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Abstract. In this paper, we define and study two operators ®° and ¥* with grill. Charac-
terization and basic properties of these operators are obtained. Also, we generalize a grill
topological spaces via topology 7° induced from operators ®° and ¥*.
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1. Introduction

The concept of grill topological spaces depended on the two operators are ® and W. The
first to introduce this concept by Choquet [3] in 1947. This concept is similar to the
concept of ideals, nets and filters. Some theories and characteristics of the topological
spaces with grill on both sets and functions has been studied in [1, 2, 4, 5, 12]. Also for
the investigation of many topological notions similar compactifications, proximity spaces
and extension problems of different kinds [See 7, 8, 9, 13]. In [11] Roy and Mukherjee
introduce grill topological space 7¢, some other characterizations and also the relationship
between 7 and 7. Our purpose in this paper, is to define and study new operators ®°
and W* with grill. Characterization and basic properties of these operators are obtained.
Also, we generalize a grill topological spaces via topology 7° induced from operators ®*
and W9,
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Definition 1.1 A subset A of topological space (X, 7) is called semi-open set [10] if
A C Cl(Int(A)) where A C X and it's called semi-closed set [6] if Int(Cl(A)) C A,
for A C X. sCI(A) symbol expresses the intersection of all semi-closed sets of (X, 7)
containing A and it is called the semi-closure of A.

The family of all semi-open (resp. semi-closed) sets of (X, 7) is denoted by SO(X, 7)
(resp. SC(X,T)).

2. Preliminaries

While taking our idea in this research, some symbols such as X, Int(A) and CI(A) are
using to mean X carries topology 7, interior and closure of a set A in (X, 7) whenever
A C X. Also, P(X) will be written to mean the power set of X. A collection G of
nonempty subsets of X is named a grill ([3]) if

() 6 ¢ G,

(i) ACBC X and Ae G = BeqgG,

(iii) A, BCXand AUBeG=AecGor BeG.

For instance, let R be the set of all real numbers. Consider a subset G = {A C R :
m(A) # 0}, where m(A) denotes the Lebesgue measure of A, then G is a grill.

Remark 1 (1)-The minimal grill is G = {X} in the space (X, T).
(2)-The mazimum grill is G = P(X)\{¢} in any topology T on the space X .

Definition 2.1 (see [11]) Let (X,7,G) be a grill topological space. An operator & :
P(X) — P(X) is defined as follows: ®(A) = ¢g(A,7) ={x € X : ANU € G for every
open set U containing z} for each A € P(X). The mapping & is called the operator
associated with the grill G and the topology 7.

Definition 2.2 (see [11]) Let G be a grill topological space (X, 7). Then we define a map
U:P(X)— P(X)by V(A) = AUD(A) for all A € P(X). The map VU is a kuratowski
closure axioms. Corresponding to a grill G on a topological space (X, 7), there exists
a unique topology 7¢ on X given by 7¢ = {U C X : ¥(X \ U) = X \ U}, where for
any A C X, V(A) = AUP(A) = 7¢ — CI(A). For any grill G on a topological space
(X,7), 7 C7¢. If (X, 7) is a topological space with a grill G on X, then we call it a grill
topological space and denote it by (X, 7,G).

Example 2.3 (see[l1]) Let 7 denote the cofinite topology on a uncountable set X and
let G be the grill of all uncountable subset of X. Then it is clearly 7\ {¢} C G. We
show that 7¢ is the countable topology which is denoted by 7., on X. If V € 74, then
V =U\ A where U € 7 and A ¢ G implies that (X \ U) is finite and A is countable. Now
X\V=XN(X\V)=XnN(X\(UN(X\A))) =XN(X\U)UA) = (X\U)UA which is
countable and hence V' € 7.,. On the other hand if V' € 7., implies that X \V = A ¢ G
and hence V.= X \ A, where X € 7 and A ¢ G so V € 7¢. Thus 7¢ = 7c.

Lemma 2.4 (see[11]) For a grill topological space (X,7,G), 7 C B(G,7) C 7, where
B(G,7) ={V\A:V € TandA ¢ G} is an open base for 7.

Example 2.5 (see[l])Let (X, 7) be a topological space satisfying conditions of a grill.
If G contains all power set of X except null-set, it is obvious that 7 = 7. Since for any
Tg-basic open set V =X — A with U € 7 and A ¢ G, we have A = ¢, sothat V =U € 7.
Hence by Lemma 2.5 we have in this case 7 = B(G,T) = 71¢.
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3. New Operators Via Grills

In this section, we define and study new operators ®° and U*® with grill. Characterizations
and basic properties of these operators are obtained. Also, we generalize a grill topological
spaces via topology 7° induced from operators ®° and W®.

Definition 3.1 Let (X, 7) be a topological space and G be a grill on X. We define a
mapping ®° : P(X) — P(X), denoted by ®¢, for A € P(X) (simply ®°(A)), called the
operator associated with G' and 7 which is defined by ®%(A) = {r € X : U, NA €
G,VU, € SO(X,T)} VA € P(X).

Theorem 3.2 Let (X, 7,G) be a topological space with grill on X. Then, for every
A, B C X, the next properties are true:

(a) If A C B then ®*(A) C ®%(B),

(b) ®*(AU B) = ®%(A) U ®*(B),

(c) ®5(P°(A)) C P°(A) = sCI(P*(A)) C sCI(A)

(d) If A ¢ G, then ®°(A) = ¢.

Proof. (a) It is clear from Definition 3.1.

(b) Firstly, we prove that ®*(AUB) C ®(A)U®*(B). Suppose that = ¢ ®5(A)UP*(B).
Then there exist Uy and Us € SO(X,7) such that ANU; and BN Uz ¢ G and hence
(AﬂUl)U(BﬁUz) §é G.IftUINU,y € SO(X, 7’) and (AUB)Q(UlﬂUQ) - (AﬂUl)U(BﬂUQ) §é
G, so z ¢ ®°(AU B). Secondly, let = ¢ (AU B), then there is U € SO(X, 1) such that
(AUB)NU ¢G= (ANU)U(BNU) ¢ G. that is x ¢ ®°(A) U ®*(B).

(c) Let © ¢ sCIA = x ¢ A and x ¢ Int(Cl(A)) = U € SO(X,7) such that U N A ¢
G = z ¢ ®°(A). Thus ®°(A) C sCI(A). We prove that sCl(P*(A)) C ®°(A), so , let
x € sCl(P*(A)) and U € SO(X,7) = UNP%(A) # ¢. Let z € UNP*(A), that is z € U
and z € ®°(A). Then UN A € G and x € ®°(A). Then sCIl(®°(A)) C ¢*(A) and indeed
D5(A) C sCI(P*(A)) so, sCL(P*(A)) = P5(A).

(d) The proof is obvious. [ |

Note: For any two grills G; and G with topology 7 defined on a space X and G C Go,
then ®F, (A4) C @7, (A) for any A C X.

Theorem 3.3 Let (X, 7,G) be a grill topological space. If U € SO(X, 7). Then U N
P5(A)=UNP(UNA), for AC X.

Proof. By Theorem 3.2, we have U N®*(UNA) DU NP*(A), let x € UNP*(A) and
V e SO(X, 7). That UNV € SO(X,7) and x € ®*(A) which leads to (UNV)NA € G, that
is(UNA)NV € G =z € ®*(UNA) = z € UNP*(UNA). Thus UNP*(A) = UN®*(UNA).
]

Theorem 3.4 If (X, 7,G) is a grill topological space with SO(X, 1)\ {¢} C G, then for
U e SO(X,7),U C &5(U).

Proof. If SO(X,7) \ {¢} C G, then ®°(X) coincide X. Let z ¢ ®°(X) implies that
exists V € SO(X,7) such that VNX ¢ G = V ¢ G, a contradiction. If U = ¢, we
have ®*(U) = ¢ = U. By using Theorem 3.3, we have for any U € SO(X,7) \ {¢},
UN®$(X)=UN®(XNU),and that U = UNX = U N ®(U). Thus U C &*(U). W

Lemma 3.5 For any A,B C X and any grill G on a space X, ®°(A)\®*(B) =
*(A\B)\®*(B).

Proof. From Theorem 3.2 we have that ®°(A) = ®*(A\B) U ®*(AN B) = &*((A\B)
(AN B)) C 2*(A\B)U ®*(B). Thus ¢°(A)\®*(B) C ®*(A\B)\®*(B). Also, ®*(A\B)

N C
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®%(A) implies ®*(A\B)\®*(B) C ®*(A)\®*(B). Hence the proof is completed. [ |

Corollary 3.6 Let (X, 7,G) be a grill topological space. Suppose that A, B C X with
B ¢ G. Then ®*(AU B) = ®%(A) = ®%(A\B).

Proof. From Theorem 3.2(b) we see ®°(AU B) = ®*(A) UP*(B) = ¢*(A). By (a) from
Theorem 3.2, we can see ®*(A\B) C ®°(A4). Also, from Lemma 3.5, ®%(A)\®*(B) C
®%(A\B), then ®°(A) C ®*(A\B). Therefore *(A) = ¢*(A\B).

]

Corollary 3.7 For any (X, 7,G) a grill topological space, we have ®¢(A) C ®g(A) for
A C X and ®°(A) C A. that is %(A4) C A C d;(A)

Definition 3.8 Let (X, 7,G) a grill topological space. An operator ¥¢, : P(X) — P(X)
is defined as V3 (A) = {x € X : U, € SO(X,7) such that U\A ¢ G}, for any A C X
and notes that W¢,(A) = X\®*(X\A) or ¥¥(A) = AU D*(A).

Theorem 3.9 The operator ¥® satisfies Kuratowskis closure axioms.

Proof. From Theorem 3.2, we have ®°(¢) = ¢, and its clear that A C U*(A),V
Then V$(AUB) = (AUB)U®*(AUB) = ¥*(A)U¥s(B). For any A C X, U¥(P*
US(AUPS(A) = AUDP(A) UDP(AUDP5(A)) = AUDP(A) U P(A) U P5(D%(A)) =
AUDPS(A) = U5 (A). ]
Theorem 3.10 Let (X, 7) be a topological space and G be a grill on X. Then the
following properties hold:

(a) If A,B € P(X), then ¥*(AN B) = V5(A) N ¥*(B),

(b) WH(A) = X\&*(X) if A ¢ G,

(¢c)If A,BC X and (A\B)U (B\A) ¢ G, then ¥*(A) = ¥*(B),
(d) If A C X, then U*(A) is semi-clopen in (X, 7),

(e) ¥¥(A) C \IIS( ) whenever A C B,

(f) U5(A) C ¥5(V5(A)) at A C X,

(g) f AC X and Z ¢ G, then U9(A\Z) = ¥*(A),

(h) If AC X and Z ¢ G, then U5(AU Z) = U5 (A).

Proof. (a) From V*(ANB)=(ANB)UP(ANB)=AUP*(AUB)N
[BUP*(AUB)] C (AUd*(A))N(BUP(B))

= US(A) N ¥*¥(B). Similarly, we can prove that = U$(A) N ¥*¥(B) C ¥$(AN B),
(b) From Definition 3.8. and Theorem 3.2,

(c) It is obvious from Corollary 3.6,

(d) It is clear from Definition 3.8,

(e) Since A C B, implies that ¥¥(A) C ¥¥(B) from Theorem 3.2, then ¥*(A) C ¥*(B),
(f) From Definition 3.8,

(g) Since A C X and Z ¢ G, then A\Z C A and ®*(Z) = ¢ implies to ¥*(A\Z) = U*(A),
(h) The proof is similar to (g). [ |

Note: For any topology 7 on the space X with grill G on X, U*(A) C ¥(A), for every
ACX.
4. Topology Induced from Grill in Terms of ¥* and ®°- Operators

Definition 4.1 It is noticeable that a grill G on a space X which carries topology T
generates a unique topology on X depends on ®° and ¥* operators symbolized by 77
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and defined by 78 = {U C X : ¥*(X\U) = (X\U)}, for A C X, U*(A) = AUP*(A) =
& — ClA.

Theorem 4.2 (a) Let G; and G2 be satisfied the conditions of grills on a space X and
G1 C Go, then 7'52 - 7'51.

(b) A subset B of X is closed in the space (X, 7%), if G is a grill on a space X and B
not belong to G.

(c) @*(A) is 7&—Closed V A C X and G is a grill on X.

Proof. (a) Presumably that U € 7, = 75, — ClI(X\U) = (X\U) = ¥*(X\U) and this
leads to X\U = (X\U) U®*(X\U) = ¥, (X\U) C X\U = ¥, (X\U) C (X\U) (by
Theorem 3.2(a))= U € 14, .

(b) From Theorem 3.2(d), B ¢ G = ®°(B) = ¢, and then 75 — Cl(B) = V*(B) =
B U ®*(B) = B. This proving that B is 75 —Closed.

(c) ¥*(P%(A)) = ®°(A) U @%(P*(A)) = ®°(A), by Theorem 3.2 = ®°(A) is 75— Closed.
]

Theorem 4.3 Let (X,7,G) be a grill topological space. Then 3(7&) = {U\A : U €
SO(X,7),A ¢ G} is called open base for 7¢..

Proof. Let V € 75 and « € V. Then (X\V) is 74-semi-closed, so ¥*(X\V) = X\V
and ®*(X\V) C X\V. Then = ¢ ®*(X\V) and there exists U € SO(X,7) such that
(X\V)NU ¢ G. Let A = (X\V)NU, then 2 ¢ A and A ¢ G. Thus x € U\A =
U\[(X\V)NU] = U\(X\V) C U, where U\A € (7). Hence, we prove that 3(7&) is
semi-closed under finite intersection. Let U1\ A, U2\ A € (7). that is Uy, U € SO(X, 1)
and A,B ¢ G. Then Uy NU; € SO(X,7) and AUB ¢ G. Now, (U — A) N (U2\B) =
(U1 NU2)\(AU B) ¢ (1), then the prove is completed. [ |

Corollary 4.4 For any grill G defined on a space (X, 1), 7 C f(7&) C 75

Exzample 4.5 Let X ={a,b,c,d}, 7 = {¢, X,{a},{c},{a,c}} and G = {{b}, {a, b},
{b,c},{b,d},{a,b,c},{a,b,d},{b,c,d}, X}. Then , we have 7¢ = {{a}, {b}, {c}, ¢,

X, {a,b},{a,c}, {b,c},{b,d},{a,b,c},{a,b,d},{b,c,d}} and 7¢& = {{a}, {b},

{c}, &, X,{a,b},{a,c},{b,c}, {b,d},{a,b,c}, {a,b,d},{b,c,d},
{d},{a,d},{c,d},{a,c,d}} that is 7 C 7¢ C 7&. Also, let G2 = {{b,c}.{a,b,c},{b,c,d}}
and G1 = {{b},{a,b},{b,c},{b,d},{a,b,c},{a,b,d},{b,c,d}, X}, then 75 C 75 .

Note: This example shows that 7, is a generalization for 7q.

Theorem 4.6 Let G be a grill on a space (X,7) and A be any subset of X such that
A C ®f. Then sCl(A) =15 — Cl(A) = sCU(PEL(A)) = L(A)

Proof. Since 7% is finer than 7, 75 — CI(A) C sCI(A), we need to prove that
sCl(A) C 18 — Cl(A). Let © ¢ 78 — CI(A), then exists V € SO(X,7) and B ¢ G
such that z € V\B and (V\B) N A = ¢ (by Theorem 4.3), so, ®*((V\B) N A) = ¢
implies to ®*((V N A)\B) = ¢. Then ®*(V N A) = ¢ (by Corollary 3.6)this implies that
VN ®*(A) = ¢ (by Theorem 3.3), that is VN A= ¢ (as A C ®*(A4)), then = ¢ sCI(A).
Thus sCI(A) C 75 — CI(A).

By Theorem 3.2 ®*(A) = sCI®*(A) and ®°(A) C sCIi(A).implies to sCIP*(A) C
sCl(sCl(A)) = sCI(A). Also, A C ®*(A) implies to sCl(A) C sCIl®*(A). Thus
sCl(A) = sClP*(A) = D3(A). [ |
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5. Conclusion

The study of grill topological spaces generalized most of near open sets and near con-
tinuous function. So we introduced a new operators ®¢, , U¢, and relationships between
this operators and the old operators ®¢q, V. Also, we introduce a generalization to a
grill topological space (X, 7, G).
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