for minimizers of the energy functional
ly - But £, , is not bounded neither above nor below on W, so we introduce the Nehari
manifold

Nou(Q) = {(u,0) € WA{(0,0)} = (€, (u,v), (u,0)) = 0},

where (,) denotes the usual duality between W and W1, where W~ is the dual space
of the Sobolev space W. We recall that any nonzero solution of problem (1) belongs to
N, (€2). Moreover, by definition, we have that (u,v) € N, ,(Q) if and only if

M (u,v) — AF(u,v) — G(u,v) — pH (u,v) — J(u,v) = 0. (6)

The following result concerns the behavior of £y, on N} ().
Lemma 1.1 ¢, , is coercive and bounded from below on Ny ,(€).

Proof. Let (u,v) € N ,(£2) be an arbitrary. Then by (2)-(6) we get

p—2 q—p p—1 p—r
é)\7u(u,v) = 2p M(u,v) - qq H(u,v) - D G(”?“) - rp J(’LL,’U)
-9 —
> 22 M(u,0) —uppquh/ (Jul? + [v]?)dor

o0N
—-T

p— 1 p r r
PRy [ (ul+ oo = Pk [l ol
D Q 0N

pr

p—2 oD —4q 2
>t v —ouStt TR, (M a/
% (u,v) — 2uS] o n(M(u,v))

_25,? . LK, (M (u,0))3 — 25'::pp_TTKj(M(u,v))7"/2.
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Thus, ¢, , is coercive and bounded from below on N} ,(€2).

The Nehari manifold is closely linked to the behavior of functions of the form ¢, , :
t = Uy u(tu, tv) (t > 0). Such maps are known as fibering maps. They were introduced
by Drabek and Pohozaev in [9] and also were discussed in Brown and Zhang [7]. So for
(u,v) € W, we have

Guw(t) = €y u(tu, tv)
2
T2

Guw(t) = (64, (tu, 10), (u,v))
= tM(u,v) — MP E (u,v) — G(u,v) — pt L H (u,v) — t" 1 J (u,v).

tP 4 t"
M(u,v) — EAF(u,v) — tG(u,v) — EuH(u,v) - 7J(u,v), ™

It is easy to see that ¢, ,(t) = 0 if and only if (tu,tv) € N),(R). In particular,
(u,v) € Nyu(Q) if and only if ¢, ,(1) = 0, ic. elements in N} ,(Q) correspond to
stationary points of fibering maps. Thus, it is natural to split N, into three parts
corresponding to local minima, local maxima and points of inflection and so we define

Ny = {(tu, 1) € W2 9,,(1) = 0,4, () > 0},
Ny = {(tut0) € W5 6y,,() = 0,0,,,(t) < 0}, (8)
M = {(tu,tv) € W 6,,(1) = 0,,,,, (1) = 0}

The following lemma shows that minimizers for £) ,,(u,v) on Ny ,(2) are usually critical

points for ¢ ,,, as proved by Brown and Zhang in [7] or in Aghajani et al. [1].

Lemma 1.2 Let (ug,vo) be a local minimizer for ¢y ,(u,v) on Ny (), if (up,vo) ¢
NR#(Q)’ then (uo,vo) is a critical point of £y ,.

The purpose of this paper is to prove the following results.

Theorem 1.3 If ¢ <, G(u,v) > 0 and J(u,v) < 0, then there exists A* C (RT)? such
that for (A, u) € A*, system (1) has at least two positive distinct solutions.

Theorem 1.4 If G(u,v) > 0 and F(u,v) > 0, then there exists A** (A* C A** C (R1)?)
such that for (A, u) € A**, system (1) has at least one nontrivial solution with positive
energy.

This paper is organized as follows. In section 2 we point out some notations and
preliminaries and give a fairly complete description of the Nehari manifold and fibering
map. Finally Theorem 1.3 and Theorem 1.4 are proved in section 3.

2. Preliminaries and auxiliary results

In this section some properties of the Nehari manifold and fibering map will be perused.
First, motivated by Lemma 1.2, we will get conditions for A/ u =0

Lemma 2.1 If ¢ < r, G(u,v) > 0 and J(u,v) < 0, then there exists Ag C (R")? such
that for (A, ) € Ag and ¢ < r, we have ./\/R# = (.
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proof. Suppose otherwise, let (u,v) € N /97/1 be an arbitrary, then by (7) and (8) we
have

Gup(1) = M(u,v) = X(p = 1) F(u,v) — p(g = 1) H(u,v) = (r = 1).J(u,v) =0, (9)

)

and
Gy (1) = M(u,v) — AF(u,v) — G(u,v) — pH (u,v) — J(u,v) = 0. (10)
Using (2), (3), (5), (9) and (10) we obtain

(2= g)M(u,v) = (p — @AF(u,v) + (1 — ¢)G(u,v) + (r — q)J (u,v)

vk

< (p— QAE; /Q (lul? + o)z < 2(p — @) (SEAK ) (M (u, ),

which concludes

2—q P
M (u,v) > <2(p— q)ng\Kf> : (11)

On the other hand, by relations (9), (10), (2), (3), (5) and Young inequality we get
(p = 2)M(u,v) = p(p — @) H(u,v) + (p = DG (u,v) + (p = r)J (u, v)

< u(p — @)K /aQ(IUIq + [v|f)do + (p— 1)K, /Q(IUI + |v])dz

N =

< QMSg(p — Q) K (M(u,v))* +251(p — 1)K, (M(u,v))
c2p—2) <2—q(3q(p—Q)

S5+ M ()

S 3 2 (p—2)
n 2(1’3— 2) <;(3(Ef—_21)) SlKg)2 + ;M(u,v)>7
so we have
M(u,v) < L+ L, (12)

where L = @(%ugﬁ(’h)ﬁ and L = (3(22:21))51[(9)2_ Now by (12) and (11) we

must have

2—q )”2 /
_— <L+ L,
(=

which is a contradiction for A and p sufficiently small. So there exists Ag C (RT)? such
that for (A, p) € Ao, /\//97# = 0.

Lemma 2.2 If (u,v) € Ny asr, G(u,v) > 0 and J(u,v) <0, then F(u,v) > 0.
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Proof. By using (7) and (8) for (u,v) € N, , we have

2—q
Ap—q)

qg—1 q—r

F(u,v) > mG(u,v)+m

M (u,v) + J(u,v) > 0. (13)

As it was mentioned in previous section we have, d);w (t) = 0 if and only if (tu,tv) €
N, (). Therefore our purpose is to describe the nature of the derivative of the fibering
maps for all possible signs of F'(u,v), to do this, at first we define the following functions

1 1
Ra(t) :== =t2M (u,v) — A\=tPF(u,v),
’ ’ (14)

1 1
Su(t) == ugtqH(u, v) + tG(u,v) + ;tTJ(u,v),

follows from (7) that, ¢y (t) = Rx(t) — S,(t) and in particular qb;w(t) = 0 if and only if

R, (t) = S,(t), where

{ R)\(t) = tM(u,v) — tP"\F(u, v), (15)

! -1 r—1
S,(t) = pt" " H(u,v) + G(u,v) + " J(u,v).

In the next result we see that, ¢, , has positive values for all nonzero (u,v) € W
whenever, A\ and p are sufficiently small.

Lemma 2.3 There exists A1 C (RT)? such that ¢y, (t) = Ra(t) — S, (t) takes on positive
values for all non-zero (u,v) € W, whenever (A, p) € Ay.

Proof. If F(u,,v) <0, then Ry(t) > S,(t) for t sufficiently large and so ¢, (t) > 0.
Otherwise, suppose there exists (u,v) € W such that F'(u,v) > 0. By elementary calculus,
we infer that Ry () takes a maximum at

then follow by (14), (16), (2), (3) and (5)

— u,v)||? =
ity = 2 (U )

2p (AF(u,v))
p—2 (I 0)IF)P  \7
> 5 17
2p(A\Ky)»—= ((fQ(|up + U|P)dm)2> 17)

p—2 1 \»2 1)
> 3 % Z
(A ;)73 \ 455 =

where § is independent of (u,v). Now, we are going to prove that there exists A; C (R1)2
such that for all non-zero (u,v) € W, ¢y y(tmaz) > 0, provided that (A, ) € Ay. To do
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this, first note that from (16), (17) and (3) for 1 < a < 2*

o

u,v)||Z\ 72 a
(man)® | (a1l < 255 (L 200) ™ a0 2

)
o (U, 0) 3\ -5
25a< (\F(u, UV;/)z > (18)
= QSg(zip)g(R,\(tmm))% (Ba(tman)) &

similarly, (tmae)® [yo(Jul® + [v]*)dz = El(RA(tmax))%. By computing (2), (5), (14) and
(18) we find

[y

1
Su(tmaw) = 7,“/(tmaa:)qH(ua 'U) + tmaxG(U7 1)) + ;(tmax)rj(uy ’U)

—

Q

*,UKh( max)q/ (|u’q + |U|q)d0
o0
1
+thm/(\u\+\vy)dx+Kj(tm)r/ (ul” + o] )do
Q r a0

< MCI (R)\ (tmact)) : + 02 (R)\ (tmaz)) % + C'3 (R)\ (tmaax)) : ’

where C, Cy and C3 are positive constants and independent of (u,v). Hence using (7),
(17) and (19) we observe that

~~

qu v( max = R)\(

max ( ma:v)

)

9%(1 PCIR'T — CyRz — C3R
5
(1—#015 2 )\P 2—02(5 )\P 2—035 2 )\P 2)

=

b=

where R = R)(tmaz). Since 1 < ¢,7 < 2 < p, so there exist A; C (RT)? and ¢ > 0 such
that if (A, ) € Ay, then ¢y o (tmaez) > € > 0 for all nonzero (u,v) and this completes the
proof.

Corollary 2.4 If (A, p1) € Ay, then £y, (u,v) > € > 0 for all (u,v) € Ny,

Proof. Since (u,v) € N/\_u thus, ¢, has a positive global maximum at t =1, i.e.

E)W(u,v) = ¢u,v(1) Z ¢u,v(tmax) >e> 0.

Corollary 2.5 For (A, pu) € Ay, ¢;L,U(t) =R\ (t) — Sl;(t) takes on positive values for all
non-zero (u,v) € W.

Proof. Let (u,v) € W, using (7) ¢,,(0) = 0, and by Lemma 2.3, ¢y (tmaz) > 0. So
there exists 0 < 7 < tyaz, such that ¢, ,(7) > 0.
To state our main results, we now present some important properties of IV, u and N ;‘ 4
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Corollary 2.6 If G(u,v) > 0, then for (u,v) € W\ {(0,0)} and (A, ) € A1, we have
(i) there exists t; > 0 such that (tju,t1v) € N;““ and ¢y (t1) < 0.
(ii) if F(u,v) > 0, then there exists 0 < t; < t3 such that (tju,t1v) € Ny

A (tgu,tg’u) S
Ny, and ¢y (t1) < 0.

Proof. (i) From the definition of ¢}, ,,(t), we know ¢;, ,(0) < 0 and by Corollary 2.5, we
obtain that ¢, ,(7) > 0 for suitable 7 > 0, so exists 0 < ¢; < 7 such that ¢{, ,(t1) = 0 and
Z,v(tl) > 0. Therefore, we conclude that (¢tu,t1v) € Nj\:u and ¢y (t1) < ¢u(0) = 0.
Proof. (i) As in the proof of (i), we have that ¢;,,(0) < 0 and ¢/, ,(7) > 0. Moreover
limy o0 @), ,(t) = —00, so there exist ¢1,ty such that 0 < t; < 7 < to and ¢, ,(t1) =
wo(t2) = 0. Furthermore (t1u,t1v) € NJF,M, (tau, t2v) € Ny, and ¢y (t1) < ¢uw(0) =0.

3. Existence of solutions

In order to prove of Theorem 1.3, we need to show the existence of local minimum for
O\ on N ;r u and Ny w7 for this, we need the following remark:

Remark 1 By using relation (2) we have f(x,u,v) < Kr(|lulP + [vP), g(x,u,v) <
Ky(lul+]v]), Mz, u,v) < Kp(Ju|?4v|?) and j(z,u,v) < Kj(Ju]"+v|") forl < g, r <2<
p < 2*. Hence from compactness of the embeddings W2(Q) — L¥(Q) and W1?(Q) —
L*(09) for 1 < a < 2* (Rellich-Kondrachov Theorem [5]) and the fact that the functions
flx,u,v), g(x,u, U) h(z,u,v) and j(x,u,v) are continuous, we conclude that the func-
tionals I1UU = Jo fl@,u,v)de, Ir(u,v) = ngazuv)dm I3(u,v) = [y h(z,u,v)do
and I4(u,v) fan x,u v)da are weakly continuous, i.e. if (un,vn) — (u,v), then
I;(tun, vp) — Il-(u,v), 1=1,2,3,4.

Definition 3.1 A sequence y;,, = (un,v,) C W is called a Palais-Smale sequence ((PS)-
sequence) if {€) ,(yn)} is bounded and ¢} ,(yn) — 0 as n — oco. It is said that the
functional £ ,, satisfies the Palais-Smale condition if each Palais-Smale sequence has a
convergent subsequence.

Now we prove the boundedness of Palais-Smale sequence.

Lemma 3.2 If {(u,,v,)} is a (PS)— sequence for /) ,, then {(un,v,)} is bounded in
w.
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Proof. By using Young inequality and from (2), (3), (5) and (7) we get

1
E)\,,u(umvn) - ;M}HM(Umvn)a (Umvn»
-9 _
= %M(unavn) - N%H(Unavn)
-1 -
- pTG(UmUn) pp’l“ J(unavn)
p—2 P—4q, & a
2 WM(UmUn) W2N53KhM(UmUn)2
p— L p— r
- 7251[( M (tp,v,)2 — 2S K; M(un,vn)
p
—9 9
> %M(un, n) — < 5 q )QMSth)Z .+ 2M(u v)>
(p—2) (1 4(p— 2
— 25’ K, M
4p 2( (p 1 ) + Un,Un)

-2 2—r4< Do) p2

where

_@=2)2-9) 4AP—9, g 55
b= v —2) 1K)

(p—2) 4p—-1) 2 (P—=2)2—1) AP —7) qrp N 2=
R o T e R

50 {(un,vy,)} is bounded in W.

Now, we establish the existence of local minimum for ¢, , on N;r, u and N o For
simplicity, let A* = {Ag N A1} and A** = A; where Ay and A; are given in the previous
section.

First, we establish the existence of local minimum for £ , on N ;r u and N i

Proposition 3.3 If G(u,v) > 0, then for (\, ) € A* we have
(i) there exists a minimizer of £y, on ./\/';ru(Q),

(ii) if ¢ < r and J(u,v) < 0, then there exists a minimizer of £, on N (Q).

Proof. (i) By arguing as in Lemma 1.1, ¢, ,, is bounded from below on N, ,(Q2) and
so on N;#(Q) Let {(un,vn)} be a minimizing sequence for £y, on NI“(Q), ie.

From Ekeland’s variational principle [10] we have

<£l)\ﬂu(un7 vn)7 (UTM Un)> — 07
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combining the compact embedding Theorem [5] and Lemma 3.2, we obtain that there
exists a subsequence {(un,vy)} and (u1,v1) in W such that

{ Uy — up, v, — v; weakly in Wh3(Q), (20)

Up — U1, Up — o1 strongly in L¥(2) and LY(0N2) forl < a < 2%,
and (up(x),vn(z)) = (ui(x),vi(x)), a.e.

By Corollary 2.6(i) for (u1,v1) € W\ {(0,0)}, there exists ¢; such that (tjui,t1v1) €
N;fu and so ¢, , (t1) = 0. Now we show that (un,v,) — (u1,v1) in W. Suppose this is
false, then

M (u1,v1) < liminf M (up, vy), (21)

n—oo

also we have

’

¢un,7v71 (t) = tM(una Un) - Atp_lF(urn Un)

—1 1 (22)
— pt?T H (Up, vp) — G(up,vyp) — " J (u, vp),

and

-1 r—1 (23)
— it H(up,v1) — G(ug,v1) — "~ J(ug,v1),

so from (20)—(23) and Remark 1, ¢, ,, (t1) > ¢/, . (t1) = 0 for n sufficiently large. Since
{(un,vn)} € Ny ,.(€2), by considering the possible fibering maps it is easy to see that,
o, (1) <0 for 0 <t<1and ¢, , (1)=0 for all n. Hence, we must have ¢; > 1, but

Un, ,Un

(tyug,t1v1) € N;r,u and so

Oy p(tr1u1, t101) = duy o (1) < Puy oy (1)
< nhj{)lo ¢u,,,,vn(1) = nlggo g)\#(un, Q}n) = (uyvl)relf\/—;” K,\yu(u, ’U),

which is a contradiction. Therefore, (u,vy,) — (u1,v1) in W and so

O, vr) = Hm £y (un, vp) = (u,vi)relfw Oy pu(u,v).

Thus, (u1,v1) is a minimizer for £y ,, on N;M(Q)
Proof. (ii) By Corollary 2.4, we have £y ,,(u,v) > € > 0 for all (u,v) € NA_W ie.

inf £y ,(u,v) >0,
(u,v)e./\f;M /\,,u( )

hence, there exists a minimizing sequence {(uy,v,)} C /\/')TM(Q) such that

lim 2y ,(un,vn) = inf £y, (u,v) > 0. 24
n—00 A,,u( ) (u,v)ENS A’M( ) ( )
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Similar to the argument in the proof of (i), we find that, {(un,v,)} is bounded in W and
also the results obtained in (20) are satisfied for {(up,v,)} and {(u2,v2)}. Since (up,vy,) €
Ny (@), soby (8) ¢y, 4, (1) = 0,00 ,, (1) <0 and by Lemma 2.2, F'(upn,v,) > 0. Letting

Un yUn

n — oo, we see that ¢/, , (1) =0,¢! (1) <0 and F(ug,v2) > 0. If F(ug,v2) =0, then

U2, V2 U2,V2

by (7) and (8) we have
(2 =M (u,v) + (¢ = 1)G(u,v) + (¢ =) J(u,v) <O,

which is a contradiction with our assumptions. So F'(ug,v2) > 0 and by Corollary 2.6(ii)
there exists to > 0 such that (taus, tava) € N/\_M(Q) We claim that (up,v,) = (u2,v2) in
W, suppose that this is false, so
M (ug,v2) < Iiminf M (uy, vy), (25)
n—oo

but (up,vn) € Ny, and so € y(un,vn) = Cpu(tun, toy) for all ¢ > 0. Therefore, by
considering (7), (24) and (25) and Remark 1, we can write

KA,#(tqu,tgvg) = (;SWJJ2 (tg) < lim ¢u2,v2 (tg)
n—00

% < i _ .
nhﬁnc}o e)\,,u(t2una tZUn) X nhﬁ\rgo g/\,,u(uny Un) (u,vl)relf\/';N e)\,u(uy ’U),

which is a contradiction. Therefore, (uy,, v,) — (u2,v2) in W and so the proof is complete.

Lemma 3.4 If G(u,v) > 0, then for (A, u) € A*, the functional £y ,(u,v) satisfies (PS)
condition on W.

Proof. If /) ,(un, v,) is bounded and £y ,,(un,vy) — 0, then using Lemma 3.2, (uy,, vy,)
is bounded in W. Also, similar to the argument in the proof of Proposition 3.3(i) we find
that, the sequence (uy,v,), has a convergent subsequence and this completes the proof.

Proof of Theorem 1.3. By Proposition 3.3 there exist (uj,v1) € NIM(Q)
and (uz,v2) € Ny (@) such that £ (ui,v1) = inf(u7v)eNi;L Uy pu(u,v) and
Op(ug,v2) = infe, en- lypu(u,v) and by Lemmas 1.2 and 2.1, (up,v1) and
(ug,v2) are critical points of £, ,, on W and hence are weak solutions of problem (1). On
the other hand, £y ,(u,v) = £y ,(|ul,|v]), so we may assume that (uy,v1) and (ug,v2)
are positive solutions. Also, since N;\f# NNy, = (), this implies that (u,v1) and (ug,v2)
are distinct and the proof is complete.

For the proof of Theorem 1.4. we need the Mountain Pass Lemma.

Mountain Pass Lemma. (see [16]) Let X be a real Banach space with the norm
||| and J € C1(X,R), J(0) = 0. Assume
(i) the function J(u) on X satisfies the (PS) condition;
(ii) there are 3, p > 0 such that J(u) = g, ||u|| = p;
(iii) there is e € X, |le|| = p such that J(e) < 0.
then ¢y = infgey maxcp ) J(p(t)) is a critical value of J(u) with 0 < 8 < ¢y < o0,
where ¥ = {¢ € (C[0,1], X), ¢(0) =0, ¢(1) = e}.

Proof of Theorem 1.4. From (7), it is clear that /) ,(u,v) € C'(W,R) and
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0),,(0,0) = 0. Since F(u,v) > 0, then lim; o £(tu,tv) = —oo, this means that there
exists tg > 0 such that £y ,(tou,tov) < 0. Also by using corollary 2.4. we know that
Oy u(u,v) > € > 0 and by Lemma 3.4. ¢ ,(u,v) satisfies the (PS) condition on W. Now
application of the Mountain Pass Lemma gives Theorem 1.4.
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