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Some topological operators Via grills
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Abstract. In this paper, we define and study two operators Φs and Ψs with grill. Charac-
terization and basic properties of these operators are obtained. Also, we generalize a grill
topological spaces via topology τs induced from operators Φs and Ψs.
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1. Introduction

The concept of grill topological spaces depended on the two operators are Φ and Ψ. The
first to introduce this concept by Choquet [3] in 1947. This concept is similar to the
concept of ideals, nets and filters. Some theories and characteristics of the topological
spaces with grill on both sets and functions has been studied in [1, 2, 4, 5, 12]. Also for
the investigation of many topological notions similar compactifications, proximity spaces
and extension problems of different kinds [See 7, 8, 9, 13]. In [11] Roy and Mukherjee
introduce grill topological space τG, some other characterizations and also the relationship
between τ and τG. Our purpose in this paper, is to define and study new operators Φs

and Ψs with grill. Characterization and basic properties of these operators are obtained.
Also, we generalize a grill topological spaces via topology τ s induced from operators Φs

and Ψs.
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Definition 1.1 A subset A of topological space (X, τ) is called semi-open set [10] if
A ⊆ Cl(Int(A)) where A ⊆ X and it,s called semi-closed set [6] if Int(Cl(A)) ⊆ A,
for A ⊆ X. sCl(A) symbol expresses the intersection of all semi-closed sets of (X, τ)
containing A and it is called the semi-closure of A.

The family of all semi-open (resp. semi-closed) sets of (X, τ) is denoted by SO(X, τ)
(resp. SC(X, τ)).

2. Preliminaries

While taking our idea in this research, some symbols such as X, Int(A) and Cl(A) are
using to mean X carries topology τ , interior and closure of a set A in (X, τ) whenever
A ⊆ X. Also, P (X) will be written to mean the power set of X. A collection G of
nonempty subsets of X is named a grill ([3]) if
(i) ϕ /∈ G,
(ii) A ⊆ B ⊆ X and A ∈ G ⇒ B ∈ G,
(iii) A,B ⊆ X and A ∪B ∈ G ⇒ A ∈ G or B ∈ G.
For instance, let R be the set of all real numbers. Consider a subset G = {A ⊆ R :
m(A) ̸= 0}, where m(A) denotes the Lebesgue measure of A, then G is a grill.

Remark 1 (1)-The minimal grill is G = {X} in the space (X, τ).
(2)-The maximum grill is G = P (X)\{ϕ} in any topology τ on the space X.

Definition 2.1 (see [11]) Let (X, τ,G) be a grill topological space. An operator Φ :
P (X) → P (X) is defined as follows: Φ(A) = ΦG(A, τ) = {x ∈ X : A ∩ U ∈ G for every
open set U containing x} for each A ∈ P (X). The mapping Φ is called the operator
associated with the grill G and the topology τ .

Definition 2.2 (see [11]) Let G be a grill topological space (X, τ). Then we define a map
Ψ : P (X) → P (X) by Ψ(A) = A ∪ Φ(A) for all A ∈ P (X). The map Ψ is a kuratowski
closure axioms. Corresponding to a grill G on a topological space (X, τ), there exists
a unique topology τG on X given by τG = {U ⊆ X : Ψ(X \ U) = X \ U}, where for
any A ⊆ X,Ψ(A) = A ∪ Φ(A) = τG − Cl(A). For any grill G on a topological space
(X, τ), τ ⊆ τG. If (X, τ) is a topological space with a grill G on X, then we call it a grill
topological space and denote it by (X, τ,G).

Example 2.3 (see[11]) Let τ denote the cofinite topology on a uncountable set X and
let G be the grill of all uncountable subset of X. Then it is clearly τ \ {ϕ} ⊆ G. We
show that τG is the countable topology which is denoted by τco on X. If V ∈ τG, then
V = U \A where U ∈ τ and A /∈ G implies that (X \U) is finite and A is countable. Now
X \V = X∩(X \V ) = X∩(X \(U ∩(X \A))) = X∩((X \U)∪A) = (X \U)∪A which is
countable and hence V ∈ τco. On the other hand if V ∈ τco implies that X \ V = A /∈ G
and hence V = X \A, where X ∈ τ and A /∈ G so V ∈ τG. Thus τG = τco.

Lemma 2.4 (see[11]) For a grill topological space (X, τ,G), τ ⊆ B(G, τ) ⊆ τG, where
B(G, τ) = {V \A : V ∈ τandA /∈ G} is an open base for τG.

Example 2.5 (see[1])Let (X, τ) be a topological space satisfying conditions of a grill.
If G contains all power set of X except null-set, it is obvious that τG = τ . Since for any
τG-basic open set V = X−A with U ∈ τ and A /∈ G, we have A = ϕ, so that V = U ∈ τ .
Hence by Lemma 2.5 we have in this case τ = B(G, τ) = τG.



A.A. Nasef et al. / J. Linear. Topological. Algebra. 05(03) (2016) 199-204. 201

3. New Operators Via Grills

In this section, we define and study new operators Φs and Ψs with grill. Characterizations
and basic properties of these operators are obtained. Also, we generalize a grill topological
spaces via topology τ s induced from operators Φs and Ψs.

Definition 3.1 Let (X, τ) be a topological space and G be a grill on X. We define a
mapping Φs : P (X) → P (X), denoted by Φs

G for A ∈ P (X) (simply Φs(A)), called the
operator associated with G and τ which is defined by Φs

G(A) = {x ∈ X : Ux ∩ A ∈
G,∀Ux ∈ SO(X, τ)} ∀A ∈ P (X).

Theorem 3.2 Let (X, τ,G) be a topological space with grill on X. Then, for every
A,B ⊆ X, the next properties are true:
(a) If A ⊆ B then Φs(A) ⊆ Φs(B),
(b) Φs(A ∪B) = Φs(A) ∪ Φs(B),
(c) Φs(Φs(A)) ⊆ Φs(A) = sCl(Φs(A)) ⊆ sCl(A)
(d) If A /∈ G, then Φs(A) = ϕ.

Proof. (a) It is clear from Definition 3.1.
(b) Firstly, we prove that Φs(A∪B) ⊆ Φs(A)∪Φs(B). Suppose that x /∈ Φs(A)∪Φs(B).
Then there exist U1 and U2 ∈ SO(X, τ) such that A ∩ U1 and B ∩ U2 /∈ G and hence
(A∩U1)∪(B∩U2) /∈ G. If U1∩U2 ∈ SO(X, τ) and (A∪B)∩(U1∩U2) ⊆ (A∩U1)∪(B∩U2) /∈
G, so x /∈ Φs(A∪B). Secondly, let x /∈ Φs(A∪B), then there is U ∈ SO(X, τ) such that
(A ∪B) ∩ U /∈ G ⇒ (A ∩ U) ∪ (B ∩ U) /∈ G. that is x /∈ Φs(A) ∪ Φs(B).
(c) Let x /∈ sClA ⇒ x /∈ A and x /∈ Int(Cl(A)) ⇒ ∃U ∈ SO(X, τ) such that U ∩ A /∈
G ⇒ x /∈ Φs(A). Thus Φs(A) ⊆ sCl(A). We prove that sCl(Φs(A)) ⊆ Φs(A), so , let
x ∈ sCl(Φs(A)) and U ∈ SO(X, τ) ⇒ U ∩ Φs(A) ̸= ϕ. Let z ∈ U ∩ Φs(A), that is z ∈ U
and z ∈ Φs(A). Then U ∩A ∈ G and x ∈ Φs(A). Then sCl(Φs(A)) ⊆ Φs(A) and indeed
Φs(A) ⊆ sCl(Φs(A)) so, sCl(Φs(A)) = Φs(A).
(d) The proof is obvious. ■

Note: For any two grills G1 and G2 with topology τ defined on a space X and G1 ⊆ G2,
then Φs

G1
(A) ⊆ Φs

G2
(A) for any A ⊆ X.

Theorem 3.3 Let (X, τ,G) be a grill topological space. If U ∈ SO(X, τ). Then U ∩
Φs(A) = U ∩ Φs(U ∩A), for A ⊆ X.

Proof. By Theorem 3.2, we have U ∩ Φs(U ∩ A) ⊇ U ∩ Φs(A), let x ∈ U ∩ Φs(A) and
V ∈ SO(X, τ). That U∩V ∈ SO(X, τ) and x ∈ Φs(A) which leads to (U∩V )∩A ∈ G, that
is (U∩A)∩V ∈ G ⇒ x ∈ Φs(U∩A) ⇒ x ∈ U∩Φs(U∩A). Thus U∩Φs(A) = U∩Φs(U∩A).
■

Theorem 3.4 If (X, τ,G) is a grill topological space with SO(X, τ) \ {ϕ} ⊆ G, then for
U ∈ SO(X, τ), U ⊆ Φs(U).

Proof. If SO(X, τ) \ {ϕ} ⊆ G, then Φs(X) coincide X. Let x /∈ Φs(X) implies that
exists V ∈ SO(X, τ) such that V ∩ X /∈ G ⇒ V /∈ G, a contradiction. If U = ϕ, we
have Φs(U) = ϕ = U . By using Theorem 3.3, we have for any U ∈ SO(X, τ) \ {ϕ},
U ∩ Φs(X) = U ∩ Φs(X ∩ U), and that U = U ∩X = U ∩ Φs(U). Thus U ⊆ Φs(U). ■

Lemma 3.5 For any A,B ⊆ X and any grill G on a space X, Φs(A)\Φs(B) =
Φs(A\B)\Φs(B).

Proof. From Theorem 3.2 we have that Φs(A) = Φs(A\B) ∪ Φs(A ∩B) = Φs((A\B) ∪
(A∩B)) ⊆ Φs(A\B)∪Φs(B). Thus Φs(A)\Φs(B) ⊆ Φs(A\B)\Φs(B). Also, Φs(A\B) ⊆
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Φs(A) implies Φs(A\B)\Φs(B) ⊆ Φs(A)\Φs(B). Hence the proof is completed. ■

Corollary 3.6 Let (X, τ,G) be a grill topological space. Suppose that A,B ⊆ X with
B /∈ G. Then Φs(A ∪B) = Φs(A) = Φs(A\B).

Proof. From Theorem 3.2(b) we see Φs(A∪B) = Φs(A)∪Φs(B) = Φs(A). By (a) from
Theorem 3.2, we can see Φs(A\B) ⊆ Φs(A). Also, from Lemma 3.5, Φs(A)\Φs(B) ⊆
Φs(A\B), then Φs(A) ⊆ Φs(A\B). Therefore Φs(A) = Φs(A\B).

■

Corollary 3.7 For any (X, τ,G) a grill topological space, we have Φs
G(A) ⊆ ΦG(A) for

A ⊆ X and Φs(A) ⊆ A. that is Φs(A) ⊆ A ⊆ ΦG(A)

Definition 3.8 Let (X, τ,G) a grill topological space. An operator Ψs
G : P (X) → P (X)

is defined as Ψs
G(A) = {x ∈ X : ∃ Ux ∈ SO(X, τ) such that U\A /∈ G}, for any A ⊆ X

and notes that Ψs
G(A) = X\Φs(X\A) or Ψs(A) = A ∪ Φs(A).

Theorem 3.9 The operator Ψs satisfies Kuratowskis closure axioms.

Proof. From Theorem 3.2, we have Φs(ϕ) = ϕ, and its clear that A ⊆ Ψs(A),∀A ⊆ X.
Then Ψs(A∪B) = (A∪B)∪Φs(A∪B) = Ψs(A)∪Ψs(B). For any A ⊆ X,Ψs(Ψs(A)) =
Ψs(A ∪ Φs(A)) = A ∪ Φs(A) ∪ Φs(A ∪ Φs(A)) = A ∪ Φs(A) ∪ Φs(A) ∪ Φs(Φs(A)) =
A ∪ Φs(A) = Ψs(A). ■

Theorem 3.10 Let (X, τ) be a topological space and G be a grill on X. Then the
following properties hold:
(a) If A,B ∈ P (X), then Ψs(A ∩B) = Ψs(A) ∩Ψs(B),
(b) Ψs(A) = X\Φs(X) if A /∈ G,
(c) If A,B ⊆ X and (A\B) ∪ (B\A) /∈ G, then Ψs(A) = Ψs(B),
(d) If A ⊆ X, then Ψs(A) is semi-clopen in (X, τ),
(e) Ψs(A) ⊆ Ψs(B) whenever A ⊆ B,
(f) Ψs(A) ⊆ Ψs(Ψs(A)) at A ⊆ X,
(g) If A ⊆ X and Z /∈ G, then Ψs(A\Z) = Ψs(A),
(h) If A ⊆ X and Z /∈ G, then Ψs(A ∪ Z) = Ψs(A).

Proof. (a) From Ψs(A ∩B) = (A ∩B) ∪ Φs(A ∩B) = A ∪ Φs(A ∪B)∩
[B ∪ Φs(A ∪B)] ⊆ (A ∪ Φs(A)) ∩ (B ∪ Φs(B))
= Ψs(A) ∩Ψs(B). Similarly, we can prove that = Ψs(A) ∩Ψs(B) ⊆ Ψs(A ∩B),
(b) From Definition 3.8. and Theorem 3.2,
(c) It is obvious from Corollary 3.6,
(d) It is clear from Definition 3.8,
(e) Since A ⊆ B, implies that Ψs(A) ⊆ Ψs(B) from Theorem 3.2, then Ψs(A) ⊆ Ψs(B),
(f) From Definition 3.8,
(g) Since A ⊆ X and Z /∈ G, then A\Z ⊆ A and Φs(Z) = ϕ implies to Ψs(A\Z) = Ψs(A),
(h) The proof is similar to (g). ■

Note: For any topology τ on the space X with grill G on X, Ψs(A) ⊆ Ψ(A), for every
A ⊆ X.

4. Topology Induced from Grill in Terms of Ψs and Φs- Operators

Definition 4.1 It is noticeable that a grill G on a space X which carries topology τ
generates a unique topology on X depends on Φs and Ψs operators symbolized by τ sG
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and defined by τ sG = {U ⊆ X : Ψs(X\U) = (X\U)}, for A ⊆ X,Ψs(A) = A ∪ Φs(A) =
τ sG − ClA.

Theorem 4.2 (a) Let G1 and G2 be satisfied the conditions of grills on a space X and
G1 ⊆ G2, then τ sG2

⊆ τ sG1
.

(b) A subset B of X is closed in the space (X, τ sG), if G is a grill on a space X and B
not belong to G.
(c) Φs(A) is τ sG−Closed ∀ A ⊆ X and G is a grill on X.

Proof. (a) Presumably that U ∈ τ sG2
⇒ τ sG2

−Cl(X\U) = (X\U) = Ψs(X\U) and this
leads to X\U = (X\U) ∪ Φs(X\U) ⇒ Ψs

G2
(X\U) ⊆ X\U ⇒ Ψs

G1
(X\U) ⊆ (X\U) (by

Theorem 3.2(a))⇒ U ∈ τ sG1
.

(b) From Theorem 3.2(d), B /∈ G ⇒ Φs(B) = ϕ, and then τ sG − Cl(B) = Ψs(B) =
B ∪ Φs(B) = B. This proving that B is τ sG−Closed.
(c) Ψs(Φs(A)) = Φs(A) ∪ Φs(Φs(A)) = Φs(A), by Theorem 3.2 ⇒ Φs(A) is τ sG− Closed.
■

Theorem 4.3 Let (X, τ,G) be a grill topological space. Then β(τ sG) = {U\A : U ∈
SO(X, τ), A /∈ G} is called open base for τ sG.

Proof. Let V ∈ τ sG and x ∈ V . Then (X\V ) is τ sG-semi-closed, so Ψs(X\V ) = X\V
and Φs(X\V ) ⊆ X\V . Then x /∈ Φs(X\V ) and there exists U ∈ SO(X, τ) such that
(X\V ) ∩ U /∈ G. Let A = (X\V ) ∩ U , then x /∈ A and A /∈ G. Thus x ∈ U\A =
U\[(X\V ) ∩ U ] = U\(X\V ) ⊆ U , where U\A ∈ β(τ sG). Hence, we prove that β(τ sG) is
semi-closed under finite intersection. Let U1\A,U2\A ∈ β(τ sG). that is U1, U2 ∈ SO(X, τ)
and A,B /∈ G. Then U1 ∩ U2 ∈ SO(X, τ) and A ∪ B /∈ G. Now, (U1 − A) ∩ (U2\B) =
(U1 ∩ U2)\(A ∪B) /∈ β(τ sG), then the prove is completed. ■

Corollary 4.4 For any grill G defined on a space (X, τ), τ ⊆ β(τ sG) ⊆ τ sG.

Example 4.5 Let X = {a, b, c, d}, τ = {ϕ,X, {a}, {c}, {a, c}} and G = {{b}, {a, b},
{b, c}, {b, d}, {a, b, c}, {a, b, d}, {b, c, d}, X}. Then , we have τG = {{a}, {b}, {c}, ϕ,
X, {a, b}, {a, c}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {b, c, d}} and τ sG = {{a}, {b},
{c}, ϕ ,X, {a, b}, {a, c}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {b, c, d},
{d}, {a, d}, {c, d}, {a, c, d}} that is τ ⊆ τG ⊆ τ sG. Also, let G2 = {{b, c}.{a, b, c}, {b, c, d}}
and G1 = {{b}, {a, b}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {b, c, d}, X}, then τ sG2

⊆ τ sG1
.

Note: This example shows that τ sG is a generalization for τG.

Theorem 4.6 Let G be a grill on a space (X, τ) and A be any subset of X such that
A ⊆ Φs

G. Then sCl(A) = τ sG − Cl(A) = sCl(Φs
G(A)) = Φs

G(A)

Proof. Since τ sG is finer than τ , τ sG − Cl(A) ⊆ sCl(A), we need to prove that
sCl(A) ⊆ τ sG − Cl(A). Let x /∈ τ sG − Cl(A), then exists V ∈ SO(X, τ) and B /∈ G
such that x ∈ V \B and (V \B) ∩ A = ϕ (by Theorem 4.3), so, Φs((V \B) ∩ A) = ϕ
implies to Φs((V ∩A)\B) = ϕ. Then Φs(V ∩A) = ϕ (by Corollary 3.6)this implies that
V ∩ Φs(A) = ϕ (by Theorem 3.3), that is V ∩ A = ϕ (as A ⊆ Φs(A)), then x /∈ sCl(A).
Thus sCl(A) ⊆ τ sG − Cl(A).
By Theorem 3.2 Φs(A) = sClΦs(A) and Φs(A) ⊆ sCl(A).implies to sClΦs(A) ⊆
sCl(sCl(A)) = sCl(A). Also, A ⊆ Φs(A) implies to sCl(A) ⊆ sClΦs(A). Thus
sCl(A) = sClΦs(A) = Φs(A). ■
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5. Conclusion

The study of grill topological spaces generalized most of near open sets and near con-
tinuous function. So we introduced a new operators Φs

G , Ψs
G and relationships between

this operators and the old operators ΦG,ΨG. Also, we introduce a generalization to a
grill topological space (X, τ,G).

References

[1] A. Al-Omari, T. Noiri, Decomposition of continuity via grilles. Jordan J. Math and Stat., 4 (1) (2011), 33-46.
[2] C. W. Baker, Slightly precontinuous functions. Acta Math. Hungar., 94 (1-2)(2002).
[3] G. Choquet, Sur les notions de filter et. grill. Completes Rendus Acad. Sci. Paris, 224 (1947), 171-173.
[4] K. C. Chattopadhyay, O. Njastad and W. J. Thron, Merotopic spaces and extensions of closure spaces. Can.

j. Math., 35 (4) (1983), 613-629.
[5] K. C. Chattopadhyay and W. J. Thron, Extensions of closur spaces. Can. j. Math., 29 (6) (1977), 1277-1286.
[6] S. G. Crossely and S. K. Hildebrand, Semi-closure. Texas J. Sci. (2+3) (1971), 99-119.
[7] E. Hater and S. Jafari, On Some new Classes of Sets and a new decomposition of continuity via grills. J.

Adv. Math. Studies, 3(1) (2010), 33-40.
[8] R. C. Jain, The Role of Regularly Open Sets in General Topology, Ph.D. Thesis. Meerut Univ., (Meerut,

India, 1980).
[9] D. Mondal and M.N. Mukherjee, On a class of sets via grill: A decomposition of continuity. An. St. Univ.

Ovidius Constanta, 20 (1) (2012), 307-316.
[10] N. Levine, Semi-open sets and semi-continuity in topological spaces. Amer, Math. Mounthly, 86 (1961), 44-46.
[11] B. Roy and M. N. Mukherjee, On a Typical Topology Induced by a Grill. Soochow Journal of Math., 33, No.

4 (2007), 771-786.
[12] R. Staum. The algebra of bounded continuous functions into a nonarchimedian field. Pacific J. Math., 50

(1974), 169-185.
[13] W. J. Thron, Proximity structure and grills. Math. Ann. 206 (1973), 35-62.


