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Abstract. In this paper we get some results and applications for duals and approximate
duals of g-frames in Hilbert spaces. In particular, we consider the stability of duals and
approximate duals under bounded operators and we study duals and approximate duals of
g-frames in the direct sum of Hilbert spaces. We also obtain some results for perturbations
of approximate duals.
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1. Introduction

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [3] in 1952 to
study some problems in nonharmonic Fourier series, reintroduced in 1986 by Daubechies,
Grossmann and Meyer [2].

Let H be a Hilbert space and let I be a finite or countable index set. A family F =
{fitier C H is a frame for H, if there exist 0 < A < B < 00, such that

AIFIP < DI P < BIIP,

el
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for each f € H. In this case we say that F is an (A, B) frame. If only the right-hand
side inequality is required, it is called a Bessel sequence. If F is a Bessel sequence, then
the synthesis operator Tr : (>(I) — H which is defined by Tr({c;}icr) = > ;e cifi is
bounded. We say that a Bessel sequence {g;}icr is an alternate dual or a dual for the
Bessel sequence {fi}icr, if for each f € H, we have f = ),/ (f, fi)gi or equivalently
f = Zie[<f7 gl>fz

Many generalizations of frames have been introduced. The general one is g-frame (see
[9]). Let H; be a Hilbert space, for each ¢ € I and let L(H, H;) be the set of all bounded
operators from H into H;. We call A = {A; € L(H,H;) : i € I} a g-frame for H with
respect to {H; : i € I} if there exist two positive constants A and B such that

AP < D IINFIP < BII

el

for each f € H. If only the second inequality is required, we call it a g-Bessel sequence.
A g-Bessel sequence I' = {I'; € L(H, H;) : i € I} is called an alternate g-dual or a g-dual
of Aif f =, TiAif = >, AjTuf, for each f € H. The synthesis operator for a
g-Bessel sequence A = {A;}ier is Th : @ierHy — H, Ta({ fiticr) = >_;cr Af fi-

Approximate duality of frames was recently investigated by Christensen and Laugesen
in [1]. Next, we introduced and characterized approximate duality for g-frames (see [4]).
Approximate duals help us to get useful results for perturbations and reconstruction of
signals (especially when it is difficult to find an alternate dual).

2. Duality and approximate duality of g-frames

In this section we obtain some results and applications for duals and approximate duals.
First we recall the definitions of approximate duals and approximate g-duals from [1]
and [4], respectively:

Definition 2.1

(i) Let F = {fi}tier and G = {g;}icr be two Bessel sequences for H. Suppose that

Rgr = TgTF*. We say that F and G are approzimately dual frames if | Idyg —

Rgr| <1lor ||[Idg — Rrg|| < 1. In this case we call G an approzimate dual of F.

(ii) Two g-Bessel sequences A and I are approzimately dual g-frames if ||Idg—Spa|| <

1 or ||[Idg — Sar|| < 1, where Spp = TrT)* . In this case, we say that I' is an

approrimate dual g-frame or approximate g-dual of A.

Since || Idg — Sral| = [[(Idg — Sra)*|| = ||[Idag — Sar||, the conditions in the above

definition are equivalent. Since ||Idg — Sar|| < 1, Sar is invertible with Syr~! =
Yoo o (Idg — Sar)". Therefore every f € H can be reconstructed as

Z Sar(Idg — Sar)"f=f = Z (Idg — Sar)"Sarf.
n=0 n=0

Note that if {f;}icr is a Bessel sequence for H and Ay, is a functional on H defined by
Ag, (f) = (f, fi), then {Ay, }icr is a g-Bessel sequence for H. Now it is easy to see that if
{fi}ier and {g;}ier are approximately dual frames, then {A, }icr is an approximate dual
g-frame of {Ay, }ier.

We proved in [4, Proposition 2.3] that if A and I" are approximately dual g-frames, then
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A and I' are g-frames. In the following theorem, we obtain this result using the fact that
a g-Bessel sequence is a g-frame if and only if it has a g-dual.

Theorem 2.2 Let A and I" be approximately dual g-frames. Then

(i) A and I" have at least one alternate g-dual and they are g-frames.
(i) If N = Ty + N Ty(Idy — Sar)”, then Uy = {¢;"}ier is a g-frame with
limy 00 SAw, = Idy and for each signal f € H, we have limy_,o0 Sawy f = f.

Proof. (i) Since A and I" are approximately g-duals, |Sar—Idg|| < 1 and ||Sra—Idg]| <
1. Hence by Newmann algorithm, Sar and Stpp are invertible. Now for each f € H, we
have >°,c; AfTySipf = fand 3, T7ASpa f = f. Thus {T;S:p bier and {A; S, } are
g-duals of A and T, respectively. Now if &; = FiSX% and ® = {®;};cr, then

171 = USonfI = sup | 50, | < (S 11 ) sup (3 igl?)

lgll=1""cr lgll=1 *%er

Thus if D is an upper bound for ®, then 5| f||? < Y-,/ ||A:f||?. This shows that & is
a lower bound for A. Similarly we can see that if B is an upper bound for {A;S[, K bier,

then % is a lower bound for I'.
(ii) Let D be an upper bound for I" and f € H. Then

N
Sl P = ZHZF (i —$ar)" 1| < 32 32 ITstidn — Sar) £1

iel n=0 iel
N

< (DY Irdy = Sarl>) 112
n=0

Hence Uy = {sz }ier is a g-Bessel sequence. Now similar to the proof of Proposition 2.3
in [4], we can see that ||[Idg — Saw,|| < ||[Idg — Sar||V*!. Therefore for each f € H,
If = Sawy fII < 1 Td — Sar || £l Since [[Idg — Sar|| < 1, we have

im [|f — Saw, fIl < lim [|Idg — Sarl|¥ ™ f]l = 0,
N—=o00 N—oo

so limy_y00 Sawy f = f. Also it follows from || Idy — Saw,|| < 1 that A and ¥y are
approximately dual g-frames and by part (i), they are g-frames. [ |

Let J be a finite or countable index set and let ®; = {A;; € L(H;, H;;) :i € I} be a g-
Bessel sequence for H;, with upper bound Bj such that B = sup{B; : j € J} < co. Then
{®;}jes is called a B-bounded family of g-Bessel sequences or shortly B-BFGBS. Let ®;
be an (A;, Bj) g-frame such that A = inf{A; : j € J} > 0and B = sup{B; : j € J} < o0.
Then {®;},c; is called an (A,B)-bounded family of g-frames or shortly (A,B)-BFGF (see
[5, 6]).

Proposition 2.3 Suppose that ®; = {A;; € L(H;,H;;) : i € I} and ¥; = {I';; €
L(Hj,H;j) : i € I} are two g-Bessel sequences such that {®;};c; and {V;};c; are
BFGBS. Let o = sup;e j{[|Se,v;, — Idu,||}. Then

(i) {®jesAij}tier is an approximate dual g-frame of {@ ;e 1" }ier if and only if o < 1.
(i) {DjesAijtier is a g-dual of {®je 1) }ier if and only if o = 0.
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Proof. (i) Let DjesP; = {@jeJAij}iej and @je ¥, = {@jejrij}ie[. Then by Theorem
2.1in [5], @jcs®; and ®;c sV, are g-Bessel sequences. Now it is easy to see that

”S(GBJ'eJ‘I)j)(@jeJ‘I’j) - Id@jEJHj H = SEIJ){”S‘PJ‘I’J - IdHJ ”} =,
J

so @jecsP; and Djes¥; are approximately dual g-frames if and only if o < 1.
(ii) The equality obtained in part (i) implies that S(g,_,¢,)(@,c,v,) = Idg, ,n, if and
only if @ = 0 and this means that ©;c;®; is a g-dual of ®jc;¥; if and only if « = 0. W

Remark 1 Note that in the above proposition o = 0 is equivalent to say that ¥; is a
g-dual of ®;, for each j € J, so it follows from part (ii) of the above proposition that
U, is a g-dual of ®;, for each j € J if and only if {DjeTijticr and {®jciNijticr are
g-duals (see also [5]). But a < 1 is not equivalent to the approzimate duality of ®; and
U, for each j € J. As we see in [{, Example 2.9] that if ®; = {A;; € L(H;, H;;) : i € I}
is an approzimate dual g-frame of itself, then it is not necessarily true that {®;cs\i; ticr
is an approrimate dual g-frame of itself.

Proposition 2.4

(i) Let I' and A be two g-Bessel sequences such that A; is a partial isometric operator,
for each ¢ € I. Then A and I' are approximately g-duals (resp. g-duals) if and
only if {AfT;}icr and {AfA;}icr are approximately g-duals (resp. g-duals).

(ii) Let T be an isometric operator on H. If A is an approximate g-dual (resp. a g-
dual) of T', then {A;T};cs is an approximate g-dual (resp. a g-dual) of {I';T};c;.

(iii) Let T be a co-isometric operator on H. If A is an approximate g-dual (resp. a g-
dual) of I', then {A;T*}¢cs is an approximate g-dual (resp. a g-dual) of {I';T%};c;.

Proof. (i) It is easy to see that ® = {AT;}icr and ¥ = {A]A;}icr are g-Bessel se-
quences. Since A;’s are partial isometry, by Theorem 2.3.3 in [8], we have A;ATA; f = A f,
for each f € H, so

Seuf =Y TINATAf = TiAf = Sraf.

iel el

Hence A and T' are approximately g-duals (resp. g-duals) if and only if ® and ¥ are
approximately g-duals (resp. g-duals).

(ii) Let B and D be upper bounds of A and T, respectively. Then it is clear that
® = {AT}ier and ¥ = {[';T};c; are g-Bessel sequences with upper bounds B| T
and D|T||?, respectively. Then for each f € H, we have

1Swaf — fll = \

T (S TAT)S - 7] = 12 (Sen — 1) TT1 < [t~ a1
el

Since HSFA — IdHH <1 (resp. SI‘A = IdH), we get HS@@ — IdH” <1 (resp. S\pq;. = IdH)
and the result follows.
(iii) The result follows from part (ii) by considering 7™ instead of T [ |

Corollary 2.5 Suppose that ®; = {A;; € L(H;,H;;) : i € I} and ¥; = {I'; €
L(Hj,H;j) : i € I} are two g-Bessel sequences such that {®;};c; and {V;};c; are
BFGBS.

(i) Let Ay; be a partial isometric operator, for each i € I. Then ®;c;®; and @ V;
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are approximately g-duals (resp. g-duals) if and only if
{(®jesA;)(©jeaTij) Yier and {(BjesAj)(Bjeshij)bier are approximately g-
duals (resp. g-duals).

(ii) Let T; be an isometric operator on H;. If ®; is a g-dual of ¥; (resp. an
approximate g-dual of W; with sup;c;{[Se,w, — Idn,[|} < 1), for each j €
J, then {(DjesAij)(®;esT;)}ier is a g-dual (resp. an approximate g-dual) of
{(@jesLij)(®jesT))ier-

(iii) Let Tj be a co-isometric operator on Hj. If ®; is a g-dual of ¥; (resp. an
approximate g-dual of W; with sup;c;{[Se,v, — Idn,[|} < 1), for each j €
J, then {(GBjEJAij)(@jEJT;‘)}Z-e] is an approximate g-dual (resp. a g-dual) of
{(®jesTi)(@jesT]) bier-

Proof. Note that if T is an isometric operator on Hj, then ®;c;T; is an isometric
operator on @jesH;. Also if A;; is a partial isometric operator, for each i € I, then
®jesA\;j is also a partial isometric operator. Now we can get the result from Propositions
2.3 and 2.4. [ |

Proposition 2.6

(i) Let T be an isometric operator on H. If {f;};cs is an approximate dual (resp. a
dual) of {g; }ier, then {T% f; }icr is an approximate dual (resp. a dual) of {T%g; }icr.
(ii) Let T be a co-isometric operator on H. If { f;};cr is an approximate dual (resp. a
dual) of {g;}icr, then {T'f;}icr is an approximate dual (resp. a dual) of {T'g; }icr.

Proof. (i) Let F = {fi}icr and G = {gi}icr be Bessel sequences. Then it is clear that
T*F = {T*f;}icr and T*G = {T*g;}ics are Bessel sequences. Now for each f € H we
have

IB-gyr-7)f = FIl = 11D LT )T gi — fll = | T*(Sor — Idu)Tf|

i€l
< |1SgF = Idu |l £1I-

This yields that || R(7-gyr-r) — Idul| < [|Sgr — Idu|| <1, so T*F and T*G are approx-
imately dual frames.
(ii) We can get the result by considering 7™ instead of T" in part (i). [ |

The following example shows that the converse of Proposition 2.6 (also Proposition
2.4) is not necessarily true.

Example 2.7 Let T : (?>(N) — (?(N) be the unilateral shift operator on ¢2(N), i.e.,
T({a;}21) = (0,a1,az,...). T is isometric and its adjoint operator is the bilateral shift
operator on ¢2(N), i.e., T* : (2(N) — (2(N), T*({a;}2;) = (a2, 0a3,...). Now let f; =
{65352, for @ > 2. Then {T"f;}{2, is an orthonormal basis, so it is a dual (also an
approximate dual) of itself but {f;}?°, is not an approximate dual of itself because it is
not a frame.

Now we recall the following definition from [7]:

Definition 2.8 Let A be a sequence, 0 < A1, Ay < 1 and {¢;};cs be a sequence of positive
numbers in ¢2(I). We say that T is a (A1, A2, {c; }ier)-perturbation of A if for each i € I,
we have

WA f =i fll < MJJAfI| + Ael|Tifl + cll £l Vf e H.
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Recall that for an (A, B) g-frame A = {A;};cr, the operator Sy = T)\T} is called

the g-frame operator of A and if A= {Ki}ig, where KZ = Ainl, then A is called the

canonical g-dual of A which is an (4, %) g-frame.

In part (i) of the following proposition we give a direct proof for the result obtained in
[4, Corollary 3.8].

Proposition 2.9

(i) Let A be an (A, B) g-frame and I" be a g-Bessel sequence with upper bound D.
If ' is a (A1, A2, {¢i }ier)-perturbation of A with

()\1\/§ +XVD + (Y, ¢2)z ) < V/A, then I is an approximate dual g-frame of
A.

(ii) Let {(I)j}jej be an (A,B)—BFGF and {\I/j}jej be a D-BFGBS. If {Ci}ie] is
a sequence of positive numbers in ¢2(I) such that ¥, is a (A1, A2, {ci}ier)-
perturbation of ®;, for each j € J and ()\1\/§+ AoV D + (D ier c?ﬁ) < VA,
then {@je 1) }ier is an approximate dual g-frame of {@jejfi\r;j}iej.

Proof. (i) Since % is an upper bound for /N\, for each f € H, we have

T3 T5 f — T3Tx I < ZH A2
ZEI
1
< 3 2 NallAf |+ Xl f | + il £1)? (ZAZ 1A%+ > AT £
i€l i€l el
+ 3 I+ 22 IAFID O ITf 1)z + 20O A1) O ez £l
i€l i€l i€l i€l i€l
+ (I3 D3 I1) < 5 (RBIFP + BDIFIP + 3 211
el el el
+ 200 VBD||f2 + 20 VBIfIAY )% +222VD(Y )3 I£I?) = RIS,
el i€l

where R = %(x\lx/g—k MVD+ (Y c 12)%> . Thus we have ||S5. — Idg| < VR <1, so

I' is an approximate dual g-frame of A.

(ii) By Theorem 2.1 in [5], EBJ'GJ(I)]' = {EBjeJAij}iEI and EBjEJ\I’j = {@jejl“ij}iel are
(A, B) g-frame and g-Bessel sequence with upper bound D, respectively. Also Corollary
3.1 in [5] yields that @;e sV, is a (A1, A2, {¢i }ier)-perturbation of @;c;®;. Now since (by
Proposition 3.3 in [5]) {EBjeJ//\\;j}ig is the canonical g-dual of ®;c;®;, part (i) implies
that {®;c 1;}ier is an approximate dual g-frame of {@jeij'j}iel- [ |
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