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Abstract The objective of this paper is to present a
technique for order preference by similarity to ideal solu-
tion (TOPSIS) algorithm to linear fractional bi-level multi-
objective decision-making problem. TOPSIS is used to
yield most appropriate alternative from a finite set of
alternatives based upon simultaneous shortest distance
from positive ideal solution (PIS) and furthest distance
from negative ideal solution (NIS). In the proposed
approach, first, the PIS and NIS for both levels are deter-
mined and the membership functions of distance functions
from PIS and NIS of both levels are formulated. Lineari-
zation technique is used in order to transform the non-
linear membership functions into equivalent linear mem-
bership functions and then normalize them. A possible
relaxation on decision for both levels is considered for
avoiding decision deadlock. Then fuzzy goal programming
models are developed to achieve compromise solution of
the problem by minimizing the negative deviational vari-
ables. Distance function is used to identify the optimal
compromise solution. The paper presents a hybrid model of
TOPSIS and fuzzy goal programming. An illustrative
numerical example is solved to clarify the proposed
approach. Finally, to demonstrate the efficiency of the
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proposed approach, the obtained solution is compared with
the solution derived from existing methods in the literature.
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Introduction

Bi-level programming is recognized as a powerful
mathematical apparatus for modeling decentralized deci-
sions with two decision makers (DMs) in a large hier-
archical organization. Bi-level programming problems
(BLPPs) have the following common features: the first-
level decision maker (FLDM) or the leader and the
second-level decision maker (SLDM) or the follower
independently controls a set of decision variables; each
DM tries to maximize his/her own interest, but the
decision of each DM is affected by the action and
reaction of the other DM; each DM should have an
intention to cooperate each other in the decision-making
situation. Bi-level programming has been applied to
model real-world problems regarding flow shop sched-
uling (Karlof and Wang 1996), bio-fuel production (Bard
et al. 2000), natural gas cash-out (Dempe et al. 2005),
logistics (Huijun et al. 2008), pollution emission price
(Wang et al. 2011), etc. Lai (1996) introduced the con-
cept of tolerance membership function of fuzzy set the-
ory to multi-level programming problems (MLPPs) for
satisfactory decisions. Shih et al. (1996) extended Lai’s
satisfactory solution concept and proposed a supervised
search approach to MLPPs based on max—min aggrega-
tion operator. Shih and Lee (2000) further extended Lai’s
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satisfactory solution concept and presented a solution
methodology for MLPPs using compensatory fuzzy
operator. Sinha (2003a, b) developed an alternative fuzzy
mathematical programming to MLPPs where the decision
of lower-level DM is most important and the decision
power of lower-level DM dominates the FLDM. Sakawa
et al. (1998) developed interactive fuzzy programming
algorithm to solve MLPPs by deleting the fuzzy goals
for the decision variables to overcome the problem in the
methods of Lai (1996). Pramanik and Roy (2007) pro-
posed a methodology based on fuzzy goal programming
(FGP) approach to MLPPs by considering the relaxation
of decision of the FLDM and solved the problem by
minimizing the negative deviational variables. In this
article, we have considered linear fractional bi-level
multi-objective decision-making (BL-MODM) problem
where each level DM possesses multiple linear fractional
objective functions with common linear constraints.
However, in contrast to linear BLPPs, only some meth-
odological developments for fuzzy linear fractional
BLPPs/decentralized BLPPs have appeared in the litera-
ture (Sakawa and Nishizaki 2002, 2001; Ahlatcioglu and
Tiryaki 2007; Mishra 2007; Toksar1 2010; Pramanik and
Dey 2011b; Pramanik et al. 2012). Baky (2009) pre-
sented an algorithm to solve decentralized BL-MODM
problem by extending the FGP approach incorporated by
Mohamed (1997) and the proposed approach is also
extended for solving linear fractional decentralized BL-
MODM problem. Abo-Sinna and Baky (2010) presented
a FGP procedure to linear fractional BL-MODM problem
using the method of variable change on the negative and
positive deviational variables.

In the field of multi-attribute decision-making, Hwang
and Yoon (1981) introduced the concept of technique for
order preference by similarity to ideal solution (TOPSIS)
for obtaining compromise solution. TOPSIS is based upon
the principle that the chosen alternative should have the
minimum distance from positive ideal solution (PIS) and
maximum distance from negative ideal solution (NIS). In
real-life decision-making situation, a DM desires to obtain
a decision that not only offers as much return as possible
but also reduces as much risk as possible. Generally,
TOPSIS converts M number of conflicting and non com-
mensurable objectives (criteria) into two commensurable
and most of time conflicting objectives (the minimum
distance from PIS and the maximum distance from NIS)
(Abo-Sinna and Amer 2005). Lai et al. (1994) presented a
methodology based on the extended TOPSIS method for
solving multi-objective decision-making (MODM) prob-
lem. Chen (2000) extended the concept of TOPSIS in order
to formulate a methodology for solving multi-person multi-
criteria decision-making (MCDM) problems in fuzzy
environment. Abo-Sinna and Amer (2005) and Abo-Sinna
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et al. (2008) studied the extensions of TOPSIS for solving
multi-objective large-scale non-linear programming prob-
lems with block angular structure. Recently, Baky and
Abo-Sinna (2013) proposed a fuzzy TOPSIS algorithm for
solving non-linear BL-MODM problems. In their
approach, they extended the TOPSIS to first (upper)-level
MODM problem for obtaining the satisfying solution for
FLDM. Then the linear membership functions of variables
under the control of the FLDM are formulated. Finally,
max-min decision model of the BL-MODM problem is
solved in order to generate the satisfactory solution of the
problem.

In this paper, the TOPSIS approach to solve linear
fractional BL-MODM problem based on FGP technique is
extended. In the proposed approach, fuzzy TOPSIS models
for both level DMs are developed and satisfactory solutions
for both levels are obtained. Possible relaxations on deci-
sions for both levels are considered. Thereafter, FGP
models are formulated and the linear fractional BL-MODM
problem is solved by minimizing the negative deviational
variables.

Rest of the paper is organized as follows: In the Sect.
“Problem formulation”, we present the formulation of BL-
MODM problem. Some basic concepts of the distance
measures of ‘closeness’ and its normalization are provided
in the subsequent sections. TOPSIS approaches for first-
level DM and second-level DM are discussed in the next
two sections, respectively. Section “Preference bounds for
FLDM and SLDM” briefly discusses the necessity for
providing preference upper and lower bounds for both level
DMs. In the Sect. “FGP approach for BL-MODM prob-
lem”, we have formulated the FGP models for BL-MODM
problem. The next section presents the TOPSIS algorithm
for BL-MODM problem based on FGP procedure. Section
“Selection of optimal compromise solution” provides the
selection criteria in order to achieve optimal compromise
solution of the problem. In the Sect. “Numerical example”,
a numerical example is solved to illustrate the proposed
methodology. Finally, the last section concludes the paper
with future direction of research.

Materials and methods
Problem formulation
Assume that there are two levels in a hierarchy structure

with a FLDM at the first level and a SLDM at the second
level. The FLDM controls the decision vector x; =

(X11,%12, - - -, X1y, ) € RM and the SLDM controls the deci-
sion  vector X = (Xp1,%22,...,X2n,) € RV, where
N=N;+ N, Also we assume that Z; (x;, x»):

RV x RNV — RMi [ =1, 2.
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The linear fractional BL-MODM problem of maximi-
zation-type objective function at each level can be for-
mulated as:

[First level]

1V£axZ1(x) = Niale(xl,xz)
l = Nf{%lx (z11(x1,%2), 712 (X1, %2), -+ o 2um, (X1, %2))
(1)
[Second level]
Nglxzz(x) = Ngxzz(xl,xz)
- 2am, (X1,%2))

(2)

= N£21X 21((x1,%2), Z22(x1,%2), ..
2

Subject to

xesS= x:(xl,xz)eRN|A1x1+A2xz = | b,x>0,beRM },

IN

(3)
where z;;(x1,x2) = g’/iiﬁj, i=1,2;j=1,2, ..., M;).

Here, S is the non-empty convex constraint set, M, and
M, are the number of objective functions of FLDM and
SLDM, respectively, and M is the number of constraints.
Also, A; is the M x N; matrix, (i = 1, 2); Cy;, Dy € RY;
pijy 0y, (i=1,2;j=1,2, ...,M;) are scalars. We also
assume that Djx +J; >0, (i=1,2; j=1,2, ..., M;) for
all x € S.

Some basic concepts regarding distance measures

Some basis concepts related to distance measure are pre-
sented in this section, for further details see Abo-Sinna and
Amer (2005) and Abo-Sinna et al. (2008). Let Z(x) = (z;
(%), z2 (), ..., zm (x)) be the vector of the objective func-
tions. Suppose that Z* = z{,z,...,z; be the ideal
solution or PIS of the vector of the objective functions such

that z7 = Max,esz(x), (j=1,2, ...,M). Also, let

(Z7 =2z{,23,--.,2) be the anti-ideal solution or NIS of
the vector of the objective functions such that

7 = Min,eszi(x), G =1, 2, ..., M). Now Lq-metric is

employed in order to achieve the measure of “closeness”.
Lo-metric defines the distance between Z (x) and Z" as
follows:

M
4 = {Za?(zj*

=

1

- z;(x))q}q7 g=12,...00. (4

Here, oc;’ G=1,2,...,M;g=1,2, ..., c0) represents
the relative weight of the jth objective function. However,

if the objective function z; (x), G =1, 2, ..., M) is not
expressed in commensurable unit, then the following
metric can be utilized:

M + Y
i — zi(x
dy = {fo}’<7’+ _J()> } g=1,2,... o
=1 % %

(5)

The compromise solution is defined as the solution,
which is nearest to the ideal solution by some distance
measure (Abo-Sinna and Amer 2005). We are now inter-
ested in obtaining the compromise solution of the follow-
ing MODM problem:

Max Z(x) = (z1(x), z2(x), .. ., zu(x)) (6)

Subject to

xeRV|Ax| = |b,
<

xes = x>0, beRM

Different multi-objective methods such as global crite-
rion method, goal programming method, fuzzy program-
ming method, and interactive method utilize the distance
family (4) and (5) in order to yield the compromise solution
of a MODM problem when the ideal solution
(Z" = z{, z7,...,2)y) is the reference point. According to
Lai et al. (1994), the problem (6) reduces to the following
auxiliary problem:

1
M + EA
Z; — Zj\X
Mindq—{§ aj<’+7’(_)> } (g=12,..
Z.

= T

., 00)
j

(7)

Subject to

v

xes = x>0, beRM

3

xeRV|Ax| =|b
<

Here, the parameter g represents the ‘balancing factor’
between the group benefit and maximal individual regret.
As the value of ¢ increases, the group benefit, ie., d,
decreases. When g = 1, then an equal importance or
weight is given to each deviation and when g = 2, then
each deviation is weighted proportionately with the maxi-
mum deviation with the maximum importance or weight
(Lai et al. 1994).

TOPSIS method for first-level MODM problem

Consider the linear fractional BL-MODM problem of
FLDM as follows:

o
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MaxZ; (x) = MaxZ; (x1,x7)
X1 X1

= N£ax (z11(x1,x%2), 212 (%1, X2) 5 - Zing, (X1, X2))
1

(8)

Subject to

x€8={ x=(x1,%2) ERV|A x| +Arx, b,x>0,beRM

IA

TOPSIS model for FLDM can be presented as follows:
Min d;St) (x) (9)

Max df;HS(F )(x)

Subject to

x€S={ x=(x1,%)ERY |A1x; +Ax0, | =
<

o0\ ;
where di>" )(x):{zy_ll of <\";+1( >) } and dy*") (x) =
11y

gyt
s g (-5 )1’
J=175\ -2, :

Here, zf;. = I\;Iea}gx z1j(x) and z;; = Minees 21(x), (G = 1, 2,

b,x>0,bcR" }.

., M) are the PIS and NIS for FLDM, respectively.
Let (dgls(F) (x)) Mm d}?S( )( ) and

(dSIS(F)(x)) _ 1\;[gsxdpls )( );
(quIS(F> (x)) ~ Max dY'5¢)(x) and
(d[I]\IIS(F)(x)) 1};/23!1 ANIS( )( )

The membership functions for dq (x) and dfjls( )( )

(see Fig. 1) can be formulated as:

Fig. 1 The membership
functions of g (x), Hayis (x)

(Lai et al. 1994) A

quPIs (x), Hdéﬂs (x)

,ud[};lsm (x)
0, (dms (x)>’ < dZIS(F) (x)

(4™"w) —a

_ <dPIS(F)(x))_ (dPIS(F)( ))+

PlS(F) )

.
O (A ()) <)

PIS(F) -

< ()
+

! if 4SO (3) < (@S0 ()

K pas(r) (x)

0, i <d§15(p)(x)> < <d‘II\IIS(1’:) (x)> _

NIS NIS -
dy* ") — (4" )

L (@500) " - (a0 )

=i (dSP0)) <d)S ()

+

< (@59 ()

L iSO () = (a0 ()

Now we transform the non-linear membership functions
Koo (x) and p ol (x) into equivalent linear membership

functions [ esr) (x) and fi s (x), respectively, through
q q

first-order Taylor polynomial series as follows:

(PIS(F
)+ Z X1~ xl/

OLL pis(r) ()C) Ny
dq PIS(F)+
’ (a— 20y —5”)
X at x=xPIS(F

,Ltdsls(m (x) = ,udsls

j=1

a,udmsm ()C) R
x| — = [ pis) (x), (]0)
at x=xPIS(F, !

6)(2]'
where  xPIS0)r = (PSS e quch that
,udPIS(F) (XPIS(F)*) = MaXxgs ,udPIS(F) ()C)
q q

max - min solution

0

|

(a5 ) " ogse)’
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N,

U NIS(F)( ) ,LthIS(F ()CNIS(F)*) + Z (x1j —XII\}IS(F)*)
=1

a,u NIS(F
d, NIS(F

+ Xoj = Xoj (11)
( axlj )atx ANIS(F)* Z !
(a,udms (F)

= NIS(F) (X
oy ) A gsie) (x),
at x=xNIS(F)x

NIS(F)« _NIS(F :
where  NIS(F)r — ((NISU)x  JIS()y g

,udNIS(F) (xNIS(F)*) = MaXxgs ,udms(F) ()C)
q q

such that

We now normalize (i s (x) and fi s (x) according to
q q

Stanojevi¢ (2013) as follows:

ﬂdms(m (x) — aPIS(F)
I pis(r) (x =1
d; PPIS(F) _ oPIS(F)
A pas(r) (x) = aNIs(n) PIS(F) PIS(F)
'ud,];”S(F) (.x) = W, where a and b

are the minimal and maximal values of [ S (x); aNIS(F)
q

and HPNS) are the minimal and maximal values of
[ pasir) (x), respectively, subject to the system constraints.
A

Then to obtain the satisfactory solution of FLDM, we
solve the following max—min decision model, according to
Bellman and Zadeh (1970) and Zimmermann (1978) as
follows:

,ud5 ()C) = MaX,¢s {Mm (ﬁdglsw) (x), ﬁdylS(F) ()C))}

If B= Min (,udPIS(F)( x), ,udNISF(.x), then the above
model is equivalent to the Tchebycheff model (Lai

et al. 1994), which is also equivalent to the following

model:

Max f§ (12)
Subject to

:udms")( )>ﬁ :ude(" ( )2:87 Ogﬁgla

XES=1 x=(x; ,XZ)GRN|A1X1+A2)62 =
<

b,x>0,beRM

where [ represents the satisfactory level for both criteria of
the minimal distance from the PIS and maximal distance
from the NIS. Let x" = (xf",x}") be the satisfactory
solution of the FLDM.

TOPSIS method for second-level MODM problem

Consider the linear fractional BL-MODM problem of
SLDM as follows:

177
Max Z,(x) = MaxZ,(xy,x7)
X2 X2
= Max (z21(x1,X2), 222(X1,2) - -+, Zom, (X1, %2))
2
(13)
Subject to
xes
>
=4 X = ()C],)Cz) GRN‘A])CI + Axxy = |b, XZO, bGRM
<
TOPSIS model for SLDM can be represented as:
. PIS(S)
Min d,>" (x) (14)
NIS(S)
Max d, > (x)
Subject to
xes
>
=<x = (x1,%2) GRN\A]xl + Axy| = |b, x>0, beR"}Y,
<

PIS(S -2\ ! g NIS(S
where db5®) (x) = {zj”_ﬂ oc;’(‘zg;’ ) } and d)"®) (x)
: 2

q 1
_ ZMz o 2j(x) — 2y B
- e :

Here, ZZ = Max,cg 22j(x)and Zp; = Minyes 2(x), (j = 1,

2, ..., M) are the positive ideal solutions and negative
ideal solutions for SLDM, respectively.

Let (dpls( )(x)> = MmdPIS( )( ) and

x€S
( quIS(S) (x)) hge%x dP50) (),
NIS(S NIS
(dq ( )(x)) l\;le%xd ©)(x) and
NIS(S) NIS(S)
(4770) =M™

The membership functions of df;ls( >( ) and d) I5(8 )( )

can be formulated as follows:

,ud:rsm (x)

0, if (d59()) <d’S ()
( dgls(s) (x)) _ dPIS )( )

) (6"V@) (4" w)

X +
=i (AS90)) < a0

< (@9w)
+
L if 4SO () < (50 ()

N
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0, if (B590)) < (B59())
- (@)

= i (BS) <dSO(x)

< (o)’

!
L i SO w) = (S )

We again transform the non-linear membership func-
tions 15 (x) and p N5 (x) into equivalent linear mem-

bership functions [ 4559 (x) and g Pl (x), respectively, via

first-order Taylor polynomial series as follows:

s)ﬁF PIS(S
,udsls(s)( ) u, PIS(S) + E xlj Xy
a,udms(s)( ) PIS(S
X | ——- + E (X —x
6x1j - / 4
at x=xPB8S)x  J=
a,udp]s(s) (x)
X | —— = Hpiss) (x), (15)
6x2j q
at x—xPIS(S)
PIS(S PIS(S .
where x5O = (x] ( )*,xz ( )*) is  such that
,udsls(s) (XPIS(S)*) = MaXes ,ud:IS(S) (x).
NIS(S
NIS(S) wis(s) ( )+ E xl —X
'udq ( ) ,le J 1j
0
,ules () N . xNIS
E 2j
6xlj - / 4
at x=xNIS©)x  J=
a,udms S)
= fipscs) (%)
= U Nis(s)
aXQI 'udq ’
at x—xNIS(S)+
NIS(S NIS(S .
where  xNISOF = (x) ( >*,x2 ( )*) is  such that
NI
,lele(s) (x S(S>*) = Maxxes ,UdNIS(S) (x)
" q

We normalize (Stanojevi¢ 2013) fi psis) (x) and i psis (x)
q q

as follows:
ﬂ 15O (x) - aPIS(S)
_ My
Haprss (x) = HPIS(S) _ gPIS(S)
A le(”( %)~ PIS(S PIS(S)
,le(r;!ls( )(.X) = W, where a and b ( are

the minimal and maximal values of /i IS (x), respectively,
q

and a™5) and PNIS®) are the minimal and maximal values
of i dNIs(s)( x), respectively, over the system constraints.
q

Now in order to achieve the satisfactory solution of
SLDM, we solve the following max—min decision model:

Max 4 (17)

o
% @ Springer

Subject to
,udPIss( )>/1 /J,dNIS(S)( )>/1, Ogﬂugl,

xeS

v

= {x= (x1,x) € RVAix; + Axxz beRY

Il
Sa

x>0,

IN

where A represents the satisfactory level for both criteria of
the minimal distance from the PIS and maximal distance
from the NIS for SLDM. Let x5 = (x], x5 ) be the max-
imizing solution of the model (17) and also the satisfactory
solution of the SLDM.

Preference bounds for FLDM and SLDM

In a BLPP, the objectives or goals of both level DMs are
often conflicting in nature. So, cooperation between both
level DMs is necessary for a hierarchical organization in
order to sustain in the open and increasing competitive
markets. For the smooth functioning and the benefit of the
organization, FLDM and SLDM should provide some
relaxations on their decisions to reach at a satisfactory

solution (Pramanik and Dey 2011a; Mishra 2007). Let tf(F)

and tﬁff), (m=1, 2, ..., Ny) be the lower and upper tol-
erance values on the decision vector considered by FLDM,

where xf" = (x|, xf,, ..., xfy,) such that
P - ti‘fp <xpp <xb+ tf,if), (m=1,2,...,Np).
Also let tz( and 12 (n =1, 2,..., N,) be the lower

and upper tolerance values on the decmon vector consid-
ered by SLDM, where x5 = (3}, x3,, ..., x3y,) such that

S ) (n=1,2...,0N,).

R(S)
Xon — by

<x2" SxZn + t2n )

Here we consider that both level decision makers provide
relaxation on their decision. This happens in real decision-
making situation. For example, when FLDM needs extra
time duty (overtime duty) from SLDM to produce more
production to meet the urgent market demands (because of
festivals like Durga puja, Id or other reasons), then it
depends upon the decision of the SLDM whether he/she
relaxes his decision to perform extra duties. If SLDM relaxes
his/her decision to perform overtime duty, it gives the
organization opportunity to run smoothly and compete with
other organizations. So the relaxation of SLDM is justified.

FGP approach for BL-MODM problem
Now the crisp BL-MODM problem defined in the ‘problem

formulation’ section is reduced to the following fuzzy BL-
MODM problem as follows:

)



J Ind Eng Int (2014) 10:173-184

(18)

MaX{ﬂdEIS(F) ()C), /jd;\us(m (x), ﬂdsls(s) ()C),

q

n NIS(S) (x)}

Subject to

xeS
>

={x=(x;,x) ERV|Aix; + Ay | = |b, x>0, becRM
<

F* R(F

Xim — tlr(n)<x]m<xlm+t1;§1 )7 (m = 17 27 ceey Nl)

x‘;n —tzfl )§x2n§x§;+t2,§ ), (n=12...,Ny).

In fuzzy decision-making environment, the objective of
each level DM is to obtain maximum possible membership
value (one) of the corresponding fuzzy goal. Now, for the
defined membership goals in (18), the flexible membership
goals according to Pramanik and Roy (2007) with aspira-
tion level one can be formulated as:

R s (x) + dprs(py 2 1,
Hpusie) () + dyisiry 2 1,
By (x) + dprss) >

R (x) + dnis(s) = 1-

where dpigr). dyis(r)> dpiss)
ative deviational variables.
However, Pramanik and Dey (2011a) imposed restric-
tion on the negative deviational variable.
Therefore, the new FGP formulation according to Pra-
manik and Dey (2011a) for BL-MODM problem can be

formulated as follows:

and dg

Niss) (=0) are the neg-

Model (I):
Minimize Y= Wldl;IS(F) =+ Wzdﬁls(l:) + W3dl;IS(S) + W4d§IS<S>
(19)
Subject to
,adtPIS(F) (x) + dl;IS(F) =1,
,UdNIS(F)( ) -+ dNIS F) = =1,
Plss (x) + dPIS =1,
,ules(s) x) + dNIS 1,
0<dpg(r) <1, 0<dyi(r) < 1,
0<dPIS <l O<leS <l
xes
>
= x=(x1,x2)€RN|A1x1+A2X2 =|b, x>0, beRrRM s
<

)

179
F L(F J
Xim tlfn><x1m<x1m+t1,<n), (m=1,2...,Ny)
< L(F « | R(S
5, —tzfl )§x2n§x§n+t2£ ), (n=12 ... N).

Here, the DMs can take the normalized weight, i.e.,

Zf:] w; = 1 with w; = 1/4 or any preference weight in the
decision-making environment.
Model (II):

Minimize o (20)
Subject to

HdPIS o (x) + dPIS( =1

H s () + dxisr) = 1,
5 (%) + dpis(s) = 1,

H puscs (%) + dyis(s) = 1,

0<dpg(r) <1, 0<dyi(r) < 1,

0 <dpg(5) < 1, 0 <dyys5) < 1,

0 2 dpis(r), 02 dyis(r),

o> dﬁs(s)» o> dﬁls(s)v

xes

Y

= x= (xl,xz)ERN|A|x|+A2xz = |b,

P F R(F
Xim _’1( ><x1m<xlm+tlr(n )

5* L(F)

R(S) _
X5, — by <x2n<x2n+t2n , (m=1,2,..,

Selection of optimal compromise solution

To obtain the optimal compromise solution of problem, the
family of distance functions (Zeleny 1982) is defined as
follows:

K 1r
L(t, k) = (Zr,’c(l - cak)r>

k=1

(21)

Here, w, (k=1, 2, , K) denotes the degree of
closeness of the preferred compromise solution to the
optimal compromise solution vector with respect to kth
objective function. Also, T = (t1,72,..., Tg) represents the
vector of attribute level 7, such that Zle 7 = 1. If all
the attribute levels 7, are same, then 1, = 1/K for k = 1,

2, ..., K. Here, r(l <r < o0) denotes the distance
parameter.

Now for r =2, the family of distance functions
become

N
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K 12
Ly(t, k) = (ng(l —wk)2> (22)
k=1

For minimization type problem, w; = (the individual
best solution/the preferred compromise solution) and
maximization type of problem w; = (the preferred com-
promise solution/the individual best solution). The solution

12
for which Lo(z, k) = (z;; fg(1—wk)2) will be

minimal would be the optimal compromise solution for the
problem.

The TOPSIS algorithm for solving linear fractional
BL-MODM problem

We now present the TOPSIS algorithm for solving linear
fractional BL-MODM problem based on FGP technique by
the following steps:

Step 1: Determine the individual maximum and mini-
mum values of all the objective functions for both level
DMs subject to the system constraints.

Step 2: Identify the positive ideal solution and negative
ideal solution for FLDM and construct quIS(F) (x) and
a7 (x) for FLDM.

Step 3: Ask the DMs to select ¢ (¢ = 1, 2, ..., o).

Step 4: Calculate the maximum and minimum values of

PIS(F) NIS(F) . .
dq "’ (x) and dy "’ (x) subject to the system constraints.
Step 5: Formulate the membership functions u 50 (x)

and ,ules(F) (X)
Step 6: Linearize the non-linear membership functions
f s (x) and s (x) into equivalent linear membership
q q
functions fi piscr) (x) and fi NIS(P) (x), respectively, using first-
q q
order Taylor polynomial series.
Step 7: Normalize [ pisir) (x) and fi s (x).
Step 8: Formulate the model (12) and solve the model to
find the satisfactory solution x*" = (xf",x{") of FLDM.
Step 9: FLDM provides the negative and positive
i M =1, 2, ., N,

. and £
respectively, on  the vector xf =

(1, - Xy

Step 10: Find the positive ideal solution and negative
ideal solution for SLDM and construct d,[;ls(s)(x) and
dYS¥(x) for SLDM.

Step 11: Calculate the maximum and minimum values
of d},"s(” (x) and d) 15(5) (x) subject to the system
constraints.

Step 12: Construct the membership functions u piss) (x)

q

tolerance values ¢
decision

and ,udNIs(s) (x) .
q

o
ﬁ @ Springer

Step 13: Linearize the non-linear membership functions
fmsis) (x) and pisis) (x) into equivalent linear membership
q q

functions i psis) (x) and fi nss (x), respectively, by utilizing
q q

first-order Taylor polynomial series.
Step 14: Normalize fi piss (x) and g NIs(s) (x).
q q

Step 15: Formulate the model (17) and solve the model to
obtain the satisfactory solution x5 = (x{ ,x5 ) of SLDM.
Step 16: SLDM presents the negative and positive tol-

erance values té,i‘” and z§,§S>, (n=12..,Ny),
vector

respectively, on  the  decision =

(5315435, - Xay,)-

Step 17: Formulate the FGP models (19) and (20) for
linear fractional BL-MODM problem.

Step 18: Solve the FGP models (19) and (20) to obtain
the compromise solution of the BL-MODM problem.

Step 19: Distance function L, (z, k) is utilized in order to
recognize the optimal compromise solution of the problem.

Step 20: If the solution is acceptable to both level DMs
then stop. Otherwise, modify the lower and upper prefer-
ence values of both level DMs and go to Step 17.

Results and discussion
Numerical example

Consider the following numerical example studied by Dey
et al. (2013) with some changes in the first objective function
of SLDM in order to clarify the proposed procedure.

[First level]

Ma ( ) Sx;+2x +3 ( ) 2x1 +5x, 43
X X)) =——— X)) =————
x1 o 2x1 —xo + 3 i X1 +4x, +4
[Second level]
3x1 + 2xp —x1+4x,+3
M = < - e =
fax <Zzl (x) e 2 (x) T 20
Subject to
261+ %<5, —x1+ 303, x1+x>1, x20,x>0.
First-level MODM problem:
Sx1+2x+3 2x1 +5x +3
M =V =
x?x <Z]1(X) 2.X1 — X2 + 3 ’ le(X) X1 + 4X2 + 4
Subject to
21+ x0<5, —x1+ 303, x+x>1, x2>0x>0.

The individual best (maximum) solution (PIS) of the
objective functions subject to the constraints is z{; = 3.029
at (1.714, 1.571) and zj, = 1.231 at (2.5, 0) and the
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individual worst (minimum) solution (NIS) of the objective
functions subject to the constraints is z;; = 1.6 at (1, 0) and
7, = 1 at (0.251, 0.749).

Let us assume that «; = ap = 0.5, and g = 2.

12
5x,42x5,437 2
? {3.029 - 753&?3}

3.029 — 1.6
dPIS(F) (X) _
2 1.231 2x1+5x,+3 2
T x4
4 (0.5)2 |- wmiduid

1.231 — 1
12

Sut2043 _ | 6 2
3.029 — 1.6 ]

(0 5)2 [2)(1 —x2+3

2x1+45)«:2+43 -1
2| x1+4x+
+(03) l 1.231 — 1 ‘|

determine: (d?“ (x ) = Minycg dgls()

(x) = 0.087 at (1723, 1.554); (dﬁ“‘ (x ))_

+
Max,es 257 (x) = 0707 at (1, 0); (d?ls (x )) -

Also we

MaXAES dNIS(F)( )
NIS(F -
(A*0w) =

The membership functions of d§IS
can be formulated as follows:

— 0648 at (1714,  1.571);
Min,esd° ) (x) = 0 at (1, 0).

Fx) and ) (x)

0, i£0.707 <d2SP) (x)
0.707 — &>\ (x)
W opsir) (X) = A S ) PIS(F) ) ,
250 (%) o707 —oogy 0087 <dy" " (x) <0.707
1, if &%) (x) <0.087
0 f(d;ﬂs 1) <0
JIS(F) (x) —
Hgse () = D2 0<d"(x) <0.648
: 0.648 — 0 i (x) <

if &™) (x) >0.648

Transform the non-linear membership functions
Ko (x) and p ke (x) into equivalent linear membership

functions fi psir (x) and [ wse (x), respectively, by apply-
2 2

ing first-order Taylor polynomial series as follows:
M gps() (x) = M prs(e) (1.723, 1.554) + (x; — 1.723)
2 2

<a:“dPlS(F) (X)>
2
a)q
atx=(1.723,1.554)

a:“(PIS([- (x)
< o > = fipse (x) = 1+ (x — 1.723)
atx=(1.723,1.554)

+ (x — 1.554)

2

x 0.226 + (xa — 1.554) x 0.113, where Maxcs ft s
2

(x) = 1 at xS = (1.723, 1.554),
,udl\ns(m (X) (1.714,

a#d:NIS(F) (x)
6x|
atx=(1.714,1.571)

a/‘dNIS F)( ) .
(%}Q) = Ui ()C) =14 (x; — 1.714)
atx=(1.714,1.571)

2

= [ Nis(r) 1.571) + (x; — 1.714)
2

+ (x, — 1.571)

x 0.053 4+ (x, — 1.571) x 0.474, where Masx 1 pasir) (X)
RIS 2

= 1 at xNS(F)* = = (1.714, 1.571).
Normalize fi dm(p)( x) and g A5 ) (x):

B a PIS(F ( ) —a"s(r) PIS(F

/"‘dgls(F) (x) = bPIS(F S where BPISF) =

1\;[:?( ﬂdlzJIS(F) ()C) =1 and aPIS(F) = 1}/[61;1 ﬂdgls(m ()C) = 0548,
ﬂles(F) ()C) - (lNlS(F)

= _ %

Hguse (x) = PNIS(F) _ gNIS(F) where

pNIS(F)

= I\){IEHSX ﬂd;us(m (x) =1and

aNIS(F) = 1}/{61? ﬂd;\ns(m ()C) = 0.218.

Solve the following model in order to get the satisfac-
tory solution of FLDM:

Max 8

Subject to
ﬂdpls(F) (X) >p, ﬂdms(r) (x) >p,0<p<1,

2614+ 0 <5, —x1+ 303, x1+x>1, x>0,x>0.
We get the satisfactory solution of the FLDM as
= (" x") = (1714, 1.571) with = 1. Suppose that
the FLDM decides x!" = 1.714 with upper tolerance
t]f(F) = 0.286 and lower tolerance tlL(F) = 0.214 such that
1.714 — 0.214 < x; <1.714 + 0.286.
Second-level MODM problem:

3x1 4+ 2x;

X1+ 5x +1

—x1 +4x, +3
(X)) = ——

M _
x?x <Z21 (x) X1 + 2xp

Subject to

21+ %<5, —x1 + 30 <3, x + 0 2>1,
x>0, x>0.

The individual best solution of the objective functions of
SLDM subject to the constraints is z5; = 2.143 at (2.5, 0)
and zz+2 = 3.5 at (0, 1) and the individual worst solution of

N
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the objective functions of SLDM subject to the constraints
is z5; = 0.333 at (0, 1) and z;, = 0.2 at (2.5, 0).

12
3x4+2x 12
e

2.143 — 0.333
_ —x1+4x2+3‘| 2

d* () =
+ (05)2 [35 X1+2x2

3.5 -0.2
12

3x14+2x

2
(05)2 |:\"]~F5X2~F] - 0333]

2.143 — 0.333
dy* () =

—x1+40+3 0 2‘| 2

* (0'5)2 [ XI;—.ZS)Q— 0.2

S

+
Also we calculate: ( ) (x)) = Min,s dpls(s) (x) =

0.288 at (1, 0); ( A7) (x )) = Max,cs % (x) = 0477

at (1.714, 1.571); ( PAS )(x)) = Maxesdy ) (x) = 0.5

at (0, 1); (d§“S< (x )) = Mines 5 (x) = 0238 at
(1.847, 1.305).

The membership functions of d2
can be constructed as:

9(x) and Y (x)

0, if 0477 <d559(x)
0.477 — dPIS( ) (x)
P[§ - 2@ @7
) (x) = i, 0.288<dv)(x) <0477
0477 — 0288 ()<
1, if 4559 (x) <0.288
0, if ( a0 (x )) <0.238
NIS(S)
,lele(SJ (X) = dz (x) - 0.238 . 0.238 <dNIS <0 5
: 0s-oms U (x)
1, if A9 (x)>05

We also transform the non-linear membership functions
fsis) (x) and pwises) (x) into equivalent linear membership
2 2

functions fi piss) (x) and fi niscs) (x), respectively, using first-
2 q

order Taylor polynomial series as:

,udpm () ‘udm(s (1 0) ( —1)

a,u 2SO (x) 6,u P (x)
— + (XQ— 0) -2
Ox; 0xp
atx=(1,0) atx=(1,0)

ﬂmss()

=14+ (x; — 1) x (—=1.22) + (x, — 0) x (—2.474),
where

PIS(S)

Maxes ,Udgls(s) (x)=1latx = (1, 0),

@ Springer

,ud;\us(s) (x) = ,ud{r;us(F) (0, 1) + (x1 - 0)

Gudzmsm) (X) 0 a,Ltdles(s) (X)
Ox; B +(n=0) 0xa B
atx=(0,1) atx=(0,1)

—,uless(x) = 1+ (xl—O) X (—1156) ( )
(—0. 867) where MaXxes,udms(s)( x) = 1 at x5 = (0,1).

Normalize /.Ldpls(s)( ) and ,udms(s)( )Z
2

,udpls ) (x) - aPIS(S)
B gosis (x) = LPIS) — PISE) where
prs(S) = I\;IE%X ﬂdZPIS(SJ (x) = 1 and
PIS(S) _ Win _ )
a I\X/Ielgl R (x) 3.759;

ladNIS(S) ()C) - aNIS(S)
= — 2
H s () = HNIS(S) — gNIS(S) where
pNISG) = Max i s (x) = 1 and

xes 2
—1.4717.

a8 = Min ﬂdms(s) (x) =
xe§ %

Solve the following model in order to get the satisfac-
tory solution of SLDM:

Max A

Subject to

ﬂdpls(s) (X), 2 )\«7 ﬂles(s) (x) 2 )\,7 0 S A S 1,
q q

2x1 4+ <5, —x1+ 303, x+xn>1,
x1 20, x>0.

We obtain the satisfactory solution of the SLDM as
¥ =0, %) = (0.693,0.307) with A= 0.919. Also

let the SLDM decides x2 = 0.307 with upper tolerance
tg(s) = 0.693 and lower tolerance tém = 0.057 such that
0.307 — 0.057 < x, < 0.307 4+ 0.693.

Finally, the FGP models for solving linear fractional
BL-MODM problem are presented as follows:

Model (I):
Minimize 7 = 4 (dpig(r) + dris(r) + dpis(s) + dnis(s))
Subject to

(14 (x; — 1.723) x 0.226 + (x, — 1.554) x 0.113)
/0452 + dpis ) = 1,

—0.548))

(14 (x1 — 1.714) x 0.053 + (x, — 1.571) x 0.474) — 0.218)
/0.782 + dyysp) = 1,

(14 (o — 1) x (~1.22) +
4759 + dig(s) = 1,

(x2— 0) x (—2.474)) + 3.759)
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Table 1 Comparison of distance for the compromise solution of the problem based on different approaches

Methods Optimal Decision Objective values Objective values Membership values Distance

solution variables x;_ X, of FLDM 2z, 1o of SLDM 251, 2o Hyps Bypys By My values

Proposed FGP y = 0.487 x; = 1.5, z11 = 1.913, 71 = 1.333, My, = 0.219, p, , = 0.5, 0.8370006
model (I) X, =025 z1p = 1.115 20 = 1.25 My, = 0.553, 1, = 0.318

Proposed FGP c=0.576 x; =15, 711 = 2.202, 201 = 1.011, Wy, = 0421, p, , = 0.613, 0.8352558
model (II) X, = 0.645 1o = 1.142 200 = 1.462 My, = 0375, p,, = 0.382

Dey et al. (2013) p=0915 x; =15, 71 = 1.913, 201 = 1.333, Wy, = 0219, p, , = 0.5, 0.8370006

x; =025 212 = 1.115 20 = 1.25 Uy, = 0.553, u,, = 0.318

Baky and Abo- 0 =051 x =2, 711 = 1.922, 201 = 1.743, Wy, = 0225, pu, , = 0.747, 09119718

Sinna (2013) x; = 0.115 212 = 1.173 220 = 0.655 Uy, = 0.779, p,,, = 0.138

(1+ (1 = 0) x (—=1.156) + (x2 — 1) x (—0.867)) + 1.477))
J2ATT + dygs) = 1,

0 < dl;IS(F) < 17
0<dygs <1,

0<dysrp <1, 0<dpgs <1

pisis) S 1
21+ %<5, —x1 + 30 <3, x + 0 2>1,
1.714 — 0.214 < x; < 1.714 + 0.286,
0.307—0.057 <x, <0.307 + 0.693,

X1 Z 07 X2 2 0.

The solution of the FGP model (I) is presented in
Table 1.
Model (II):

Minimize ¢
Subject to

((1+ (x — 1.723) x 0.226 + (x, — 1.554) x 0.113) — 0.548)
/ 0.452 + dprs ) = 1,

(14 (x1 — 1.714) x 0.053 + (x — 1.571) x 0.474) — 0.218)
0782+ dysi = 1,

(14 (xp — 1) x (—1.22) + (x — 0) x (—2.474)) + 3.759)
/4.759 + dprsgs) = 1,

(14 (r1— 0) x (=1.156) + (xo — 1) x (—0.867)) + 1.477)
[2477 + dgi = 1,

0<dps(r) < 1,
0<dygs <1,

0<dysp =1, 0=dpgy <1,

o> dﬁs(F)’ o> dﬁls(F)v o= dl;IS(S)v o= dﬁls(s)’

2x1 4+ <5, —x1+ 303, xx+x>1,
1.714 — 0.214 < x; < 1.714 + 0.286,

0.307 — 0.057 < x, <0.307 4+ 0.693,
x1 20, x> 0.

The solution offered by the FGP model (II) is presented
in Table 1.

On comparing the distance function (see the Table 1),
we observe that our proposed FGP Model (II) offers better
compromise optimal solution than the solution obtained by
Dey et al. (2013) and Baky and Abo-Sinna (2013).
Therefore, the compromise optimal solution of the problem
is obtained as x; = 1.5, x, = 0.645.

Note 1: Solutions of the problem are obtained using
software Lingo version 6.

Conclusion

We have presented a new approach for dealing with linear
fractional BL-MODM problem. In the paper, we have
studied TOPSIS approach for solving linear fractional BL-
MODM problem, which is a hybrid model of TOPSIS and
fuzzy goal programming. In the proposed approach, first
the membership functions of distance functions from PIS
and NIS of first and second levels are formulated. Linear-
ization technique is used in order to transform the non-
linear membership functions into equivalent linear mem-
bership functions using first-order Taylor series approxi-
mation and normalization technique (Stanojevi¢ 2013) is
employed to normalize them. Thereafter, max—min models
are formulated in order to obtain the satisfactory decision
for each level DM. Both level DMs consider a possible
relaxation on their decision for the benefit of the hierar-
chical organization. The FGP models are then developed in
order to achieve highest degree of the membership goals of
both level DMs by minimizing negative deviational vari-
ables. Distance functions are also utilized to identify
optimal compromise solution. Finally, an illustrative
numerical example is provided to demonstrate the effec-
tiveness of the proposed TOPSIS approach. We hope that

o
ﬁ @ Springer
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the proposed methodology can be effective in dealing with
the non-linear BL-MODM, multi-level MODM problems
and other real-world decision-making problems.
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