J Ind Eng Int (2016) 12:437-458
DOI 10.1007/s40092-016-0161-y

CrossMark

@

ORIGINAL RESEARCH

Optimization of two-stage production/inventory systems
under order base stock policy with advance demand information

Koichi Nakade' - Shiori Yokozawa!

Received: 12 June 2015/ Accepted: 11 July 2016/ Published online: 18 August 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com

Abstract It is important to share demand information
among the members in supply chains. In recent years,
production and inventory systems with advance demand
information (ADI) have been discussed, where advance
demand information means the information of demand
which the decision maker obtains before the corresponding
actual demand arrives. Appropriate production and inven-
tory control using demand information leads to the
decrease of inventory and backlog costs. For a single stage
system, the optimal base stock and release lead time have
been discussed in the literature. In practical production
systems the manufacturing system has multiple processes.
The multiple stage production and inventory system with
ADI, however, has been analyzed by simulation or
assuming exponential processing time. That is, their theo-
retical analysis and optimization of release lead time and
base stock level have little been obtained because of its
difficulty. In this paper, theoretical analysis of a two-stage
production inventory system with advance demand infor-
mation is developed, where the processing time is assumed
deterministic and identical; demand arrival process is
Poisson, and an order base stock policy is adopted. Using
the analytical results, optimal release lead time and optimal
base stock levels for minimizing the average cost on the
holding and backlog costs are explicitly derived.
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Introduction

In production systems, the amount of items produced at
each period and work-in-processes or finished products
must be controlled appropriately. Many studies on control
of production and inventory systems have been developed.
In most of the studies, the demand for products is assumed
to happen at the arrival of demand information.

In recent years, production and inventory systems with
advance demand information have been discussed. Here,
advance demand information (ADI) means the information
of demand which the decision maker obtains before the
corresponding actual demand arrives. Appropriate pro-
duction and inventory control using ADI from downstream
to the upstream makes the decrease of amount of products
in inventory and backlogs.

It is important to share demand information among the
members in supply chains. In many automakers, a car is
produced after the demand happens. On the other hand, in
recently developed internet retails, products are delivered
later after demand is received. Therefore, the time lag
exists between item requirement and its delivery to the
customer. Efficient use of this time lag leads to the
appropriate production and inventory control.

In a single stage production and inventory system, the
effect of ADI has been developed in the literature. Milgrom
and Roberts (1988) consider a single period random
demand model and show the optimal level of investment of
ADI. Hariharan and Zipkin (1995) discuss the supplier
model with continuous review order base stock policy and
Poisson arrivals of orders. Here, the order base stock policy
means that the inventory position is kept in the system by
replenishment order based on the advance demand infor-
mation. In Karaesmen et al. (2003), processing times are
assumed to follow a general distribution, and an
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approximate scheme for generalization of Buzacott and
Shanthikumar (1993, 1994) is proposed. Karaesmen et al.
(2004) develop the value of advance demand information
for M/G/1 or M/M/1 make-to-stock queue with constant
demand lead time. Bernstein and Decroix (2015) examine
the impact of different types of advance demand informa-
tion, volume information and mix information in a multi-
product system. They find that mix and volume information
are complements.

In a single stage system, the optimality of base stock
policy, optimal base stock levels, and optimal demand lead
time have also been discussed. Gallego and Ozer (2001)
consider a single stage inventory system with exogenous
demand, under periodic review and stochastic finite
demand lead time, and when replenishing time is greater
than the maximum of possible demand lead time, it is
proven that the order base stock policy is optimal. Buzacott
and Shanthikumar (1993, 1994) discuss the continuous
review of one stage production inventory system with
deterministic lead time and finite capacity, where the pro-
cessing times have an exponential distribution. They show
that in this system, optimal demand lead time and costs
decreases in the number of base stocks.

Liberopoulos (2008) considers a single stage production
and inventory system under an order base stock policy and
continuous review, and analyzes the tradeoff between
demand lead time and optimal numbers of base stocks
theoretically. The optimal integer-value base stock level
minimizing the average cost is developed and it is shown
that increasing demand lead time leads to the decrease of
the optimal number of base stocks. In particular, tradeoffs
have been developed in detail for cases that the replen-
ishment process is represented as M/D/1, M/M/1 and M/D/
oo queues. Gayon et al. (2009) consider a production
inventory system with imperfect advance demand infor-
mation with Poisson arrivals, exponential lead times and
multiple classes, and show a state dependent base stock
policy is optimal. Yokozawa and Nakade (2012) consider a
M/D/1 base stock system with advance demand informa-
tion, and the relationship between release lead time and
demand lead time is discussed theoretically. Karaesmen
(2013) discusses the value of advanced demand informa-
tion in a single stage system with multiple customers.
Assuming that each of customers has normal distributed
demand, he gives the optimal order quantity for the system
with and without ADI under inventory sharing and no
inventory sharing. He also discusses them under capaci-
tated supply with and without inventory and capacity
sharing.

In practical production systems, the manufacturing
system has multiple processes. The multiple stage pro-
duction and inventory system with ADI, however, has been
analyzed either by simulation or by assuming exponential
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processing time. Karaesmen et al. (2003) and Liberopoulos
and Tsikis (2003) propose a framework for production
policies with advance demand information for multistage
production inventory system, although they do not derive
the optimal base stock level. Liberopoulos and Kouk-
oumialos (2005) investigate a two-stage production and
inventory system with ADI. They assume the processing
time to be exponentially distributed, and use simulation to
evaluate control parameters and derive the optimal values
numerically. Claudio and Krishnamurthy (2009) investi-
gate multistage system with ADI under Kanban control
with simulation. The benefit of integrating advance demand
information with Kanban is obtained in many cases by
numerical experiments.

Thus, several researches on multistage production and
inventory systems has been developed, but the result is
only obtained by simulation, or assuming the exponential
distributed processing time, which is not observed in
practice. That is, there seems no literature on the theoret-
ical analysis and optimization on multistage production and
inventory system because of its complexity. In this paper,
theoretical analysis of two-stage production inventory
system with advance demand information is developed
under a framework on the two-stage model given in
Karaesmen et al. (2003). In our model, the processing time
is assumed deterministic and identical, demand arrival
process is Poisson and an order base stock policy is
adapted. Deterministic processing time is more accept-
able in practice compared with exponential distribution.
The base stock level and release lead time for each process
are decision variables, and we want to derive optimal
values to minimize average cost on inventory and backlog
cost. If the system is fully developed, then it hardly has
errors for processing, and thus the processing time is
deterministic. A base stock order policy is easily installed
in the production and inventory system because the policy
is easily established by sending information on withdraw of
each finished item to all upstream stations. Through theo-
retical analysis, explicit expressions on optimal release
lead time and optimal base stock levels are obtained for
each demand lead time.

The organization of this paper is as follows. In
“Model”, the production and inventory system is descri-
bed, and a relationship between finishing times of pro-
cesses in both processes is discussed. In “Optimal base
stock level”, optimal amounts of base stocks are investi-
gated for given release lead time. In “Optimal release lead
time of process 2”7, optimal release lead time of process 2 is
developed, and in “Optimal release lead time of process
17, optimal release lead time of process 1 is discussed, and
thus pairs of optimal base stock levels and optimal release
lead time are derived for given demand lead time. “Opti-
mal release lead time and optimal base stock level”
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summarizes results of “Optimal release lead time of pro-
cess 17 and gives optimal base stock levels and release lead
time explicitly, and theoretically, for each demand lead
time, which is listed in Table 5. “Numerical experiments”,
the relationship between the optimal average cost and
demand lead time, is demonstrated through a few numer-
ical examples.

Model
Model description

The two-stage production and inventory model with a
single product is considered under continuous time review.
Figure 1 shows the model.

Advance demand information arrives at the system in a
Poisson process with arrival rate 4. Each information
requires one product T periods later. This time 7 is called
demand lead time. The information cannot be declined
after the demand information arrives.

Processes 1 and 2 follow the order base stock policy.
The amounts of base stocks are defined as Sé and S,
respectively, which take values of nonnegative integers and
S} >S,. The difference S; =S} —S,, which is also a
nonnegative integer, is called the amount of base stock of
process 1 in the following of this paper.

Replenishment order for process 1 is made at ¢y periods
(0 <1y <T) after the demand information arrival, and thus
this order is done Ly (= T — ty) periods before arrival of its
requirement for product. There are assumed to be enough

materials before process 1, and one part is entered imme-
diately when the replenishment order is made. L, is called
release lead time of process 1, and this replenishment order
is called ‘order 1’. When the processing is completed at
process 1, then the item is placed in an inventory space of
work-in-process. After fy + #; periods from the arrival of
advance demand, that is, L,(= T — fy — 1) periods before
the arrival of requirement for product, replenishment order
at process 2 is made, where 0 <7} <T — 1y, and L, is called
release lead time of process 2. If there is no work-in-pro-
cess, then the order waits for the finishing of process, and if
there is a work-in-process, then it is taken and the
replenishment order for process 2 is made. We call this
replenishment order “order 2”. When the process for an
item is finished in process 2 it is placed in an inventory
space of finished items. At T periods later from demand
information arrival, the actual demand for finished item
arrives. Thus, the k-th demand information in turn causes
the k-th order 1, the k-th demand for work-in-process, the
k-th order 2 and the k-th demand for a finished item. Pro-
cessing time at each process is constant d, and thus the
process 1 is modeled as an M/D/1 queue. Arrival rate of
demand is given by A, where 0</i<1/d. Let p = Ad.
Holding costs are incurred for work-in-process after pro-
cess 1 and before process 2, and finished items, whose cost
rates are given by h; and h;,, respectively. It is assumed that
0 <h; <h,. Note that if & > hy, then processed item in
process 1 should be delivered to process 2 immediately,
and thus, optimal release lead time of process 1 become the
same as that of process 2, which is similar with a single
stage production system with processing time 2d [this is

Process1 S
d
> Process 2 S,
Order 2 d Finished item
«—>
Demand for |
work-in- 9: M
process I deliver |
Arrival of Demand for —
demand P 7, N finished
information () o item
(- S
o< s L =8 -3
wait wait wait
T :demand lead time L < 3
L>

release lead time
of process 1

release lead time
of process 2

Fig. 1 Two-stage production and inventory system with order base stock policy
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also discussed in Karaesmen et al. (2003)]. The backlog
cost is also incurred for demand for finished items, whose
cost rate is given by b( > 0).

We give notations defined above in the following.

h;: holding cost rate per unit time per unit work-in-
process, h;: holding cost rate per unit time per unit finished
item, 0 <h; <hy, b: backlog cost rate per unit time per
unit backlog, b > 0, d: process time at process 1 and at
process 2, A: arrival rate of demand, 0 <A<1/d,p = Jd,
T: demand lead time, ?y: the delay of the replenish order at
process 1 from the arrival of demand information, #;: the
time interval between the replenish orders at processes 1
and 2 for each demand, L,: release lead time at process 1,
Ly=T—1ty, Lp: release lead time at process 2,
L, =T —ty — t1, S;: the number of base stocks at process
1, S,: the number of base stocks at process 2.

We also define the notations in the following.

a(k): the k-th arrival epoch of demand information,
r1(k): the k-th occurrence time of order 1, r,(k) : the k-th
occurrence time of order 2, by(k): the starting time of
process induced by the k-th order at process 1, by(k): the
starting time of process induced by the k-th order at
process 2, W(k): the k-th sojourn time at process 1,
which is the time interval from the occurrence of the
k-th order 1 to the completion of the k-th processing at
process 1,

E(k) = W(0) — a(k).

The problem is to derive explicit expressions on optimal
release lead time L; and L,, and amount of base stocks
S1, S, for minimizing the average cost per unit time. The
expression on the average cost is discussed in “Average
cost”.

Preliminary results

Before investigation on optimal release lead time and base
stock level, the preliminary results on this model are dis-
cussed in this section.

The k-th “order 17 is caused by the k-th advance
demand information at time a(k)+1f, that s,
ri(k) = a(k) + 1p. At epoch a(k) + 1o + t;, the k-th arrival
of work-in-process at process 2 is induced by the demand
information. Since the order base stock policy is adopted,
the corresponding item is processed at process 1 by the
k—S;-th order. This means that if a(k)+1t +
t1<bi(k—S;)+d, the order 2 is postponed until
bi(k—S1)+d,andifa(k) + 1o+ t; > bi(k — S1) + d, then
the order 2 occurs immediately.

Since process time d is the same for process 1 and
process 2, the finishing time of process at process 2 is f;
periods later from the finishing time of processing at
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process 1 when either §; > 0 or {§; = 0 and #; > d} holds,
and d periods later when S =0 and # <d. Thus, the
starting time of processing at process 2 b, (k) is given by

by(k) = bi(k) + z(t1,51)

where

t
z2(t1,81) = { 0}

The arrival epoch of the zeroth demand information is
set as 0, thus a(0) = 0. Since the demand arrives in a
Poisson process with rate 4, it follows that

k—
P(a(k) = 2: e

]!

S1 >0, orS; =0, t1>d (1)
$1=0,n<d

x>0,k=1,2,...

(2)

In a steady state, the limiting distribution of W (k) fol-
lows a waiting time distribution of M/D/1 queue P(W <x),
where W is a waiting time in a steady state in a M/D/1
queue. This is well-known and given as follows (Erlang
1909).

P(W<x) = f:{ A(x — k + 1)d)}* (1))
x (m+ 1)d§x<(m+2)d,m20,
PW<x)=0, x<d (3)

Then we have the following proposition.

Proposition 1 For P(W <x), the waiting time distribu-
tion of M/D/1 queue, it follows that

/PW>X { _P(W >T)
d

T—d

T>d,
T<d

The proofs of propositions in this paper are given in
Appendices.

From Liberopoulos (2008), P(E(k) > x) is given for
x>0

P(E(k)<x)=P(W<x+kd) k=01,2... (4)

Using Laplace transform of the sojourn time distribution
of M/D/1 queue, we have the following proposition.

Proposition 2 For x<0, we have
P(E(0)<x)=P(W<x) =0,
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In particular, for —d <x<0

PE(K) <x) = (1 — p)/lx_i'e;“‘ + P(W <x+kd)

k=1,2,3... (5)

Note that P(E(k)<x) is in x for
k=1,2,3,..., whereas P(E(0) <x) is continuous except
x=d. From Egs. (4) and (5), the relationship between
E(k+ 1) and E(k) is obtained.

continuous

Corollary 1

PE(k+1)<x) = P(E(k) <x+d)x>0, k=0,1,2,...
©)
k
PEG+ 1) <x) = (1 - p) 2L o

+ P(E(k) <x+d)>P(E(k) <x +d)
—d<x<0, k=0,1,2,.... (7)

Average cost

We derive the average cost which is the sum of the average
holding cost and backlog cost. The holding cost for the k-th
work-in-process is incurred from the k-th completion of
processing at process 1, by (k) + d, to the k + S;-th finish-
ing time of processing at process 2, by(k + 1) + d. Thus,
by (1) the average cost is given by

Ay {% + 2(11,51)} = hl{Sl + )»Z(tl,Sl)}.

Next, the holding cost for finished products and the
backlog cost are considered. These costs for the S,-th
demand are determined by the difference between the S,-th
demand arrival epoch, a(S;) + T, and the finishing epoch
of the zeroth process at process 2, by(0) +d = b;(0) +
d+z(S1,t1) = to + W(0) + z(S1, 1) in steady state, which
is {a(S2) + T} — {b2(0) + d} = {L1 — z(S1,11)} — E(S2).
Thus, a sum of the average holding cost for finished items
and the average backlog cost is given by

JmE[max({Ly — z(S1,11)} — E(S2),0)] + ADE[max(E(S,)
—{Li — 2(81,11)},0)]
= A2 + b)E[max(E(S>) — {Li — z(S1,1)},0)]
— ME[E(Sy)] + Ao{L) — z(S1,1)}

— i(h +b) / P(E(S,) > x)dx — I E[E(S))]
Li—z(t1,51)
+ /lhz{L[ — Z(Sl,t1)},

where E[X] means the expectation of X. When the release
lead time of process 1 is L = T — ty, the release lead time
of process 2 is Ly =L; —t; =T — ty — t;, the amount of
base stocks at process 1 is S;, and the amount of base
stocks at process 2 is S;, the average cost, which is denoted
by C(Ll,ll,Sl,Sz), is given by

C(Ly,11,81,82) = hi{S1 + 2z(t1,81)} — A E[E(S;)]
+ 2hp{Ly — z(t1,51)}

+ Ao +b) / P(E(S,) > x)dx,
Ly *Z(tl ,Sl)

(3)

where E[E(Sy)] = E[W(0) — a(Sy)] = 5174 — %.

In the following, the optimal release lead time and
optimal base stock levels minimizing (8) are developed.
Here, we use parameter #; instead of L,, owing to easier

analysis and discussion.

Optimal base stock level
We derive an optimal base stock level of process 2
S3(Ly,t1,S1) when parameters L, # and S; are given.

Proposition 3 For given Ly ,tjandS,, the optimal
amount of base stocks at process 2 is given by

S;(Lhtlasl)
arg min hy
— — S < .
$: S, :o¢1,2...{P(E(SZ+l) > L=zt S) < h2+b}
9)
Here we define additional notations.
arg min hy
T, = P(E(k) > x) < k=0,1,2...
=t e >0 < L k=002
(10)
Grr N arg min _ hy
S(Ll)_52152=07 17 2{P(E(SQ+1)>L1 d)§h2+b}7
(11)
5 arg min hy
So = PES,+1)>0)< .
0 52;52:0,1,2...{ (E(S:+1) )h2+b}
(12)
From Liberopoulos (2008), we have
Ty=Ti+d k=0,1,..., S—1 (13)
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and by (7) it follows that
T, 2 T5, +d, (14)

which leads to Ty >d,0< T_% <d, Ts})+1 <0.

From Eqgs. (10) to (14) and the result of Corollary 1, the
relationship between P(E(k)<x) and T, are given in
Fig. 2. In this figure, the dotted line on the left hand side is
obtained by moving the line P(W < x) in parallel along the
x-axis by —kd, for k=38 —2,8 —1,50,50 + 1. From
Corollary 1, the distribution function P(E(k)<x) is
obtained by moving P(W < x) in parallel by kd when x > 0,
but in the range x <0, it is greater than the value obtained
by the similar movement. From (13), the difference
between Ty and Ty4 is d for all k =0,1,.. .,S’o — 1,but
by (14), the difference between T and Ty is no less
than d.

When Sy > 0 or (§; = 0 and #; > d), by Proposition 3

S3(Ly, 11, S))
arg min hy
= PES+1)>L—1)<
s2:52=0,1,2...{ (E(S:+1) > L 1)_h2+b}

Thus, if Ty <L, = Ly — t; <Ts then S;(Ll,tl,Sl) =3,
and if Ty <L, then S;(Ll,tl,Sl) =0.
When S, = 0 and ¢, <d, we have

S;(L],t],Sl) :S(Ll)
argmin
5 :85=0,1,2...

{P(E(32 +1)>L—d)< hzhj—b}

That is, if Tsy1 +d<L;<Ts+d then S5(Ly,4,5) =

S(Ly) = S, and if Ty + d <L, then S5 = S(L,) = 0. By (13)
and (14), if Li<T; , +d then Sj(Li,#1,51) =S(L) =
So+ 1,if Ty | +d<Li<Ts,_, then S3(Li,11,8)) = Sp, if
Tg<L <Ts,S=1,...,8 —1 then S;(L;,1;,5) =S5,
and if Ty <L, then S5(Li,1,,8,) = S(L;) = 0.

P(E(k) < x)
P(E(§)<x)  PE(§,~1)<x) PEM sy T EOTTEY
PEG DS — ~
(So+>»/////m5‘n’2)s") ///
// .
. . hatb
/,//
////
lep L
R *
y 34 Sod (sn"'l)d
T&)+l TS'G TS};‘ TS'(,’Z T 1 To
>
7 “d

Fig. 2 Relationship between P(E(k) <x) and Ty
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ﬁ @ Springer

i _o, BTTs L=Tsn  L=Tsu L=Ts L=T> L=T
L,=0
N 1 0
o LL L L Ly
Ty, T T2 Tsw Ts Tsa B L To
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f o, T8 L=Tsn  L=Twi Li=Ts  DL:T» =T
L=
S5 s 1 0
; 5 | s s Ao
o - p +- . t- - L
(T d Tsp T2 Tsa Ty Too = B KT
TS-UH‘*'d
(b) s, =0

Fig. 3 Optimal base stock level S5(Li,11,S51)

Figure 3 shows that the optimal base stock level of
process 2 for the cases (a) §; > 0 and (b) S; = 0, for given
L, and t;, where the vertical axis is #; and the horizon axis
is Ly, and slanted lines show L, =0 and L, = T; for
k=0,1,...,8.In case (a) that S| > 0, if the pair (L, ) is
placed in the region between the two lines L, = Tsy; and
L, = Ty, then the optimal amount of base stocks in process
2 is S. Similarly, in case (b) that §; = 0, if (L;,#) is in the
region between lines L, = Ts;; and L, = T and t; > d, or
in the region between L} = Ty and L; = Ts_; and #| <d,
then optimal base stock level of process 2 is S.

Next, we derive the optimal amount of base stocks of
process 1 when L; and #; are given. In the following,
S3(Ly, 11, S) is simply written by S3.

When S; >0, if Tg,y <L, <Ts then §; =3, and if
Ty <L, then §5 = 0, thus S5 does not depend on S;. Thus,
when §; > 0, by (1) and (8)

C(L] , l‘],Sl,S;) =m (S] + /11‘1) — Ath[E(S;)]
+ AL + A(hy + b) / P(E(S]) > x)dx,

Ly

which implies C(Ly,t,51,85) — C(Li,t1, 81+ 1,85) =
—h <0, and thus C(Ll,tl,1,S§)§C(L1,t1,2,53)§
C(Li,11,3,53),..., where the equality holds only when
h; = 0. This means that the optimal base stock level of
process 1, S;(Ly,t;), is 1 or 0. If #; > d, in the same way it
holds that C(Ly,,0,85) <C(Ly,t,1,S3). From the above
discussion, when #; > d, the optimal amount of base stocks
of process 1 becomes 0, and when f; <d, the optimal
amount of base stocks is 1 or 0. Note that when #; = 0, the
smallest S; which minimizes the average cost is set as
ST (L, ).
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Fig. 4 Candidates for optimal _ o —Ta _ = —
base stoke levels for given h L2350 L= Ts, La= T Ly=Ts+ [,=Ts L2=T> L,=T
L;andt;
0.61) [(0.5,-1) 0.5) (0.1) [ (0.0)
d (t.5,-1) (1.1)
o) (1,5)
: ) 0,5) (0,1)
s,
L (:0)
( (l,S“n)l 0,0)
0,5‘04-1 :
Lso-1] [0.5,2) (1,s)|fr.s-1 (1) | /(.0)
(0;’50) (0.5,41) (0.5 +1}f(0.5) 0.2) |f (0.1) .
T f ' f 1
0 /T§0 d T Tg2 Tsa Ts Tsa - D Ti To

Tgyntd

Figure 4 shows the candidate of optimal base stock
levels (S§(L1,11), S5(Li,t1)). where S3(Ly,t;) is S5(Li, 11,
St(Ly,t;)). When 1, >d, optimal base stock level of
process 1 is 0, and so if the pair (L;,#) is placed in the
region between lines L, = Tsy; and L, = Ty, then a pair
of base stock levels of processes 1 and 2, (S’[(L,,tl),
S3(Li, 1)), is (0,S). When 1, <d, the optimal base stock
level S7 is 1 or 0. By superimposing cases (a) and cases
(b) of Fig. 3, Fig. 4 is obtained. For example, if (L, ;)
is placed between lines L, = Tg,; and L; = Tg, then the
candidates for optimal base stocks (S7(Ly,#), S5(Li, 1))
are (1,5) and (0,5 + 1). Thus, when #; <d, by compar-
ing these two pairs optimal base stock levels can be
obtained.

Optimal release lead time of process 2

For given L; we derive optimal release lead time L,, which
is equivalent to derive optimal #;, which is denoted by
(L)

From discussion of “Optimal base stock level”, if #; > d
then optimal base stock level of process 1 is 0, and if #; <d
then there are two possible cases on the optimal base stock
levels. In the following, for given L;,the case t; >d is
considered in “The case that t; >d”, the case 0 <t <d
and S; = 0 is considered in “The case that 0 <t; <d and
S1 =07, and the case 0 <t; <d and S; = 1 is considered in
“The case that 0<f; <d and S; = 1”. Using obtained
results there, optimal ¢, is derived in “Optimal ¢; for Given
L,”, and in “Optimal £, ST, S;” the results are summarized.

The case that 1| >d

“Optimal base stock level” shows that Si(L;,#) = 0, and
S5(Li, 1)

B arg min

T 818 =0,1,2...

h
{P(E(Sz +1)>Li—th =L)< n erh}
If Ts1 1 <Ly <Ts then S5(Ly,2;) = S, and if Ty < L, then
S3(Ly, 1) = 0. Here, we define
arg min hy — Iy
P(W>x)< .
X { ( x) ~ hh+b }

Note that ; >0 implies T> Tp.

T:

(15)

Proposition 4 (a) If d<L,<Ty, then average cost
C(Li,11,S85(L1,11),S5(L1, 1)) is increasing in t; where
t >d.

O IFTh<Li< T + d, then the average cost is increas-
ing in ty where t; > d.

(¢) If T + d < Ly, then the average cost is decreasing in
t1 where d<t; <L;— f, and increasing in t; where

ty >L; —T.
From Proposition 4, if d < L; < T + d, then 1] =d in the
region that #; > d, and thus Ly = L; — d,S} = 0, and
argmin
T 5:8=0,1,2...
=S(L)

5>

{P(E(52 +1)>L —d)< hzhfrb}

If L; > T +d, then =L — T, in the region that 11 > d,
and thus L; = T, S} = 0, and since T > Ty it follows that
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. arg min - hy
= <

52 S2:52_0,1,2...{P(E(52+1)>T)—h2+b}
=0.

The case that 0 <7, <d and S; =0

From the result of “Optimal base stock level”,

Sy = S(L1)
B arg min
85 :85=0,1,2...

hy
P(E(S2 + 1 L —d)<
{resrn>n-a<

which is independent on #;. From (8) when §; =0

C(Ll,ll,ShS;) = Adhy — )»th[E(S;)] + /1]12([11 - d)

+ i + b) / PIE(SS) > x)dx,
Li—d

and thus when S| = 07C(L1,I1,Sl,S§) = C(L],ll,O,S(Ll))
is constant in #; when 0 <r <d.

The case that 0 <7 <d and S| =1

From the result of “Optimal base stock level”,

S,
arg min hy
= P(E(S: 1 Li—t1 =1,)< .
52:32:0,1,2...{ (E(S:+1) > Li =1 2)_h2+b}
If Tsiq §L2<Ts,S§ =S and Ty <L, then S; =0.
Proposition 5 (a) When O0<L;<Ty), S8 =1,
C(Li,11,1,83) is increasing in t; where 0 <t <d.
(b) When To<L,S;=1, if To<L <T, then

C(L1,11,1,83) is increasing in t; where 0<t;<d. If
T<L <T+d then C(Ly,t1,1,85) is decreasing in t,
where 0<t; <L, —T and increasing in t; where
L —T<ti<d. IfT+d<L, C(Ly,11,1,83) is decreasing
in t; where 0<t; <d.

Proposition 5 shows that when §; = 1 in the region that
0 <t <d the followings hold.

IfO<L;<T,thent; =0, L; =L, and

" arg min hy

= <
5 Sz:52:0,1,2...{P(E(S2+1)>L1)_h2+b}
_JS@) -1 SLi)=1,

1o S(Li) =0

If T<L <T+d, then i =L, — T, Ly =T, and

. arg min 2 < hy
SZ52:520,1,2...{P(E(52+1)>T)—h2+b}0‘

Y4
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IfL,>T+d, thent; =d, Ly =L, —d(>T>Tp), and
§ — argmin
2_52252:07],2...
=0.

{P(E(Sg +1)>L —d)< hzhi b}

Optimal ¢, for given L,

Based on the results in “Optimal base stock level” and in
“The case that r{ >d” to “The case that 0 <¢; <d and
S1 = 17, the five cases are considered to derive optimal ¢,
for given L;.

The case that L, <TSA0Jrl +d or Ts}] <L <T,

From results in “The case that r; > d” and “The case that
0<rti<d and S| =07, when S; =0, C(Ll,0,0,S(Ll)) is
minimal cost, where S(L;)>1,z(t;,S;) =d. From “The
case that 0 <ty <d and S; =17, when S; =1, C(L;,0,
1,8(Ly) — 1) is minimal and z(,S;) = #; = 0. By (8)

C(L1707O7§(L1)) _C(L17O7175(L1) - 1) = (hZ_hl)(l _p)

+A(hy+b) / {P(E(S(Ly)) > x)
Li—d
—P(E(S(L))— 1) >x+d)}dx

and by (6)

Jo AP(E(S(L1)) > x) —P(E(S(L1) — 1) > x+d)}dx =
0 for all a > 0.

If Ly >d, then C(Ly,0,0,8(L;)) — C(Ly,0,1,8(L;)—
1)>0.

If L) <d, (2) and (7) imply that

0
/ {P(E(S(Ly)) > x) — P(E(S(L;) — 1) > x +d)}dx
Li—d

0
_ (=
B e

1—d

~

= —(1—p)=P(a(S(L))) < — (L| — d))

o —

and

C(Ll,0,0,S(Ll)) 7C(L1ﬂ0717S(L1) - 1) = (hz*hl)(l 7P)
~(h +5)(1 — p)Pla(S(L1)) <

(L —d)).
When Ly<d, Ly satisfying C(L;,0,0,S5) =
C(L1,0,1,S — 1) is set as L(S). Thus, L(S) satisfies
. hy — hy
P < —(L(S)—4d)) = .
(@(9) < - (E(5) - ) = 21
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Note that L(S) <d.
In summary, when d <L;<Tj,, the optimal cost is

C(L1,0,1,8(L) = 1). When Ly <Tg , +d or Tg <L
<d, then if Ly >L(S(L;)) the optimal cost is C(L;,0,
1,8(L;) — 1), whereas if L; <L(S(L;)) then the optimal
cost is C(Ly,0,0,S(Ly)).

The case that T§0+1 +d<L;< TSo

d“ and S; =07,
when S; =0, C(L17O,O,S’0) is the minimal cost, whereas
from “The case that 0<t¢;<d and S; = 1”7, when S; =1,
the minimal cost is C(L,,0, 1, 3’0). By (8), we have

From the result in “The case that ¢, >

C(L1,0,0,80) — C(L1,0,1,8y) = —hy — p(hy — hy)
L,
+ (ks +b) / P(E(Sy) > x)dx.
Llfd

When p < 1 since fL _P(E(So) > x)dx <d it fol-
lows that C(L;,0,0,8y) — C(Li,0,1,8,) <0, and thus the
optimal cost becomes C(Ly,0,0, So).

When p > A et L(S) denote L, satisfying

C(Ly,0,0,5) = C(Ly,0,1,S), and thus
D 1 h hy — h
1 2 — I
P(E(S) > x)dx = ~ .
/ (E(S) > x)dvy =277 + 45—

L(S)—d

When T5 | +d <L <Tj, if L, ZI:(S‘O) then the opti-
mal cost is C(L;,0,0,S,), whereas if L1<Z(§0) then it

follows that C(Ly,0,1,S) is the minimal cost.

The case that Ty <L, <T

From “The case that t{ >d” and “The case that 0 <t <d
and S; =07, when S; =0,C(L;,0,0,0) is the optimal
cost, whereas from “The case that 0<f¢;<d and §; =17,
when S; = 1, the minimal cost is C(L;,0, 1,0). By (8),

C(leovoao) - C(L1707 170) =—Mh _p(h2 _hl) +/l(h2

+b) / P(W > x)dx.

Li—d

When p < h+b, C(L,0,0,0) —
the minimal cost is C(L,0,0,0).

When p> %, +b, let L(0) denote L,
C(Ly,0,0,0) = C(L4,0,1,0), and thus

C(L,0,1,0) <0 and

satisfying

hy — hy
hz—l—b’

/ P(W > x)dx _1
)s,hz_"b

L(0)—d
where L(0) > d. Then when Ty < L; < T, if L, > L(0), then
C(Ly,0,0,0) is the minimal cost, and if L; <L(0) the
optima cost becomes C(Ly,0, 1,0).

The case that TSLI <T+d

From “The case that #; > d” and “The case that 0 <t; <d
and S; =07, when S; =0,C(L;,0,0,0) is the minimal
cost, and from “The case that 0 <t <d and S; = 17, when

Sy =1,C(Ly,L; — T, 1,0) is the optimal cost. By (8),
C(Ly,0,0,0) — C(Ly,L, — T, 1,0)
=—h —Ad—L+T)(hy — y)
T
+ A(hy + b) / P(W > x)dx.
Li—d
Let L denote L, satisfying C(L;,0,0,0)=
C(Ly,L; — T, 1,0), and thus
f 1 h hy —h
1 = = 2 —
P(W - T—-L+d
/ > x)dx ,1h2+b+( * )h2+b’
i—d
where L<T+d. When T<L; <T +d, if L, >L the

optimal cost is C(L;,0,0,0), and if L, <L, thus the optimal
costis C(L,L; —T,1,0).

The case that T +d < L

From “The case that t; > d” and “The case that f; > d and
Sy =07, when S; =0, C(L,L; —T,0,0) is the minimal
cost, and from “The case that 0 <¢; <d and S; = 1”7, when
Sy =1,C(Ly,d, 1,0) is the minimal cost. By (8),
C(L,L; — T,0,0) — C(Ly,d, 1,0)
=—h =AML —d—T)(h, — )
Li—d
+ A(hy + b) / P(W > x)dx,
T
and by (15) it holds that

Li—d
—hy

hy -
P(W > x)dx< Li—d-T).
(W > x)dv< 5 (L )
T
Thus, C(L;,L; —T,0,0) — C(L;,d,1,0)<0 and the
optimal cost is C(L;,L; — T,0,0).
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Optimal 17, 57, S;

Notations defined in this section are summarized in the
following.

<u +b, it follows that p < hzhib by assumption
hy > hy, and hence by Egs. (10) and (12), it follows that
Ty =d,T; <0and Sy = 0. The following proposition holds

on L(1).

= argmin hy — Iy
r= X {P (W>x) < h+b }7 Proposition 6 When p< i +b, it is satisfied that
. hy — hy L) >T)+dand L<T.
P(a(S) < — (L(S) —d)) = : (16) . . .
hy +b As summary of this section, Table 1 shows optimal #;
(s) and base stock levels for given L;, where a...b means that
1 Iy hy — hy all x in [a, b] are optimal.
P(E(S) > x)dx = - +d 17
(E(S) > dv =32+ d 200 (1)
L(S)—d
7 Optimal release lead time of process 1
h - hy—h -~ -~
/PW>x L (T—L+d)~—L L<T+d . . . .
ks Jhy +b hy +b Optimal release lead time of process 1 is considered. In
(3 M M h 2
(18) Optimal release lead time when T'>Ty and p > 7557,
B the case that T>T, and p > b is considered, and in
Note that L(S) exists only when p > . and it is
L () Y P = b *b o “Optimal release lead time when T >Tgand p < hhﬁ”, the
assumed L < T + d. Since L( )<d,when d <L;<T, it is !
. - . ~ > <
satisfied that L; > L(S). It is noted that T > T. case T'>To and p < 57 is discussed.
Table 1 Optimal £}, S7,S; for N N N
iven L I S S5
given L,
(a) The case that p > h| 1
T+d<L, L —T 0 0
T<L <T+d Li>L 0..d 0 0
L <i L — T 1 0
To<L <T L; >I(0) 0..d 0 0
Ly <L(0) 0 1 0
T\ <L <Toy 0 1 0
L<Li<T 0 1 1
TE » §L1<T§072 0 1 So—2
d<Li<T; | 0 1 So—1
TEO <L <d L > Z(§0) 0 1 So— 1
L <Z(§0) 0... 0 So
T§o+1 +d<L; <T§0 L Zz(go) 0... 0 So
L <Z(§0) 0 1 3\0
Li<T;  +d L>L@o+ 1) 0 1 So
Li<L(So+1) 0..d 0 So+1
i St 55
(b) The case that p < h.h-;-h
f +d <L Ly — T 0 0
T<Li<T+d 0..d 0 0
d=Ty<L <T 0..d 0 0
T\ +d<Li<Ty=d 0..d 0 0
Li<T, +d 0..d 0 1

Y4
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For open intervals on L; where #],S7,S; are not chan-
ged, by (8)
dC(Ly, 1,57, S5
% = Ahy — l(/’lz + b)P(E(S;) > 1,

1

—2(17,51),

and thus from the definition of Ty, when L, <T, + z(], S7),

w <0, whereas when L;>T,+z(f,S7),
1

Mfﬁ”@. When 0<L,<Ty, C(Li,t,S;,S;) is
1

decreasing in L;, and thus when 7 < T, optimal release
lead time is L} = T.

Optimal release lead time when 7' > T,

h+b

We have the following relationships among L(0), L, T and

Ty +d.

if hy<hy, then
h1 = hy,

Proposition 7 (a) When p > i +b,
To<L(0)<Ty +d, and if
Ty = Z(O) <Ty+ d

(b) When p > 45, if L<T, then L(0)<Z<T, ifT<L,
then T<L(0)<L, and if L= T, then L(0) = L = T.

(c) When T<L, i,<T0 +d is satisfied.

then

First, we consider the case L <T. From Proposition 7, it
holds that T < l_,(O) <L<T. By (a) of Table 1, in the case
that L; > Ty and Z<T, optimal #; and optimal base stock
levels are given in Table 2. When Ty <L, <T and
Ly <L(0), it holds that Ty + z(¢},S}) = To <L;, and thus
C(Ly,t7,S7,S3) is increasing in Ly. When Ty < L; <T and
Ly > L(0), it follows that Ty + z(1}, S7) = Ty + d, and thus
in the case that To<L,<Ty+d, C(Li,t,S;,S%) is
decreasing in L;. When To+d<L;, C(L,t,S;,S}) is
increasing in L;. When T< L < T +d, it follows that
To +z(1},8}) = To + d, and in the case that L; <7, + d,
C(Ly,t7,87,83) is  decreasing in  L;.  When
To+d<L <T+d, C(Li,t;,S7,83) is increasing in L.
When T+d<L], Ty —&-Z(IT,S’{) =To+L; — TSL] and
C(Ly,t},S7,S3) is increasing in L;.

Since Ty <T,To <L(0)<Ty+d and L(0)<L<T, we
consider two cases that (1) Ty +d < T and 2) T< To+d.

Table 2 ¢}, S}, S5 when p > Ly >Tyand L<T

h+b +b7
r s S;
T+d<L, L —T 0 0
(L)T<Li<T+d 0..d 0 0
To<L <T L; > L(0) 0..d 0 0
L <L(0) 0 1 0

o_—tl = T +
<7 N\

I T, +d
®_— (D + _ Tt

< i

7, }0‘+ d

Fig. 5 Relationships between average cost and L; when
P> +h,L] >Ty,L>T

Figure 5 shows the relationship between average expected
cost and L;, where symbols + and — show that the average
cost increases and decreases in L, respectively, and the
circles show the local minimum.

When hy <hy, Ty <f,(0) and there are two local mini-
mum, and thus optimal cost C(7p,0,1,0) for L; = Tj is
compared with C(Ty + d,0,0,0) for L; = Ty + d, and then

C(Ty,0,1,0) — C(To +d,0,0,0) = (1 — Ad)h; >0,
which means that C(Ty + d,0,0,0) is optimal cost.

Here let T satisfying C(Tp,0,1,0) = C(T,0,0,0) be
denoted by T'(<Ty+d), thus T (To<T <Ty+d)

satisfies
7 1 h
PW>x)dx=(-—d ' w1 -T
(W>x) (/1 >h2+b (To
T —d h
d)—2 .
)h2+b

When hy = hy, it holds that Ty = L(0), and thus the
minimal cost is C(Ty + d,0,0,0). From above discussion,
optimal release lead time of process 1, L} is Tp when
To<T<T, T when T'"<T<Ty+d and To+d when
To+d<T.

Next, we consider the case that L > T. From Proposition
7, when L>T it holds that Ty <T<L(0)<L<T, +
d<T+d, and when L=T it follows that
To<T =L=L(0)<Ty+d<T +d. From (a) of Table 1,
when L; > T and L > T, optimal #; and base stock level are
given in Table 3. In the same way of the previous case, by
considering increase and decrease of C(Ly, 1], S}, S3), it has

Table 3 7,57, S;when p > Ly >Toand L>T

h+b’

7 St 5

T—‘rd<L1 L]—T 0 0
L<L<T+d 0..d 0 0
T§L1<£ Ll—T 1 0
Ty <L <T(<L(0)) 0 1 0

Y
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two local minimum when L; = Ty and L, = Ty + d. Since
C(Ty,0,1,0) > C(Ty + d,0,0,0), C(To +d,0,0,0) attains
minimal cost.

Let T satisfying C(7y,0, 1,0) = C(T,0,0,0) be denoted
by T'(To <T' < Ty + d). Then optimal release lead time L}
isTowhen Ty <T<T,TwhenT' <T<Ty+dand Ty + d
when Ty +d <T.

Optimal release lead time when 7 > T and p < h}”ﬁ
From (b) of Table 1, when L; > T optimal #; and optimal

inventory levels are given in Table 4. Note that when
To <Ly <T it holds that Ty + z(£;,S;) = To + d, and thus

Table 4 #},S},S; when p < hf’ﬁ and L, > T,

when Ty <L, <Ty +d, C(Ly,t;,S;,S;) is decreasing in L;.
When Ty +d<L;, C(Li,t},S},S%) is increasing in L.
When T<L <T+d, Ty+ 2(t},87) = To +d, and thus
when L, <Ty +dC(L,,t;,S},S5) is decreasing in L, and
when Ty +d <L, <T + dC(Ly,t},S7,85) is increasing in
L. When T+d<Ly, To+z(t],S;)=To+L —T<Ly,
and C(L,1;,S;,S3) is increasing in L.

Optimal release lead time and optimal base stock
level

From Table 1 and discussion in “Optimal release lead time

when T>Tj and p > h]’ih”

time when 7> T and p <

and “Optimal release lead

hy »
hi+b

and optimal base stock levels are given in Table 5.
As demand lead time is shorter, the optimal base stock

optimal release lead time

f Si 5; e . ;
level of process 2 is higher. It is because more finished
T+d<L, L -T items are needed for preventing the system from backlogs.
(L)T<Li<T+d 0...d The optimal base stock level of process 1 is less than 2.
d=To<L <T 0..d It is because that by (1), if the inventory level of process 1
is positive, then the starting epoch for processing an item in
Table 5 Optimal release lead B N . N B B
time and optimal base stock L f 5 5 fo L
level
@ p> 75
To+d<T To+d 0.d O 0 T—-To—d Top+d.Ty
T'<T<Ty+d T 0.d O 0 0 T.T—-d
To<T< T Ty 0 1 0 T-T, Ty
Tgo—l §T<T/§072 T 0 1 S() -2 0 T
d§T<T§(r1 T 0 1 So—1 0 T
TEOST<d T>L(So) T 0 1 So—1 0 T
T<L(3,) T 0.T 0 3, 0 T..0
T§0+1 —i—d§T<T§0 T >L(S) T 0... 0 So 0 T.0
T<T§U+1 +d TZZ(E(H- ) T 0 1 So 0 T
T<Z(§0 +1) T 0.T 0 So+1 O T..0
Ly fn Si S5 ) L
(b) p< h.h w7
T0+d(:2d) <T To +d 0..d 0 0 T—-Ty—d To +d...Ty
To (=d) <T <Ty +d (=2d) T 0..d 0 0 0 T.T—d
T<T +d T 0..T 0 1 0 T..0

’r @ Springer



J Ind Eng Int (2016) 12:437-458

449

process 2 ordered by demand information is #; periods later
from the start time for process 1 ordered by the same order.

If the optimal base stock level of process 1 is one, then
optimal ¢, is 0, which means the optimal release lead time
of process 1 is the same as process 2. Then by (1), pro-
cesses 1 and 2 start process items at the same time.

If the optimal base stock level of process 1 is O, then the
average cost is identical when #; is changed from O to d.
Note that if #; is no more than d, then after finishing pro-
cess 1 the process for the same item is immediately started
in process 2 by the same advance demand information.
That means that both processes 1 and 2 proceed in the same

way as f; increases when the base stock of process 1 is 0.

@) p> hth]rb

When demand lead time is in (d, Tp) , then optimal base
stock level is 1. If demand lead time is less than d, then
there are two cases that the optimal base stock level is O or
1.

When (T, Tev1)
(k=1,2,.. So — 1), the sum of optimal base stock levels
of processes 1 and 2 becomes k. For T <d, this value

demand lead time is in

decreases from §0+1 to §o when demand lead time

exceeds one of T ot d,L(S,) or s, which depends on
0 0

parameters.

When demand lead time is in (T, T’), optimal release
lead time of process 1 becomes Ty, which means that when
demand information arrives an order is not made imme-
diately, and at T periods before the corresponding demand
arrives, orders 1 and 2 are made at the same time. Since the
optimal base stock of process 2 is 0 and the immediate
order leads to more finished items, by delaying the orders,
inventory cost for finished item can be reduced.

When demand lead time is in (7", Ty + d), optimal base
stocks of both processes are zero and it is optimal that the
order 1 is done immediately when demand information
arrives and the item which the corresponding demand
receives is processed at processes 1 and 2 sequentially.

When demand lead time is more than Ty +d, it is
optimal that the order 1 is done Ty + d periods before the
actual demand arrives, and the corresponding item is pro-
cessed at processes 1 and 2 sequentially.

If demand lead time can be set arbitrarily, then demand
lead time should be no less than Ty + d, because under
optimal parameters for given demand lead time the average
cost decreases in the demand lead time.

®) p< 3l

This case happens when the arrival rate is small or
backlog cost is small. In this case, we need not have items
in inventory, and thus the sum of numbers of optimal base

stocks is one or zero. The optimal number of base stocks in
process 1 is always zero, and when demand lead time
exceeds T + d the optimal number of base stocks in pro-
cess 2 also becomes zero. That is, processing of processes 1
and 2 ordered by the same demand information were done
continuously and if demand lead time is greater than 7} +
d, the same order receives this item, and otherwise its next
demand order receives it. When demand lead time can be
set longer, the corresponding order is set 2d periods before
the corresponding actual demand arrives and then an item
is processed in processes 1 and 2 continuously, by which
this actual demand is satisfied.

(©) hi =hy

By (15) it holds L; <7. When d < L; < Ty, by the result
in “The case that L, <T§0+1 +d or T§0 <L;<Ty” both

C(Ly,0,0,S(Ly)) and C(Ly,0,1,S(L;) — 1) are the optimal
average costs. By (16), it follows that L(S(L;)) = d. By
Proposition 3, (10) and (17), when p > ;- +Z),T,(O) =T.
+d<T<T; and T<L(Sy), the

optimal base stock level in process 1 is 1, and otherwise it
is 1 or 0.

Only when T~
So+1

Numerical experiments

By numerical experiments, we discuss the properties of
optimal release lead time and optimal numbers of base
stocks. The computation is done on a computer with Intel®
Core™ i7-2600 CPU 3.40 GHz and 8.00 GB RAM, and
the program is coded with C language and compiled with
Intel® C++ Compiler. Ty, So, 7', L(S) and L(S) are com-
puted numerically, and using Table 5 optimal release lead
time and optimal base stock levels are computed.
Parameters are given in Table 6. Among these cases
parameters are the same except arrlval rates. ;5 +b =~ (.130,

and in first two cases it holds p > and in the case 3

i +b +b’
p< h+b The values of So,L(So),L(So), L(So+ 1) are
given in Table 7. By Table 5, the optimal release lead time
and optimal base stock levels are given in Table 8.

Table 6 Parameter sets

Cases A d hy hy b
0.7 1 3 4 20

2 0.4 1 3 4 20
0.1 1 3 4 20
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Cases So L(So) L(So) L(So+1)
3 —0.084 0.413 —0.836
0.893 0.668 0.198
0 - - 0.574
Table 8 Optimal release lead time and base stock levels
T L} L; S8
Case 1 (4. =0.7)
To+d = 4323 - 4323 3323.4323 0 O
T =3.442 - 4323 T T-1.000.7 0 O
Tp) =3.323 — 3442 3323 3.323 1 0
T, =2.322 - 3323 T T 1 0
T, =1.323 - 2322 T T 1 1
d = 1.000 - 1323 T T 1 2
T; = 0.322 - 1000 T T 1 2
Ty +d=0.290 - 0322 T T 1 3
0.000 - 029 T T 1 3
Case 2 (A=04)
Ty +d=2.821 - 2821 1.821..2.821 0 O
T = 1.897 - 2821 T T-1.000.T 0 O
Ty, = 1.821 - 1.897 1.821 1.821 1 0
d = 1.000 - 1821 T T 1 0
L(So) = 0.893 - 1000 T T 1 0
T, = 0.821 - 0893 T 0.000...T 0 1
Z(ﬁo) = 0.668 - 0821 T 0.000...T 0 1
T, +d = 0.516 - 0668 T T 1 1
Z(§O +1) = - 0516 T T 1 1
0.198
0.000 - 0198 T 0.000...T 0 2
Case 3 (4 =0.1)
To +d = 2.000 - 2.000 1.000..2.000 0 0
Tp = 1.000 - 2000 T T-1.000.7 0 O
T, +d=0.230 - 1000 T 0.000...T 0 0
0.000 - 023 T 0.000...T 0 1

In case 1, if demand lead time is no more than 3.442
optimal base stock of process 1 is 1, and otherwise it
becomes 0. In case 2, when demand lead time is from 0.000
to 0.198 or from 0.821 to 0.893, the optimal base stock
level of process 1 is 0, and in case 3 it is O for any demand
lead time.

The average cost under these optimal release lead time
and optimal base stock levels for each case are illustrated
in Fig. 6, where the horizon axis is demand lead time and
the vertical axis is an optimal average cost.

In the interval of demand lead time where optimal base
stocks are the same, the average cost is convex or linear. In
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Fig. 6 Average cost

case 1, in the interval (3.323, 3.442) or (4.323, c0), optimal
release lead time of process is constant. This is found in the
interval (1.821, 1.897) for case 2, and (2.00, co) for case 3.
In case 2, when demand lead time is around 1, the optimal
base stock is the same but the average cost decreases in the
different ways. From 0.893 to 1, 7 = 1 and §5 = 0 and in

this interval it holds %‘]’S"Sﬂ = — b, which leads to the

linear average cost in this interval.
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Concluding remarks

In this paper, a two-stage production and inventory sys-
tem with advance demand information is considered
under base stock order policy and deterministic process
time. The base stock levels and release lead time for each
process are decision variables, and the objective is to
derive optimal values on the decision variables to mini-
mize the average cost on inventory and backlog costs.
Through theoretical analysis, optimal base stock levels
and optimal release lead time at each process are
explicitly derived in Table 5.

Release lead time of process 1 is shorter than the
demand lead time when the latter is long to decrease excess
inventory. Optimal release lead time of process 2 is the
same as that of process 1, that is, it is optimal to order
processes at the same time. Note that when the optimal
base stock level of process 1 is zero, there is an optimal
positive interval for release lead time of process 2. When
demand lead time can be long enough, then it is optimal to
have no base stocks and wait for several time and process
an item at processes 1 and 2 continuously. Optimal base
stock level of process 1 is 1 or 0, which depends on
demand lead time. As demand lead time is longer, the sum
of optimal base stocks at processes 1 and 2 is smaller. In
particular, when parameters satisfy p <h;/(h; + b), opti-
mal base stock level of process 1 is zero and it is optimal to
process an item at processes 1 and 2 continuously.

Further research is left when the process times are dif-
ferent among the processes, they are stochastic, or when
the number of processes is more than 2.
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tivecommons.org/licenses/by/4.0/), which permits unrestricted use,
distribution, and reproduction in any medium, provided you give
appropriate credit to the original author(s) and the source, provide a
link to the Creative Commons license, and indicate if changes were
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Appendices

A. Proof of Proposition 1

When (m+ 1)d<T<(m+2)d,m>1, by (3) and
: m! m (=)
xX"edx = — ™ X+ C
/ (_l)erl ; k!
we have

451
T (m+1)d T
/ P(W <x)dx = / P(W <x)dx + / P(W <x)dx
T—d T—d (m+1)d
vt (it T—(k+1)d
_ B x
=(1-p) Z 2 e dx
k=0 T—(k+2)d
T—(m+1)d
)" ;
+(1 7'0)( ) xme/ocdx
0
_ IS 7=k 1))
=—(-p - p) E;e
-

e a)
=—(1=p)5+-P(W=T)
=—<-PW>T)+d

Thus,
T
/PW>x - /PW<x —P(W>T)
T—d T—d

When d <T <2d
d

/PW<xdx:T/d P(ng)dx—l-d/P(ng)dx

T—d
3 aeay L
(1 p){ie 7

= —%P(W >T)+d,

P(W >x)dx =1P(W >T).
P(W<x)dx=0 and fT JP(W >

which implies fT a
When T <d, fT 4

)dx:d—fod (W <x)dx = d. Thus, we have,
T 1

/PW>x { P(W>T) T>d,
7 d T<d

B. Proof of Proposition 2

We derive P(E(k) > x),for x<0 in steady state. When
k=0

P(E(k) > x) = P(E(0) > x) = P(W > x) = 1 — P(W <x)

For k =1,2,3...

’r @ Springer
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= —(k = 1)'/ P(W > x—i—y)yk*le*)‘ydy
0

‘ i / P(W > x +y)y¥ e ?dy

+(k
k —X
A 1 —Jy
0
+ (kil !/ P(W > u)(u—x) e gy
0

/ P(W > u)e _””ujdu.
0

jlk_l_]l

\

. OO
Here we derive [;° P

P(W > u) and f*(u) = (u)} = fo (W > u)e *"du.
Since [,* e~ u"f (u)du = ( 1)"F+) (s)
/ P(W > u)e "udu = (—1)'f0)(2).
0
Therefore,
)= | PW>ue™du= [ {1 —P(W<u)le*du
o
11
——— [ e™dP(W <u).
s So/

The Laplace transform of sojourn time distribution in M/
D/1 is set as W*(s) = [° e *dP(W <u), and then
fi(s) =1 =1w(s), Wthh implies sf*( ) =1-—W*(s).

By differentiating s £*(s) + sf*((s) = —W*(U(s), and

thus f*(1)(s) = —2W*(1)(s) — 1f*(s). By deriving the j-th
derivative of f(s) and substituting 4 to s

PN B
F)=5=W (),

v j ey g 1,2,3
*() () — Ai*mb_‘_ .*N7-:’7’”.
W =3 s W @)+t (0,

ﬁ @ Springer

W > u)e *u/du. Define f(u) =

It is well-known that

(1 = p)se

Wi(s) = ——127
(s) s— A+ desd

To obtain f*0)(2), W*" (), for m = 1,2,3..., is dis-
cussed in the following.

Let h(s) = (1 — p)se* g(s) =s— A+ de*!. Then

W*(s) = %. By differentiating h(s)
substituting A

W*(’ ( )80 (3

8(4)

gl k)

k1<> di

h9)(2)

g(a)
Here, we have

RV (1)
g(4)

= g(s)W*(s) and

+

g_:(l_p)7 :(l_p)(_d;317 (J_;“d>,

ji=1,2,3...

() SO
s 7 gy T

j=2,3,4...

_< J ); /dW*(/ )()

j=2,3,4...

Now, we show

WO = (-1 50— ) 4 (1Y T )
C(nddy ™ L f(=mad)
D {O—n) % j=2,34...
(A1)
Forj =
W@ () :W— (?) %{eM +(=2d) W ()
=S =)+ 21— p)e (i)~ 1)
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Thus, (A.1) holds for j = 2. Assume that (A.1) holds for Thus,
j=2,3,... .k Forj=k+1, ) gy gkt KD i ket (K D!
k w (/“) - ( 1) k+1 (1 p)e +( 1) nk—+1
ety 5y (k+ 1)1 = p)(=d) A -
w 1) = 7 1 KLU (Cpad) I (—nid) |
i(k—’—l) kl - ( _p);(k-‘-l—l’l—l)!L {(k+l—n)_ }
+ mW* m( )
m=1 That is, (A.1) holds for j = k + 1. By induction it is
k41 ) {ew + (- id)}W*(k)( ) proven that (A.1) holds.
k Since
k1 (k+ 1! i [ . 11
= (=1 e (1-p)xB fr)y=g=W)=---(-p)=d
where
B = (—id)'e™ ! - zk: ! d)F! Adz 1
(-1 2= (k+ 1 —m)l(m — 1)!(71)”1*'" (k+1—m)!(m—2)1(=1)<"
il B Y k ol (n— l)k_"
+ —d)" "™ —
n:2( ) m:zn;—l(k—’—l_m)'(m_n_ 1)!(_1)k+17m (k—l’l)'
k—1
4 k(—)»d)ek’td _ ekM + e(k+l)/ld + (_id)kﬁ-l—nen/ld
n=2
1 Zk: " L= 1!
k4 T—ml (=) St (ke T—m)lm — m)l(— 1) (e=n+ 1)L [
Here, by developing (1 — 1), (1 — 1)*"", (n — 1)¥""" j |
" J: m J X
(n— 1" it follows that 00 = Z I " (2) + = (4),
k 1 1 J= 17273a
K(—1)FH! mz k+1—m)!(m —1)!(—1)"“‘"“:5’ we have
kZZ /L.d j—n
() _ d
k=2 1 1 f ()‘) 7} {6‘/ +Z }
Z k=m—1 » k=2 ( N) i1
(k—m—1)Im!(=1)""" (k—1)! )
_ )i+1’
1
— am j=12.3,...
(k+ 1 —n)l(=1)"'"
mn And thus
- — N1 \ktlem « o0 o
m=n+1 i‘f‘:l m (m n)( 1) /P(W > u)ef)"”du :f*()u) _ d,/P(W > u)ef“‘u/du
(I’l _ 1) n nk*ﬂ+1
= k> 1 0 0
k—nt D) (h—nyny =" o i
k S = (D00 =~ (1= p)
n n—
- j—1 j—n
m;,,;l (k+1=m)(m—n—DI(=D""  (k—n) w d ot Iz: (=nid) o
_ A n—=1 (]—I’l)'
o (k—n)!’ ! .
k2n+1 +F’ j—1,2,3,...
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Here, we show

k=1 1j
PE(k) >x)=1—¢* ,—'( x)! 4 Ake™
=0 J°
—1 k—1—j %
(=) /
X - - P(W > u)e™u/du
;J!(k— L=t ( )

For k=1

PE(1)>x)=1—¢"+ }Ve)“x/ P(W > u)e *du
0

1—(1-p)
For k>2
k=1 qj ) (—.X)k_l
PEK)>x)=1—¢e* A,——x]—i—)»ke”
(E@W) > ) O R
k-2
ok gx (X 1 i 1
+ ke’ Ek_)z)!{—?(l—p)ed—k 2}
k—1 ( 1

2k _x)k7 N J!

j=1 jn -
jd (—I’lid) nid J'

=1-(1 —p)%eb‘
- {—z((: - ;l))}“ pilwkd)
';zj (( jlni),};];]_n Jetnd)
— (1 = p)etlettena)
—1-(1-p) (@)f)l)'l e

When m = k — 2, that is, when —d <x <0,

POW <x + kd) = Z{ et bd (kDAY
x et (x+kd (n-t—l)d)7
— kil "
PEK)>x)=1-(1- p)%e“
— P(W <x+ kd).

Therefore,
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Comparing with P(W < x), we have
(!
(k—1)!
—d<x<0, k=1,2,3...

P(E(k)<x) = (1 —p) ™ + P(W<x+kd),

C. Proof of Proposition 3

For given Ly, t,S;, we derive optimal base stock level of
process 2, S5. From (8)

C(Li,t1,81,82 + 1) — C(Ly, 11,51, 52)

+ 2hy + b) {P(E(S; + 1) > x) — P(E(S2) > x)}dx

Li—z(11,51)
0

=h2+)v(h2+b) {P(E(Sz—l-]) >x)—P(E(Sz) >x)}dx

Li—z(t1,51)

Since

dP(a(k) <y) _ o k=
dy (k=1 7

ikyk71

1,2,3...,

N kyje—1
P(E(k) > x) = / P(W>x+y) 4 e P dy,
0

(k—1)! (A2)
k=1,2,3..,
P(E(0) > x)
For S, =1,2,3...

00

/ (PE(S, + 1) > x) — P(E(S:) > x)}dx
Ly—z(t1,51)

° x PSS SS -
= / /P(W>x+y){ S ST

xeR
=P(W>x),xeR
by (A.2)

}e#‘ydydx
Li—z(1,851) 0

oo

. /*LSZyszfl iy X
Joste |

0 Li—z(t1,51)

P(W > x + y)dxdy

}SZySZ

5 e PP(W > Ly — z(11,51) +y)dy

P(E(S; +1) > Ly — z(t1,51))-

I
|
(\JI — 0\8

For S, =0
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o0

/ {P(E(S: + 1) > x) — P(E(S2) > x)}dx

Li—z(t1,51)

2

_ / {P(E(1) > x) — P(W > x)}dx

Li—z(11,81)

L]*Z(tl Sl)
- / P(W > x)dx
Li—z(11,5))

ei)'yP(W >L — Z(l1,51) +y)dy

_ _IP(E(I) > Ly —z(t1,51)).

Thus, we have

C(Ll,tl,Sl,Sz + 1) — C(Ll,h,Sl,Sz)
=hy — (h2 -‘rb)P(E(Sz + 1) > L —Z(l1,51)),

and P(E(S, + 1) > L; — z(t1,S1)) is decreasing in S,, and
thus for given L;, ¢, S

S5

B arg min

T 818, =0,1,2...

{P(E(Sz + ) > L —Z(tl,Sl))< 7 h—l—b}

D. Proof of Proposition 4

(@ When Ts<L <Ts.,S=12,...5—1, if
0<Ly<Ty, then S5 = So, if Ty1 <Ly <Ti,k =S+ 1,5+
. So — 1 then §; =k, and if Ty, <L, then S} = .

Since Ly = Ly — 1y, if, Ly — Tg, <t; <L; then Sj = Sy, if
Li—Ti<ti <L —Tpi1,k=S+1,S+2,....,S0— 1 then
S; =k, andifd<tH <L; — Tsi1 then S; =S.

For each inside inteval of L; — T§0<t1 <L,L —T,<

<Ly =T k=S+1,5+2,...,8 — 1,d<t; <L

—Ts11, by (8)

C(Ll,l1,51752) = At — /J’lgE[E(S )} + )hz(Ll — ll)

h2+b / P

Li—t

(83) > x)dx

d L % %
M = Ay — hy + /1(/12 + b)P(E(S;) > L

dry
- t])v
and by (9), when L, <To, P(E(S3) > Ly — t; = L) > ;25
Thus, we have
dC(Ly,t1,57,S3) >0
dny
From discussion of “Optimal base stock level”,
C(LlaLl - T~ aSTv:S\‘O):C(LlaLl - T~ 7ST?§0_1))
So—1 So—1
C(L17L1 - Tk7STvk) = C(Llatlvsivk - 1);
k=S+2,...,85—1,
and
C(L],Ll — TS_._],ST,S—F 1) = C(Ll,Ll — Ts_;,_],ST,S).
Thus, for Ts<L <Ts1,S=1,2,....5)—1,

C(Ly1,11,S7,83) is increasing in #;for #; > d.
Ford<L,< Tf(r
dC(LlathSTﬂS;)
dt,
And thus, for d <L, <TA -
ing in #; for #; >d.
(b) When Ty<Ly, if 0 <Ly<T; then S} = So, if

S = §0, and in the same way by (8)
>0

]C(Ll,tl,S’{,Sﬁ) is increas-

Tt <L, <Ty, k=1,2,...,8—1 then S; =k and if
T'<L, then S5=0. Since L,=L—1t, if L;—
TE <ty <L; then S; = Eo, if L —Ti<uu <L —
0
Tey1, k=1,2,..,8—1 then S;=k and if
dSl‘lle—TlthCnSEZO.

In each inside interval of L1—T§ <n <L, L,

0

~Ti<ti <L —Tepr, k=1,2,..,8 —1,Li —To<n

<L; — Ty, in the same way of (a) by (8), we have
dC(Ly, 1,57, 5%)
dry

It follows that
CLi, L = T; 87, 50) =
0

> 0.

C(Li,Li = T; 8}, S0 — 1),
0

Y
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C(Li, Ly = T, S1, k) = C(L1, Ly = T, 1,k = 1), C(Li,Ly — Tsy1,1,8)C(Li, Ly — Tsyy, 1,8 +1). Thus, if
k=2,3,...8 — 1. Too1 <L <Ts,S=0,1,...,8 — 1, then C(Ly,,,1,S3) is
C(Ly,L, — T\,S;,1) = C(Ly,L; — T}, S},0). increasing in #; for 0 <t <d.
. If0<L;<Tg,S; = So, and in the same way as above
When d <t; <L; — Ty it follows that S5 = 0, and by (8) 0 4C(Le 115"
. ) by (8) it follows that %1% — 0 Thus, when
C(Ll, tlaS1752) = At — /J’lgE[W] + )J’lz(Ll — tl) dn
~ 0<L, <T§0, C(Li,1,1,83) is increasing in 1 for
+ A(hy + b) P(W > x)dx, 0<n<d.
Ll (b) When Ty <L;S; = 0, and by (8)

dC(Ly,t1,57,53)

a = Ay — Ahy + /l(hz + b)P(W >L— 1
1

— L)
Since Hn<L — TQ,

o iy

P(W >L—t = Lz) h2 . Let

hy — hy
hy +b '
When L,<T that is L; —

T<t1, then
and thus dC(Lﬁi'SS > 0. When
1

T, P(W > L) < =l

<0. When TQ§L1<T+dC(L1,l1,ST,S§) is
When T0§L1<f+
T and

Here T >T,.

(W>L2) h_‘_];)l,

T§L2, that is 1y <L; —
dC(L] S 7STS;)
dtl

and thus

increasing in #; for <f
dC(Ly,11,S7,S3) is decreasing in t; ford <7, <L; —
is increasing for f; > L; — T.

E. Proof of Proposition 5

(@ When To <L <Ts,S=0,1,....5—1, if
0<#t <L; —Ts.; then S; =S and if L; —Tsy1<t1 <d
then §; = S+ 1.

For each interval of 0<#<L;—Ts.; and

Ly —Tsy1 <t <d, by (8)
C(Ll,ll, I,SZ) = hl(l + ;Lll) — }th[E(S;)] + )uhz(Ll — ll)

[o¢]

+ i(hy + b) / P(E(SS) > x)dx

Li—1

dC(Ly,t;,1,S%
M:Ah,—/lhz+)»(h2+b)P(E(Sé)>L'

dr
- tl)a
and from (9) if L; <Ty then P(E(S;) >L; — 1) > hzhﬁ,
dC(Li.,1.57)

which leads to > (0. It also follows that

dt

Y4
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C(Ll,tl, I,S;) = /’ll(l + /ll‘l) — }th[W} + /Ulz(Ll — l‘l)

o0

+ i(hy +b) / P(W > x)dx

Li—1

dC(Ll,l‘l, I,SZ)

a = Al —ihz-‘r)h(hz-‘rb)P(W >L—1n
1

= Lz)

and P(W > Ly —ll)

T +b
h2 h

when L; — T <1, it follows that P(W > L) > 73 and
thus dC(L'—tt'lSZ) >0 and when Tg L,, it follows that
1
dC(Ly 11,18,
P(W> L)< };f:;;, and thus % <0.

When Ty <L, <T, C(Ly,1,1,83) is increasing in #; for
0<t;<d. When T<L <T+d, C(L,t,1,S) is
decreasing in #; for 0<# <L — T, and is increasing for
Li—T<ti<d. When T+d<Ly;, C(L,t,1,8;) is
decreasing in #; for 0 <1, <d.

F. Proof of Proposition 6
Under p < +hL(l) is compared with T} + d.
It follows T7 <0 and 30 =0, and from (2) and (16),

~ «A h —h
Pla(l)< — (L(1) — — 1 _ML)-a) _ 2 1
(a()< = (L) —d))=1-e ol

which implies e*(1(D-4) = Z'”’ From Proposition 2 and

(10), P(E(1 ) >T) = (1— p) M = b, which implies

AT — 1 | hitb

! =1onh +b Since p < B +b, it holds that = <A
Thus 7' = ll—phzib < Z;Z e (L(”’d), which means
T, <L(1)—d.

Next, under p < n +bT is compared with L. From (18),
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T 7 i-d
/P(W>x)dx: / P(W > x)dx + P(W > x)dx
T—d L—d Td

1 h hy—hy o~ - hy—h
= d T-L
imib e T
[-d
+ / P(W > x)dx
T—d
1 hy — hy
= d
imtb b
L—d P
2 1
P(W -
+ / { (W >x) I b}
T—d

Since de (W > x)dx<d and ih%—i—d}}iﬁy‘ >d
under p < 75 +h’ it follows that
L—d L L

2 —
P(W - dx<0

/ {( > %) m+b} =5
T—d

Since L—d<TandT —d<T, by (15)
P(W>L—d)>%and P(W>T—d)> 20 and
thus L<T.

G. Proof of Proposition 7
L(0) is compared with Ty. From (17),

1 h
-—d

hy >4 hy
hy+b =~ hy+b

(a) Under p > i +b

L(0)

/ P(W > x)dx =
L(0)—d

+d

and from (10)

To+d

hy
P(W dx<dP(W > T, .
(W > x)dx<dP(W > Tp) < I+ b
To
Thus, L(0)<Ty+d. Under p > h+b, by (10) and

Proposition 1

Ty

/ P(W > x)dx =

To—d

When /1, = h; by (17)

1 h

T,
FPW>To) =2

1 h
Ahy + b

P(W > x)dx =

&~

A
=}

= ~
[ %
QU =

and thus L(0) = Ty. When hy > hy,

hy
p -
(W>x)dx</1h2+b

A
=}

~ ~
[ =%
QU =

L

and thus Z(O) > Ty.

When h N +b’ it follows that To =d, and
L(0) >d 1mphes that L(0) > Tp.
Therefore, when p > ;o +b, if hy=mTy=L(0)<

To +d, and if h, > hy, Ty <L(O)<To +d.

(b) Under p > hzhj—b’ T,L, and L(0) are compared. Three

cases, L< T, T<L and T = L are considered.
i) L<T
By (17) and (18),

/PW>xm iPW>@M—f”W>”®

L—d L—

hy — hy
hz—l—b

P(W > x)dx + (T — L)

A_\l‘z
)
=
\%
Na¥
=
A

wlt

Thus, L(0) <
UDT<£

Since fT (W >x)dx<(L—T) ’;122:2
L L(0)
/ P(W > x)dx< / P(W > x)dx
[-d £(0)—d
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and thus Z(0) <L. L(0) is compared with T next. By (17)
and (18)

\N},

P(W > x)dx = / P(W > x)dx + / P(W > x)dx
d

T—d L—d T—
£(0)
_ hy — Iy
— P(W > x)dx + (T )h2+b
L(0)—d
L—d
+ / P(W > x)dx
T—d
From (15) and L—-d<T, it follows
L4 P(W > x)dx > (L~ T) 27, and thus
T £(0)
/ P(W > x)dx > P(W > x)dx
T—d L(0)—d
Therefore T <L(0) <L.
(i) T =L
L 7
/ P(W > x)dx = / P(W > x)dx
a li_dh hy —h
1 =7 2 —
=~ T—L+d)—"
ﬂuh2+b+( - )h2+b
L(0)
1 hl h2 - hl
P W > d_x = — d
/ ( X) Ahy +b + hy +b
L(0)—d
L £(0)
[ rov=ne= [ pw >
L—d L(0)—d

This implies L(0) = L = 7.
(c) When p > h:‘j_b
Ty +d. By (18)

and T<L, L is compared with

Y4
ﬁ @ Springer

By (b), when T <L it follows T <L(0), and by (a),
(0)<To +d, which implies that T<Ty+d, and thus

—To<d< 1 (T —Ty) ;1 < 1.0

L
T ha+b > Thy+b

/T.{P(W>x)_];,22+}2}dx< /T {P(W>X)_l:2;}2}dx

To L—d

Therefore when T <L it holds that < To +d.
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