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Abstract The importance in promoting, sustaining
industries, manufacturing systems and economy through
reliability measurement has become an area of interest. The
profit of a system may be enhanced using highly reliable
structural design of the system or subsystem of higher
reliability. On improving the reliability and availability of a
system, the production and associated profit will also
increase. Reliability, availability and profit are some of the
most important factors in any successful industry and
manufacturing settings. In this paper, we compare three
different repairable redundant systems using an external
supporting device for operation based on the profit. Explicit
expressions for the busy period of repairmen, steady-state
availability and profit function are derived using linear
first-order differential equations. Furthermore, we compare
the profit for the three systems and find that system I is
more profitable than systems II and III.
Keywords Supporting device - Profit - Redundant system
List of symbols
S; Transition states, i = 0, 1, 2, 3, 4, 5,
6 for system I, i =0, 1, 2, 3,4, 5,
6,7,8,9 for system II and
i=0,1,2,3,4,5,6,7, 8 for system
I
o Repair rate of unit A; for both
systems, k = 1, 2
Ol Repair rate of unit B, for both
systems, k = 1, 2
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I Failure rate of unit A; for both
systems, k = 1, 2

Bo Failure rate of unit B; for both
systems, k = 1, 2

o3 Repair rate of the supporting unit for
both systems

P Failure rate of the supporting unit for

both systems

Probability row vector

Probability that the system is in state
Si

Supporting  external device is
operation/under repair/is idle, i = 1
for system I and i = 1, 2 in systems
II and III

Unit is in operation/under repair/
waiting for repair/unit is idle in
subsystem A

Unit is in operation/under repair/
waiting for repair/unit is idle in
subsystem B

PA(r), k= LILI
Py(1),y=1,2,3

Pio/Pir/Pic

Avo/Akr[Aww |Aikc

Bio/Bkr/Biw /Bic

Introduction

Proper maintenance planning plays a role in achieving high
system reliability, availability and production output. It is
therefore important to keep the equipments/systems always
available and to lay emphasis on system availability at the
highest order. System availability represents the percentage of
time the system is available to users. Availability and profit of
an industrial system are becoming an increasingly important
issue. Where the availability of a system increases, the related
profit will also increase. In real-life situations, we often
encounter cases where the systems that cannot work without
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the help of external supporting devices connect to such sys-
tems. These external supporting devices are systems them-
selves that are bound to fail. Such systems are found in power
plants, manufacturing systems and industrial systems. Failure
is an unavoidable phenomenon which can be dangerous and
costly and bring about less production and profit. Proper
maintenance planning plays a role in achieving high system
reliability, availability and production output. It is therefore
important to keep the equipments/systems always available
and to lay emphasis on system availability at the highest
order. Availability and profit of an industrial system may be
enhanced using highly reliable structural design of the system
or subsystem of higher reliability. On improving the reli-
ability and availability of a system/subsystem, the production
and associated profit will also increase. Increase in production
leads to the increase of profit. This can be achieved by
maintaining reliability and availability at the highest order. To
achieve high production and profit, the system should remain
operative for a maximum possible duration. It is important to
consider profit as well as the quality requirement.

The problem considered in this paper is more general
than the work of Yusuf (2013). This paper is devoted to deal
with profit comparison between three dissimilar redundant
systems that worked with the help of an external supporting
device. The contributions of this paper are twofold. The first
is to develop the explicit expressions for steady-state
availability, steady-state busy period due to failure units in
subsystems and steady-state busy period due to failure of
supporting unit and profit function for the three systems
under study. The second is to perform a numerical inves-
tigation of the effect of the system parameters on profit.

Literature review

Reliability plays a role in the overall system performance.
System reliability has been considered as a significant factor
in most of the system performance-related studies (Farooquie
et al. 2012; Faghihinia and Mollaverdi 2012; Khalili-Dam-
ghani and Amiri 2012; Khalili-Damghani et al. 2013; Kumar
and Jain 2013; Lal et al. 2013; Taghizade and Hafezi 2012;
Tewari et al. 2012). Various systems under different opera-
tional situations and circumstances in assessing the reliability
and availability characteristics have been analyzed by dif-
ferent researchers. Such analyses include multiple vacation
policies with an unreliable server (Jain et al. 2013), queuing
model with state dependence and vacations (Singh et al.
2012), comparative analysis of availability or redundant
system (Ke and Chu 2007), comparison between two units of
cold and warm standby systems in changing weather (Mo-
kaddis et al. 2010), comparative analysis of availability of
three systems with general repairs, reboot delay and
switching failure (Wang and Chen 2009), comparison of
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availability between two systems with warm standby units
and different imperfect coverage (Wang et al. 2012), com-
parison of reliability and availability between four systems
with warm standby components standby switching failures
(Wang et al. 2006) and comparative analysis of some reli-
ability characteristics between two systems requiring sup-
porting devices for operation (Yusuf 2013). Recently, Izadi
and Kimiagari (2014) developed an approach base on genetic
algorithm and Monte Carlo simulation toward the design of a
distribution network under demand uncertainty.

Description of the systems and states of the systems

Both systems consist of two subsystems A and B in series.
System I consists of subsystem A containing two units A,
and A, in cold standby; subsystem B has two units B; and
B, units in cold standby and with one external supporting
unit connected to subsystems A and B. System II consists
of subsystem A containing two units A; and A, in cold
standby; subsystem B has two units B; and B, unit in cold
standby and with two external supporting units, one con-
nected each to subsystems A and B. System III consists of
subsystem A containing two units A; and A, in active
parallel; subsystem B contains two units B; and B, in cold
standby and with two external supporting units, one con-
nected each to subsystems A and B. A unit in subsystem A
for both systems failed with a failure rate of f; and repair
rate of . A unit in subsystem B for both systems failed
with a failure rate of f, and repair rate of o,. The sup-
porting unit for both systems failed with a failure rate of ff;
and a repair rate of o3. Systems work if one unit of sub-
system A and one unit of subsystem B with corresponding
supporting unit work. System failure occurs when both A,
and A, or B; and B, or a supporting unit failed. Each
system is attended by three repairmen: one attends to
subsystem A, one to subsystem B and one to the supporting
unit. The states of the systems are as follows:

System 1

Up states

So(A10,Azs, Bio, Bas, Po),
1(A1r,A20, B10, Bas, Po),
2(A10,Ass, Bir, Bas, Po),
S3(A1r,A20, Bir, B20, Po).

U Un

Down states
S4(Air, A2, Big, Bas, Pr),

Ss(Aiw, Az, Bir, Bag, P:),
S6(A1R7A2G7BIW7BZR7PG)'
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System 11

Up states

So((A10,A2s), P10, (Bio, Bas), P20)

S1((Air,A20), Pro, (Bio, Bas), P20),
$2((A10,A2s), P10, (Bir, Bas), P20),
S3((A1r,A20), P10, (Bir, B20), P20)-

Down states

S4((A1w,A2R), Pig, (Big, Bas), Pa:),
5((A1r,Ass), Pir, (Big, Bas), Pag),
((A1g,Azs), PG, (Biw, Bar), Pag),
(

(

(

\nn

6

9]

7((A16,A2s), Pig, (Bir, B2G), Par),
Sg((A1w,A2R), Pig, (Bir, B2g), P2:),
So((A1r,A2), PiG, (Biw, Bar), P2c).

System III

S4((A16,A26), Pir, (BiG, Bas), P26 ),
Ss((Arw,A2r), Pig, (Bir, B2g)
(A1r,A26), PG, (Biw, Bar)
(A1w,A2R); P16, (Big, Bag)

); P16, (Biw, Bar),

Model formulation

, Pag)
, P2G),
, Pag)

)

b

PG7
Py

Analysis of system I

Let P(r) = [Po(t), P1(t), P2(t), P3(1), P4(1), P5(t), Ps(t)] be
the probability vector for system I at time ¢ > 0. Relating
the state of the system at time ¢ and ¢ + dt, the steady state
for system I can be expressed in the form:

d
dr

where

(P(1)) = Ty P(1) (1)

[ —(B1 + Ba) o o2 0 0 0 0]
ﬂ] _(OCI + Bz) 0 OCZ 0 O O
B> 0 —(2 +By) o 0 0 0
2 3
I = 0 B> B (X amt 2 B) o owm m
m=1 n=1
0 0 0 B3 -z 0 0
0 0 0 b 0 o O
i 0 0 0 B, 0 0 -
Up states Availability, busy period and profit analysis
So((A10,420); Pro; (Bio; Bas), P2o), For the analysis of availability case of system I, we use
S1((A1r,A20), P10, (Bio, Bas), P20), the following procedure to obtain the steady-state avail-
S2((A10,A20), P10, (Bir, B20), P20), ability, busy period and profit function. In steady state,
S3((A1r,A20), P10, (Big, B20), P20). the derivatives of the state probabilities become zero and
we obtain
Down states
[—(B1 + B>) o o 0 0 0 07, - .
B —(o1 + B2) 0 %2 0 0 0 i(fgz; 8
B, 0 —(on+ ) . oy . 0 0 O Pa(o0) 0
0 B, B (X om+ 2 B) w3 o m | |Ps(o0)] = |0 (2)
m=1 n=1
0 0 0 Bs a0 0 | |Fa0®) 0
P5(OO) 0
0 0 0 B, T B s 0
.0 0 0 B, 0 0 —op i L

o
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Solving (2) and using the following normalizing
condition

6

ZPZ(OO) =1 (3)
1=0

we obtain Py(00), P1(00), ... ,Ps(c0).

Let V, be the time to failure of the system for system /.
The explicit expressions for the steady-state availability,
state busy period of repairman due to failure of units A; and
By, busy period of repairman due to failure of supporting
are as follows:

Ayi(00) = (Po(00) + Pi(00) + P2(00) + P3(00))

_ b (4)
T by
[ Pi(00) + Pa(00) + P3(c0) | by
Byy(o0) = ( +Ps(c0) + P6(OO)> b ®)
11(0) = Paloc) = (6)

From the states of system I as given above, the units
and supporting unit are subjected to corrective mainte-

Profit = total revenue generated — cost incurred by the
repairman due to failure of units — cost incurred when
repairing the failed supporting units.

PF, = GoAy) (c0) — CiBy; (00) — C2By; (c0) (5)
where
PF, is the profit incurred to system I,
by = Bodas + a0doz By + odonosfy + 010203 Ba
b, = OC%O(%O@ + ot%oczogﬁz + aclfx%ogﬁl + o003 f; Pt
21001 By + 0105 B3 + 203 B1 B
by = 0105031 + ajonasffy + 010031
+onu3 BBy + a0y B3
by = 01021 B2 5.
Analysis of system II
Let P(t) = [Po(t),P1(¢),Pa(t), P3(t),...,Po(t)] be the
probability vector for system II at time ¢ > 0. Relating the

state of the system at time ¢ and ¢ 4 dt, the steady state for
system I can be expressed in the form:

nance in states 1, 2, 3, 5 and 6 and 4, respectively. Let g(p(t)) = T»P(1) (6)
dr
where
[ —(B1 + Ba) o o 0 0 0 0 0 0 0 1
3
B —(o1 4+ X2 By) 0 %) o o3 0 0 0 0
n=1
3
B> 0 —(o2+ 32 By) o 0 0 o a5 0 0
n=1
2 2
T, = 0 Ba B —(z;l Oy + ;ﬁn) 0 0 0 0 o o
0 B 0 0 —, 0O 0 0 0 0
0 B3 0 0 0 -3 0 0 0 0
0 0 B 0 0 0 - 0 0 0
0 0 Bs 0 0 0 0 —w O 0
0 0 0 B 0 0 0 0 —o O
L 0 0 0 Ba 0 0 0 0 0 —ol

Cp, C; and C, be the revenue generated when the sys-
tem is in working state and has no income when in
failed state, the cost of each repair for failed units
(corrective maintenance) and repair of supporting unit,
respectively. The expected total profit per unit time
incurred to the system in the steady state is

o
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Availability, busy period and profit analysis

For the analysis of availability case of system II, we use the
following procedure to obtain the steady-state availability,
busy period and profit function. In steady state, the deriv-
atives of the state probabilities become zero and we obtain
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[—(fy + B,) o o 0 0 0 0 0 0 0 7
3
B (o + 22 B) 0 % o o3 00 0 0 [[P()] O]
5 Pty |0
i 0 —(OCQ + Z ﬂn) o 0 0 ol o3 0 0 Pz(l‘) 0
n=1 P3(l> 0
2 2
0 B, B, “(Som+XB) 0O 0 0 0 a o ||Pa)] _ |0
m=1 n=1 Ps([) 0
0 By 0 0 —u 00 0 0 0 ||p 0
0 Bs 0 0 0 —a 0 0 0 0 ||p 0
0 0 8 0 0 0 —m 0 0 0 ||pg 0
0 0 Bs 0 0 0 0 —m 0 0 ||p 0
0 0 0 B 0 0 0 0 —o 0 - - -
L 0 0 0 I 0 0 0 0 0 —opl
(7)

Solving (7) and using the following normalizing
condition

we obtain Py(o0), P1(00), ..., Py(00).

Let V, be the time to failure of the system for system II.
The explicit expressions for the steady-state availability,
busy period of repairman due to failure of units A; and By
and busy period of repairman due to failure of supporting
unit are as follows:

Ayz(00) = (Po(00) + P1(00) + P2(00) + P3(c0))

_a )

a
Bya(o0) = (PI(OO)+P2(OO)+P3(OO)+P4(OO)+>
"2 Pe(00) + Pg(00) + Po(00)

_B
-2

(10)

12(00) = Ps(00) + Pr(o0) = 2. (1)

From the states of system II as given above, the units
and supporting unit are subjected to corrective maintenance
in states 1,2, 3,4, 6,8 and 9 and 5 and 7. Let Cy, C; and C,
be the revenue generated when the system is in working
state and has no income when in failed state, the cost of
each repair for failed units (corrective maintenance) and

repair of supporting unit, respectively. The expected total
profit per unit time incurred to the system in the steady
state is

Profit = total revenue generated — cost incurred by the
repairman due to preventive maintenance — cost incurred
when repairing the failed units.

PFy = Coyz(00) — C1By2 (00) — CaByz (o). (12)
where
PF, is the profit incurred to system II
a) = Bodos + o 0des By + o onos By + 010003 Bs
ay = o050 + 0003 By + 0105038+
010005 By + 00385 + 070 By B+
0223 1B + o105 By + o By By + a0
as = w0503 + i3y + 00003 By fot
00351 By + cioa By 3 + w53 BT + oG i3
as = 01951 B3 + 0500 B> 3.

Analysis of system III

Let P(t) = [Py(t), Pi(1), P2(1),P3(t),...,Pg(t)] be the
probability vector for system III at time ¢ > 0. Relating the
state of the system at time ¢ and ¢ 4 dt, the steady state for
system III can be expressed in the form:

d

g (P() = T5P(1) (13)

o
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where Solving (14) and using the following normalizing
condition
-5 -
=2 B o o o3 0 0 0 0
n=1
2
By —(or 4> B,) 0 ) 0 0 0 oy 0
n=1
2
B> 0 —(o2+ 32 By) o 0 0 0 0 m
n=1
T; = 2 2
0 ﬁZ ﬁl _( Z O + Z Bn) 0 o %) 0 0
m=1 n=1
b3 0 0 —o3 0 0 0 0
0 0 0 b 0 —-og O 0 0
0 0 0 i 0 0 —-op O 0
0 Bi 0 0 0 0 - 0
L O 0 B 0 0 0 0 —-m
8
> Pi(o0) =1, (15)
Availability and busy period analysis =0
we obtain Py(o0), P1(00), ..., Pg(00).

For the analysis of availability case of system III, we use
the following procedure to obtain the steady-state avail-
ability, busy period and profit function. In the steady state,
the derivatives of the state probabilities become zero and
we obtain

I )
=2 By % % 0 3 0 0 0 0
n=1
) S
_ Py (1) 0
B (o + n; B,) 0 o 0 0 0 o 0 i) 0
2 Pz(l) 0
2 2 Pyt)| =10
0 B2 B —( 21 O+ Zl B.) 0 o w0 0 ||Psr) 0
B3 0 0 0 —o3 0 0 0 0 ||Ps) 0
0 0 0 B, 0 - 0 0 o |[|P0 0
0 0 0 B, 0 0 -o 0 o |[LB@O] 10]
0 B 0 0 0 0 0 —-u 0
L 0 0 B, 0 0O 0 0 0 -

Let V3 be the time to failure of the system for system III.
The explicit expressions for the steady-state availability,
busy period of repairman due to failure of units A; and By
and busy period of repairman due to failure of supporting
unit are as follows:

o
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Ay (00) = (Po(00) + P1(00) + P2(00) + P3(00)) :j_;
(16)
Bys(00) (Pl(oo)+P2<oo> +P3(oo)+P5(oo>> 4
+Ps(00) + P7(00) + Pg(0) d>
(17)
v (00) = Pa(o0) =%- (18)

From the states of system III as given above, the units
and supporting unit are subjected to corrective maintenance
in states 1, 2, 3,4, 5,6, 7, 8 and 4. Let Cy, C; and C, be the
revenue generated when the system is in working state and
has no income when in failed state, the cost of each repair
for failed units (corrective maintenance) and repair of
supporting unit, respectively. The expected total profit per
unit time incurred to the system in the steady state is

Profit = total revenue generated — cost incurred by the
repairman due to preventive maintenance — cost incurred
when repairing the failed units.

PF; = C()Avls (OO) — ClBVf (OO) — Cngzs (OO)

(19)

where
PF; is the profit incurred to system III.

dy = ajo30s + 010503 By + 05003, + 010203y B
d) = oc?oc%og + o&%oczocgﬁz + omx%ogﬁl-i-
2 2
100051 By + g0 B3 + a0z i ot

> >
ajo5 By + o3 Py By + 0505

dy = 010505381 + oo By + 010003 B fat
2 2 2 ;2w
w3 f Py + onosfi By + s fy + ojosff

2.2
dy = o705 f5.

Results and discussions

In this section, we numerically obtained and compared the
results for mean time to system failure, system availability
and profit function for all the developed models. For each
model, the following set of parameter values were fixed
throughout the simulations for consistency for the three
cases.

Br=pB=03,p,=040 =0 =03 =05,Co
= 2,000, C; = 1,000, C; = 500.

Figures 1, 2 and 3 show the profit results for the three
systems being studied against the repair rate o, o, and o3.
It is clear from the figures that system I has higher profit as
compared to the other two systems. The differences

between the profit of system I and the other two systems
widen as o, o, and o3 increase. There is no significant
difference between the availability of system II and that of
system III with respect to o, o, and o3. However, one can
say that the results from Fig. 3 show slightly more dis-
tinction between the profit of system II and that of system
III. These tend to suggest that system I is better than the
other systems.

Figures 4, 5 and 6 show the profit for the three systems
against the failure rates f5;, f, and f3;. In these figures, it
can be seen that the profit of system I decreases more
slowly than those of the other two systems. By comparing

1500
—PF1
—PF2
1000 ---PF3
= 500 T iemeees
A g
T ol 2
-500
-1000

Fig. 1 Profit against o,

—PF1
—PF2
1000 ---PF3
+= 500 7 oimeme=
5 |
o of 2
-500
1000 . . . . . . . . .

0 01 02 03 04 05 06 07 08 09 1

Fig. 2 Profit against o,

1000

PFT ||

500

Profit

Fig. 3 Profit against a3
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2000

1500

1000 [

Profit

500}

0 01 02 03 04 05 06 07 08 09 1

Fig. 4 Profit against f3;

2000 T T T T T T T T T

1500

1000 [

Profit

500

-500

Fig. 5 Profit against f3,

o
(G

1000

—PF1

600 [

Profit

400

200

Fig. 6 Profit against f3;

systems I and III, it can be observed that there is not much
difference between the two. System III decreases a little
faster than system II. We can conclude as before that
system I is better than the other two systems in all the three
figures.

Conclusion

In this paper, we analyzed three dissimilar systems, each
consisting of two subsystems A and B, each containing two

@ Springer

units with supporting unit attached to the systems. Explicit
expressions for steady-state availability, busy period and
profit function for the three systems were derived and
comparative analysis was also performed numerically. It is
evident from Figs. 1, 2, 3, 4, 5, 6 that the optimal system is
system 1. Models presented in this paper are important to
engineers, maintenance managers and plant management
for proper maintenance analysis, decision and safety of the
system as a whole. The models will also assist engineers,
decision makers and plant management to avoid an incor-
rect reliability assessment and consequent erroneous deci-
sion making, which may lead to unnecessary expenditures,
incorrect maintenance scheduling and reduction of safety
standards.

Open Access This article is distributed under the terms of the
Creative Commons Attribution License which permits any use, dis-
tribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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