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Lie higher derivations on B(X)
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Abstract. Let X be a Banach space of dimX > 2 and B(X) be the space of bounded linear
operators on X. If L : B(X) — B(X) be a Lie higher derivation on B(X), then there exists
an additive higher derivation D and a linear map 7 : B(X) — FI vanishing at commutators
[A, B] for all A, B € B(X) such that L = D + .
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1. Introduction

Let X be a Banach space over F, where I is the real number field R or the complex field
C. Recall that an additive map L : B(X) — B(X) is called a derivation if

L(AB) = L(A)B + AL(B) VA, B € B(X).

More generally, an additive map L : B(X) — B(X) is called a Lie derivation if
L([A, B]) = [L(A), B]+[A, L(B)] for all A, B € B(X). In recent years, Lie derivations has
attracted the attentions of many researchers(see [1, 2, 8], and references therein). On the
other hand, higher derivations were introduced and studied mainly in commutative rings
and later, also in non-commutative rings and some operator algebras (see, for example,
[3, 11] and the references therein). We first recall the concepts of higher derivations and
Lie higher derivations.
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Definition 1.1 Let L = (L;)ien (N denotes the set of natural numbers including 0) be
a sequence of additive maps of a ring A such that Ly = id4. L is said to be a higher
derivation if for every n € N we have L,(AB) =}, ;_, Li(A)L;(B) for all A,B € A; a
Lie higher derivation if for every n € N we have L,([4, B]) = >_,,;_,[Li(4), L;(B)] for
all A, B € A.

It is clear that all higher derivations are Lie higher derivations. However, the converse
is not true in general. Assume that D = (D, )nen is a higher derivation on a ring A.
For any n € N, let L, = D,, + h,, where h,, is an additive map from A into its center
vanishing on every commutator. It is easily seen that (L, )nen is a Lie higher derivation,
but not a higher derivation if h, # 0 for some n. Then a natural question is to ask
whether or not every Lie higher derivations have the above form?

In [10], Fei and Chen discussed the properties of Lie higher derivations on nest algebras.
Generalized higher derivations, jordan higher derivations and higher derivations were
studied by many authors (see [6, 7, 9, 11, 12]). The purpose of this paper is to show that
every Lie higher derivations on B(X) is proper.

2. Lie higher derivations on B(X)

In this section, we give a characterization of Lie higher derivations of B(X). The following
is our main result which generalizes the main result in [4].

Theorem 2.1 Let X be a Banach space of dimX > 2 and L : B(X) — B(X) be a
Lie higher derivation on B(X). Then there exists an additive higher derivation D and a
linear map 7 : B(X) — FI vanishing at commutators [A, B] for all A, B € B(X) such
that L =D 4 7.

Proof. In the following, we always assume that L = (L, )nen is an Lie higher derivation
of B(X). We proceed by induction on n € N.

If n = 1, then by the definition of Lie higher derivations, L; is a Lie derivation of
B(X). So by ([4, Theorem 1.1]), there exists an additive derivation D and a linear map
7 : B(X) — FI vanishing at commutators [A, B] for all A, B € B(X) such that L = D+7.

For the convenience, in the sequel, take zy € X, fo € X* satisfying fo(zo) = 1. Let
P = 2¢® fp and Q = I—P be idempotent of B(X), it is obvious that PQ = QP = 0. Then
B(X) = Bl1+312+321 +BQQ, where Bll = PB(X)P, Blg = PB(X)Q, BQl = QB(X)P
By = QB(X)Q.

Thus by ([4, Lemmas 2.2-2.12]) we have;

PLl(P)P + QLl(P)Q e FI;
PLUQ)P +QLI(Q)Q € FT;
Al(PAQ + QAP) = PA1(A)Q + QA1(A)P  where
A1(A) = Ly(4) — (AT ~TA) and T = PLi(P)Q — QL (P)P
Al( )GFI Al(Q)EFI‘
A1(Byj) CByjfor 1 <i#j<
| A1(Xy) € By +FI.

P1:

Assume that L = (L,) is a Lie higher derivation of B(X). We proceed by induction
onn € N. When n = 1, the conclusion is true by discussion. We now assume that
Ly, (x) = Dp(x) + Tim(x) holds for all z € B(X) and for all m < n € N, where 7, :
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B(X) — Z(B(X)) is such that 7,,([z,y]) = 0 for all z,y € B(X) and Dp,(zy) =
> irjem Di(x)Dj(y) for all z,y € B(X).

Moreover, we have the following properties;

PL,(P)P+ QL (P)Q € FI;

PLn(Q)P + QLn(Q)Q € FI;

Am(PAQ + QAP) = PA,,(A)Q + QA (A)P  where

Pun: S AL(A)=Ly(A)— (AT —TA) and T = PL,(P)Q—QL,,(P)P
A, (P) e FI, A,(Q)€FI,;

Am( lj)gBljfor 1<i#j<2
Am( u)EBii—i-FI.

\

Our aim is to show that L,, also satisfies the similar properties and

that L,(z) = Dy(z) + 7,(z) holds for all x € B(X) and 7, is linear map from B(X)
into its center satisfying 7,([z,y]) = 0 for all x,y € B(X). Therefore, by induction, the
theorem is true.

We will prove it by several claims.

Claim 1. PL,(P)P + QL,(P)Q € FI and PL,(Q)P + QL,(Q)Q € FI.
proof. Let x € X, f € X*. Then

Ln(Pl‘@Q*f) = Ln([PaPm®Q*f])
= Y [Li(P), Lj(Pz @ Q*[)]

i+j=n

= [La(P), Pz @ Q" f1+ [P, Ly(Px @ Q" )]+ > [Li(P),L;(Pz® Q*f)]

i+j=n;i#0,n
=L,(P)Pr®Q"f — Pr® Q" fLn(P)+ PL,(Px ® Q" f)

—Lo(Pr@Q )P+ Y [Li(P),Lj(Pr®Q"f)

i+7=n;i#0,n

Multiplying this equation by P from the left and by Q from the right, we get, for all
x € X and f € X*, that

PL,(P)P(z® f)Q =P(z® /)QL.(P)Q —P Y [Li(P),Lj(Pz® Q" f)|Q.

i+7=n;i#0,n

By Pum, PLi(P)P + QL;(P)Q € FI and PL;(P)P + QL;(P)Q € FI.

S0 PY1yon ws0nlLilP),Li (P2 © Q"1)Q = 0.

Thus PL,(P)P = pP for some p € F. Hence QL,(P)Q = p@, which implies that
PL,(P)P+ QL,(P)Q = pl. Similarly we can prove PL,(Q)P + QL,(Q)Q € FI.

Now we put T' = PL,(P)Q — QL,(P)P. For A € B(X), define A,(4) =
L, (A)— (AT —TA). Also we can easily checked that A, [A, B] = [A,(A), B]+[4, An(B)]
for all A, B € B(X) .

Claim 2.A,(P) € FI.
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proof. Using Claim 1, we have

A,(P)=L,(P)—(PT—-TP)=PL,(P)P+QL,(P)Q € FI.
Claim 3. A, (PAQ + QAP) = PA,(A)Q + QA,(A)P for all A € B(X).
proof. Let A € B(X), then

An(PAQ + QAP) = Ay ([P, [P, A]])

i+j=n
= [An(P), [P, A]] + [p, An([P, A])] + Z [AZ(P)’A]([Pv A])]
i+j=n i#0,n
=[P [PAA+ Y [A(P) A([PA])]

i+7=n;i#0,n

Since by Claim 2, A;(P) € FI, fori <mn,so )
So

itj=ninto.nDi(P), A([P,A]] =0

An(PAQ + QAP) = [P, [P, An(A)]] = PAL(A)Q + QAL (A)P.
Claim 4. A,(Q) € FI.

proof. Applying Claim 1, we have

PALQ)Q + QAL(Q)P = A (PQQ +QQP) = 0.
Thus A,(Q) = PLu(Q)Q + QLn(Q)Q € F.
Claim 5. An(Bzg) g Bij for 1 g 1 75] g 2.

proof. For any X € Bio, we have

i+j=n;i#0,n
=[P AL(X)]+ D [P AX)]
J;37#0,n

Since A;(P) € FI is already shown, ) [Ai(P), Aj(X)] = 0 immediately follows.

i+j=n;i#0,n
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So
Ap(X) =PA,(2)Q — QAL (X)P
Multiplying above equation by P from the right, we get
PAL(X)P =QA,(X)P=QA,(X)Q =0
Thus
A (X)=PA,(X)P € Bjo

Similarly we can prove that A, (y) C Bg; for any y € Bo;.

Claim 6. There is a functional f,; : B — F such that A, (X;;) — fni(Xu)I € By for all
XiiEBii,1§i<2.

proof.Let X;; € By , Applying Claim 3, we obtain
0= An(O) = An(PX“‘Q + QX“P) = PAn(Xii)Q + QAn(Xii)P

Then we can assume that A, (X11) = a11 +age and A, (Xa2) = b1 +baa , where a1y, b1 €
Bi1, a2, b22 € Bas. Also

= [ag2, Xoo| + [X11,a11] + Z [Ai(X11), Aj(Xa2)].
i+j=n;i#0,n

By the property P, Aij(X11) € Bi1 +FI and Aj(X22) € Bao + FI.

one gets > ;. iz, [0i(X11), Aj(Xa2)] = 0 which implies that [ags, Xoo] = 0 for all
Xo99 € Byy and [XH, an] =0 for all X717 € Bq1.

Therefore, there exist scalars f,1(X11) and fr2(X22) such that ase = fr1(X11)Q and
b1 = fn2(X22)P. So An(X11) — fu1(X11)I € By and Ap(Xa2) — fr2(X22)I € Bao.

Claim 7.A,, is additive on Byy and Bo;.

proof. Let Xoo € Bgy ,X12 € Big and Y1 € Boj, by applying Claim 5, 6 we
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have

Ay [Xo2 + Xo1,Yo1] = Z [Ai(X92 + Xo1), Aj(Yar)]

i+j=n
= [Ap(Xa2 + Xo1), Yo1]| + [Xo2 + Xo1, Ap(Ya21)]
+ Y [A(Xaa+ Xo), A (Yay)]

i+j=n;i#0,n
= [Ap(Xo2 + Xo1), Yo1]| + [X22, Ay (Ya1)]
+ Y [A(Xae o+ Xor), Aj(Yar)]
i+j=n;i#0,n
Ay [Xo2 + Xo1, Yo1| = Ap[ X2, Yo1]
= ) [Ai(Xa2), Aj(Ya1)]
i+j=n
= [An(Xa2) + Ay (X21), Yo1] + [Xo2, Ap(Ya1)]

+ Z [Ai(Xa22) + Ai(Xa1), Aj(Yar)]
i+j=n;i#0,n

which implies that

[An (X2 + Xo1) — Ap(Xa2) — Ap(Xo21), Yor] + Z [Ai( X2 + Xo1),A;(Ya1)]

i+j=n;i#0,n
=) [AXa),85(Ya)] =0
i+j=n;i#0,n
But by Py, we have
Z [A;( X2 + X21),A;(Ya1)] = Z [A;(Xa2) + Aij(Xa2), Aj(Yar)).
i+j=n;i#0,n i+j=n;i#0,n

Thus we conclude that [A,,(Xo2 + Xo1) — Ap(Xa2) — Ap(X21), Yo1] = 0. By a similar way
to we can prove that A, is additive on By and similarly additivity of A, on Bys can be
deduced easily.

Now we define D, (A) = A, (PAQ)+A,(QAP)+ A, (PAP)+ A, (QAQ)— (f1(PAP)—
f2(QAQ))I. Then by Claim 5, 6 we have
Claim 8.For B;; € Byj, 1 <4,j
<

<
(1) Dn(Blj) € Bij , 1<, <2
(2) Dn(Bi2) = An(Bi2) and Dy(Ba1) = Ap(Bay);
(3) Dn(Bi1 + Bi2 + Bai + Baz) = Dp(B11) + Dn(B12) + Dn(Ba1) + Dn(Baz).

The following claims immediately follows from Claim 7 and Claim 8.

Claim 9. D,, is additive on B1o and Bo;.
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Claim 10. D,, is additive on B1; and Bos.
It follows similarly to proof of Lemma 2.12 in [4].

Claim 11. D,, is additive.
It follows similarly to proof of Lemma 2.13 in [4].

Claim 12. D,, has the following properties:

(1) Dn(AiiBij) = > ipen Dit(Ai) Dp(Bij) 1<i#j <2
(2) Dn(BijAjj) = t1ken Dt(Bij)Dr(4j5) 1<i#j<2
(3) Dn(AiiBii) = >4y e Dit(Aii) Dr(Bi;)

proof.Let A;; € B; and B;; € Byj, then

Dy, (AiiBij) = An(AiiBij)
= Z [D¢(Asi), D(Bij)]

t+k=n

= Z [D¢(Ais) + 1e(Aii), Di(Bij) + m(Bij)]
t+k=n

= Y [Di(Aii), Dr(Byj)]

t+k=n

Since Dt(Au) € By + FI and Dk(BZ]) S Bij, then

Dy (AiiBij) = Z Dy(Aii) Di(Bij).-
t+k=n

Also

Dn(BijAjj) = An(BijAjj)
= Z [Dt(Bij), Dr(4j5)]

t+k=n

= > [Di(Byj) +7i(Aj5), Di(Bij) + 7(Aj5)]
t+k=n

= Y [Du(By), Dr(Ay)]

t+k=n

Since Dk(Ajj) S Bjj + FI and Dt(Bij) S Bij, then

Dn(BijAj;) = > Dy(Bij)Di(4j5).
t+k=n
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Furthermore

D, (Ai;BiiCij) = Z Dy(AyByi) Dy(Cij)
t+k=n

= Z Dy(AiiBii) Dy(Cy5) + Dy (Aii Bii) Cij
t-h=n, k£0

But

D, (AiiByiCij) = Z Dy(Ai;) Dy (B Cij)

t+k=n

= Y Di(Au)Di(Bi;)Di(Cyj)

t+k+l=n

= Y Di(Ai)De(Bij)Di(Ci) + > Di(Ai)Di(By)Ci
t+k+1=n,L#0 t+k=n,l£0

Thus

D, (AiiBii)Cij = Z Di(Aii) Di(Bij)Cij
t+k=n

Which implies that

Dy (AsiByi) = Z Dy(Ai;) Dr(Bij).
t+k=n

Claim 14. An(Bll + 022) — An(BH) — AH(CQQ) cFI.

pI‘OOf. Note that [Alg,le] = [[Alg,,Pg],Bgl] holds true for all A12 € B12 and
Bs1 € Bsy. So we have

An([Ba1,Ci2]) — Dyp([Bo1,Ci2]) = E [Ai(Ba1, Aj(C12)] — Dp(B21)Ci2 — Dyp(Cr2B21)
i+j=n

= [An(B21), Cra] + [Ba1, An(C12)]
+ Z [Ai(Ba21), Aj(D12)] — Dp(B21)Ci2 — Dp(Ci2B21)
i+j=nyiA0n
= [Dn(Ba1), C12] + [Ba1, Dn(C12)]
+ Dp(B21C12) — Dyp(B21C12)
= Dy (A12)Bo1 — PaDy(A12) Ba1 — Ba1 Dy (A12) P2 + Ba1 Dy (A1)
+ A12Dy(B21) — Dp(B21)A12 — Dp(A12B21) + Dy (B21412)
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Which implies that
(Dn(Ai12)Bo1+A12Dy,(Ba1)—Dp(A12B21))+(Dy(B21A12)— Dy (Ba1)A1a—Bo1 Dy, (A1) = K € FI.
Using Claim 12 and multiplying Bes from the left in the above equality, We obtain

By Dy, (Ba1Ar2) — Baa Dy, (Ba1)Aig — BaaBo1 Dy (A12) = By K.
So
K = D, (A12B21+A12D,,(B21)—Dy(A12B21))+(Dp(B21A12)— Dy (Ba1) A12—B21 Dy (A12) = 0.
Therefore
D,,(A12)B21 + A12D,,(Ba1) — Dy (A12B21) = —(Dy(Ba1412) — Dyp(B21)A12 — Ba1 Dy (A12))
€ By m Boo
So we have
D, (A12)B21 + A12Dy(B21) — Dp(A12B21) = 0 and D, (B21A12) — Dy (Ba1)A2 —
Bo1 Dy (A12) =0
So D,, is a derivation.
Claim 16. For all A € B(X), An(A) — An(PAQ) — AL(QAP) € FI.
For any A € B(X) and Claim it is easy to checked that A, (A)—A,(PAQ)—A,(QAP) €
FI.
Claim 17. 7,,([X,Y]) =0 for all X,Y € B(X).
proof. For any XY € B(X), we have
T ([X,Y]) = An([X, Y]) — Dy ([X,Y])
= Z [A’L(X)? AJ(Y)] - Dn(XY) - Dn(YX)

i+j=n
= Y [DiX) +7(X), D;(Y) + (V)| = Y Di(X)D;(Y) - D;(Y)D;(X)
i+j=n itj=n
= > [Di(X),Di(Y) = > Di(X)D;(Y) — D;(Y)D;(X)
i+j=n i+j=n
=0
The proof of theorem is completed. [ ]
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