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Abstract

In an approach proposed, Nasrabadi et al. (2014) characterized a subset of production points, the radial projection
of which is located on the same facet of the production possibility set (PPS). They obtained the radial projection
points by using CCR and BCC models. Some results were posited, which can help one obtain such a subset of the
PPS. The sensitivity analysis of inefficient units is also provided. An interval has been achieved over which an
individual input/output can be varied and, even then, its corresponding hyperplane does not change. In their
proposed approach, two nonlinear programming problems need to be solved to estimate the above mentioned
interval. These are, however, difficult to solve. In this paper, some new theorems have been proved so as to obtain
a new formula to determine a subset of production points, the projection of which lies on the same hyperplane of
the PPS. This new formula leads to the determination of the input preservation region and the output preservation
region by solving two linear programming problems that have priority in calculation over the existing methods. To
delineate our new approach, two numerical examples are provided at the end.
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previous methods is that the relative efficiency of DMUs

INTRODUCTION can be evaluated with multiple inputs and multiple outputs

One of the problems which management always faces is
selection of the best option among the available options or
prioritizes their grading [5]. Cahrnes et al. [3] proposed
one of the best methods to evaluate the relative efficiency
of decision-making units, called data envelopment analysis
(DEA). The preliminary DEA model (Charnes, Cooper,
and Rhodes [CCR] model) considers the best set of weights
for the single ratio of the weighted outputs to the weighted
inputs for a particular decision-making unit (DMU), which
is denoted by DMUo. The advantage of DEA over the

under an assumption of constant or variable returns to scale
(RTS) of the production technology. Not only can the
evaluation of the relative efficiency of DMUs be gained by
DEA, in addition, the identification of the benchmark
DMU for inefficient DMUs can be another capability of
DEA. This is because for each inefficient DMU, the
projection point (which has been positioned on the efficient
frontier) can be defined. In addition, a supporting
hyperplane H of the reference production possibility set
(PPS) can be obtained by the CCR or the BCC multiplier
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model (see Cooper et al. [4]), where the radial projection
point of the unit under evaluation has been positioned.
Podinovski [9] mentioned that this supporting hyperplane
plays a major role in determining the economic rate of
trade-off for each DMU. Furthermore, it presents a
technology in terms of a production function, considered a
reference technology for the associated DMU. On the other
hand, the importance of the determination of the RTS class
of DMUs has motivated many researchers to consider the
hyperplanes where the DMUs are embedded or projected.
In addition, the applications of the radial projection in
organizations are worthy to mention, for instance, Pekka et
al. [10] applied it to Helsinki School of Economics where
the students had the enough opportunity to choose their
personalized efficient frontier. Saati et al. [11] defined an
ideal point and illustrated it work in the case study using
panel data from 286 Danish district heating plants. Cooper
et al. [4] mentioned that all DMUs located or projected on
a specific hyperplane belong to the same class, or belong
to two close classes of RTS. Eventually, Nasrabadi et al.
[8] expressed the importance of determining the
preservation region for maintaining the RTS status. They
characterized the subset of the PPS consisting of the
production points of which the radial projection points lie
on the same hyperplane in two different returns to scale
assumptions of the reference technology (CCR and BCC
models). They proposed some models to obtain a range
over which an individual input/output can vary, and, even
so, the radial projection point is located on the same
hyperplane. They also addressed this range as the input
preservation region for inputs and the output preservation
region for outputs. Their models are nonlinear and difficult
to solve. In this paper, we prove some new theorems to
obtain a new formula to determine a subset of production
points, such that their projection lies on the same
supporting hyperplane of the PPS. This new formula leads
to the determination of an input or output preservation
region by solving two linear programming problems,
which is much easier to solve than previous nonlinear
programs. Generally, we obtained the subset of the PPS by
a new method, which leads to a new linear programming
problem. The paper proceeds as follows: In Section 2, the
preliminary DEA models are introduced. Section 3
presents the new theorems and results. Numerical
examples and the conclusion are respectively presented in
Sections 4 and 5.

PRELIMINARIES
Suppose we deal with n DMUs consisting of DMU

, with

1...,n
1...n

j input-output  vectors (X;, Y;)
y

Each DMU; consume m inputs

t
X; =(Xjs--- %) to produce S outputs

Yj :(ylj,.‘.,ysj)t . The superscript "t" denotes the

transpose operator. In the current paper, we assume that all
inputs and outputs are positive, i.e., X; >0,y; >0for all
i, j,r. The rthstandard vector is denoted by e;. The PPS
with the production technology A e {CRS,VRS}, including

all feasible activity, is denoted by T* and can be described
as follows:

n n
T CRs :{(X, y) eR™S | Xzz/ng,os ysz/lj Vi zo,vj}(l)

j=t j=L

and

TR = {(x, y) e R™® | (x,y) e T, Zn:/lj = 1} @)

=1

The envelopment and multiplier forms of CCR and BCC
models are based upon CRS and VRS assumptions of the
production technologies, and they can be expressed as
follows:

Envelopment form Multiplier form

6,= max uy,+Ug,

0,= min 0 st. vx, =1, -
A uy; —VvX; +U, <0,Vj

st (6%,,Y,)eT". (A U>0v>0,

u, el (A2)

where T ={0}and TV®® =R.In mentioned models,
(A1) and (A2) 6, indicates efficiency score of production
point (observed or not) (x,,Y,)-Note that the above

models are input-oriented CCR and BCC models. All
results straightforwardly can be adapted for output-
oriented models, as well. Let production point (x,,Y,) be

the point under evaluation. Then, the CCR (BCC)-radial
projection point is defined as follows:

(Xo'yo)z(goxovyo) (3)
(%, Y,) is a radial efficient point which is located on the
frontier of reference PPS (Cahrnes et al. [3]).Let
(u*,v*,us)  be an optimal solution in (A2) when the
production point  (X,,Y,) is under evaluation, then
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H, ={(x,y) |uy —vx+u, =0} is a supporting
hyperplane of PPS (see Cooper et al. [4]), i.e.,

o Uy—VX+Uy<0,V(x,y)eT?,

e H,NT"=24

Assumptions and goal. We now formulate our
assumption:

e asupporting hyperplane
H ={(x,y)|uy—vx+uy =0,v=0} of PPS is given;

e the PPS with assumption of reference technology T
is known.
The following notation  will be useful,

R™® ={(x,y)' eR™* | x>0,y >0}, the positive orthant
of R™. The objective is to characterize a subset of T
such that the radial projection point of each point in this

subset is located on H. It is clear that this subset is not
empty. In fact, the aim is to find

Py ={(xy)' eTAR™ (%) e H},
where (X, §) is a radial projection point of the production
point (X,Y).
Lemma 1 Let (X,,Y,) € R andH ={(x,y)|
uy —vx+uy, =0,v=0 } be asupporting hyperplane of

a b

FIGURE 1
ILLUSTRATION OF Py IN CCR AND BCC MODELS.

Source :NASRABADI ET AL.[7]

PPS. The production point (observed or not) (x,,Y,) € Py

if and only if
0, = Wo +Uo

VX,
Proof. Assume (X5, Y,) € Py, then
(%5, 90) =(0,%,, Y,) € H. This means that
Uy, —6,VX, +Ug =0. Therefore, 6, = =22, since

uy, +Ug
1
VX,

then we have uy,—6,vX,+Uy; =0. This implies that

.v=0 and x, €R" On the other hand, if 6, =

(6,%,,Y,) € H, and hence (x,,Y,) € Py . This completes

the proof.0
Throughout the paper, the set K, denotes all indices of

DMUs which lie on the hyperplane H

MAINTAINING THE REFERENCE YPERPLANE
The following lemma provides a necessary and sufficient
characterization of By.

Lemma2 LetH ={(x,y)|uy—vXx+u,=0,v=0}be a
supporting hyperplane on T . Furthermore, assume that
(X,y)eTnR™® . Then, (x,y)eP, ifandonlyifa
positive multiplication of (u,v,u,) is an optimal solution
of (A2) when evaluating (X, y").

Let A be a defining hyperplane with normal vector (u,v)
as already defined, we define sets Q,, and R, as follows:
Qu ={rlu =0} Ry ={i|v; =0}

The next theorem gives the subset of the PPS consisting of

the production points whose radial projection points lie on
H, i.e., Py. Itisworthy to note that the following subsets

are presented much more easier than the subsets in the
previous research [8] .
Theoreml If H ={(x,y)|uy —vx +u, =0v =0} isa
supporting hyperplane of PPS, Then

e If T=T® thenwe have

Py =1(xy)|0x= zﬂ«jxﬁ‘ Zﬂkekfy: Z’ljyj_Z#{e{ .

jeKy keRy jeKy teQy
where in
0=2,0<1y>0,4;20,jeKy, 4 20k eRy, 14 20t eQy.
e If T=T,, thenwe have

Py ={(x,y)IHX= Zﬂjxﬁ' Zerkvy: leyj—Z#{eﬂZﬂj =1}
. . =

jeKy keRy jeKy teQy

wherein

0=2L2,0<1,y20,% 4 4 =14, 20;
jeKy, 4,20 keR,, 14 20t €Q,.

Proof. We set

A={(x,y)|ex= DA+ Y Y= DAYy - Z#{E{}M)

jeKy keRy jeKy teQy

where
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0=2,0<1y>0,4;20,jeKy, 4 >0keRy, 1 20teQy.

To prove the theorem, it is sufficient to show that A=PR,.
If (X,y)e A, then there exist some (A, &, ') such that

ox = Z/ljijr Zﬂkek > z/ljyj,

jeKy keRy jeKy
y= leyj_zltlt,e’g zljyj ®)
jeKy teQy jeKy

From@&<1, we have Ox<x This implies that

(x,y) T

(x,y) € A, we have

uy —véx = Zij(uyj —VXj) - Zy{ue{— z:ykvek =0.
jeKy teQy keRy

The last equality is equal to zero follows from

(Xj,¥j) e H; for each jeK,, and ue/=u =0; for

. Now, we show that (Ox,y)eH. Since

eachteQ, and ve =V, =0; foreach keRy. This
implies that (X,¥)=(6x,y) e H. Now, we show that &
in Equation(4) is the efficiency score of the production
point(x,y). By contradiction, assume that 8" is the
efficiency score of (X,y) ,and 8" <6. We have

uy —vé x> uy —vex =0,

since @"x<@x and v=0. This contradicts the

assumption that # is supporting hyperplane of T¢R.

This implies that @is the efficiency score of the
production point (X,y). Insummary, if (X,y) € A, then

o (xy)eT™,

. @ is the efficiency score of the production point

(xy).

e (OX,y)eH.
These in turn, imply that (x,y)€ PRy, and therefore
AcPB,.On the other side, if (X y)ePy,then
(%,9)=(@"%,y) eT®. Note that 6" is the radial
efficiency of the production unit (X,y). Therefore, there
exists some optimal solution (1%,6°)>0  and slack

variables (s7,s")>0 for Model (A1) such that

n m n S
Ox=D A%+ 58 Y=D AY- > 5e
=L k=1 =1 =1

Since (0"x,y)eH, and His a supporting hyperplane at
T, itisclearthat 6" =X <1. Notice thatwhen 4] >0,

then je K. Also, if s, >0 for some ked{l...,m}or

s; >0, forsome tedfl,...,s}, then v, =0 or u, =0,
based on the complementary slackness conditions (see
Bazarra et al. [2]). Thus, we have

Ox=D X+ Y s€, Y= 2 AYi- D56

jeKy keRy jeKy teQy
This means that (x,y) € A Therefore B, c A, and the

proof of part 1 is completed. The proof of part 2 is similar
and is hence omitted. O

SENSITIVITY ANALYSIS

After determining the set Py, the sensitivity analysis of
inefficient DMUs can be performed. They assume that the
DMU, under evaluation is inefficient (i.e., 6, <lin
Model (Al)), and also that its radial projection is located
on Hyperplane H. They also provide some models to
obtain an  "input preservation region" and an " output
preservation region,” where the corresponding radial
projection point is located on the same hyperplane. Their
models are nonlinear and difficult to solve. In this paper,
the above mentioned range is obtained by solving two new
linear programming problems. A range can be obtained
over which each individual input or output of the DMU,,
can be varied, without changing its hyperplane, H. For
instance, to determine the range over which an input of the
DMU, can be varied, and yet the radial projection point
is located on H, the next two problems have to be solved:

o = maX.s .o o

st. (Xigs---10tXigr---1 Xmo» Yigs---» Yso) € Py - (6)
o, = minb‘[zo o
St (X:lo"“'é‘txto""’xmolylo""lyso)ePH' (7)

Note that the above models are feasible, since
(%, ¥,) €Py, & =1 is a feasible solution for. (6), (7)

Also, it is worthwhile to note that in the case v, =0, we
have St =+oo (see[6], [7] ).Based upon the definition of
Py the following nonlinear models give the range of & .
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S.t. ZjeKH//lj Xij +:ui = Uy, +Uo

ZI'EKHﬁ‘i Xij = %X
YA Xy < vrte e O X
i Yy — M =Yoo
stKH/lj y,j = y,01

ZjeKHﬂj =11

A, 20 VjeK,, 4 20;

VieR,,u 20,VreQ,, (8)

X,, 1€R,,i#t
igR, i#t
reqQ,,

io?

reqQ,,

The next theorem provides two LP problems to obtain the
interval [0, X010 %o ] t-th input of
DMU, can be varied and still its radial projection point is
located on H.

over which the

o= min o

st ZiAX, + 4 =witw X, 1ERI#1

S A X, = wteim Koo igR,,i#t,

i X, S wtnmioe O X,
SedY, 4 =Y, reQ,
S dY, =Y. reQ,,
Tied, =1,
A 20,VjeK,, u =0,
VieR,u' 20,VreQ,,

©)

Theorem2 we have

6= max 4

st Sia X, + 4=y, +U)X,,  ieR,i=t
S jeks Ay X = (UY, +Ug) X, igR,,i#t
S e A%y < (U, +Ug)8 X,

ZJ'EKHA’Aj yrj _l&: = (VXu + (é‘t _1)vtxto)yro’ re QH ’

ik Yy = (% (6~ VXY, TQ,,
Sy = V% + (5, ~DVX,,
8,20,4,20VjeK,, i >0;

VieR,, 4 >0;VieQ,. (10)

o,= min ¢
St e A + A = (U, +Up)X,, iR, izt
Ty Xy = (UY, +Ug)X,, igR,, it

e, Ay < (UY +Ug)5 %,
ZjeKHj:j yrj _/:lr = (on + (5t _]')Vtxto)yroY re QH ’

ZieKHij yrj = (on + (é‘t _1)Vtxto)yro’ re QH )
ZjEKHij =VX, + (5t _1)vtxto‘
85>04 >0VjeK,, i1, > 0;

t i J Hi M (11)

VieR,, 4, 20;VreqQ,.

Note. The above two models are linear and can be solved
by any standard LP software. It is easy to show that if

(,1}‘;]eKH,yi*;ieRH,y;*;reQH,é_‘t) is an optimal

solution for (8), then the solution is (/ij VA, [, 6;) where

A= (W + (G —Dvixo) A jeKy,
G = (% + (8 ~DVixo )i TeRy,
fip = (% + (S ~DViXo)ptf 3 T €Qy,

5 =6, (12)
is a feasible solution for (10 ) and the objective function
value related to this feasible solution is & . Since the

objective function is in the form of maximization, we have
the optimal objective value (10) greater than or equal to

5,.0n the other side, if
(A5 ieKpy, &5 ieRy, 4reQy.d)
is an optimal solution to (10 ), then (4;, 4, 14, &) with

4i

ﬁj = * , j (S KH y
WXy + (6 —1ViXy)
i o
M = - ; ieRy,
I VXo + (& —1ViXy)
, iy .
He = * ’ r EQHI
Ty + (8 —1V,Xy)
& =4, (13)

is a feasible solution to (8) and the objective value

corresponding to this solution is &*. The objective
function of (8) is in the form of maximization. Therefore,

5} > 5", These imply that the optimal objective values of
(8) and (10) are equal. With the same process, it can be
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shown that the optimal objective values of Models (9 ) and
(11) are equal. The proof of this theorem is completed.

Proportional changes in inputs can be handled
similarly. Concerning the above approach, we can
determine a range for proportional changes in outputs,
which allows DMU, to have its radial projection point
on H. To characterize the preservation range for the
outputs of DMU, to be projected on H , we have the
following two mathematical programming problems:
S= maxs, O S= ming, &

st. (%, 0Y,) € Py st. (%, 0Y,) € Py

Regarding Theoreml, we have to solve the following two
linear models:

5= max &
St X A =T X, TeRy,
2 ek, Ai%ij = 5”‘3;:”" Xio e Ry,
ZJ'EKHﬂ“J' Yri —,u; =00, reQy,
L, AV = Yros reQy,
2 jeryti =1
/11- >0, jeKy,
&%"T:%Sl’
520, (14)
S= min &
St e Ay = e € Ry,
2 jek, A% =&J¥,°T:uoxio, i¢Ry,
2 jer AV — M =0 Yro, reQy,
Z:ieKH’liyrj = Yro» reQy,
2jer, A =1
4; 20, jeKy,
et <1,
50, (15)

In the above two models, the vector variables are
(A, 1, 6).

Example 1 Consider an example, used by Nasrabadi et al.

[8], consisting of seven DMUSs, in which each DMU
consumes two inputs to produce a single constant output
equal to one. The data are presented in Table 1, see also

[4].

TABLE |
DATA INEXAMPLE 1
DMUs A B C D E F G
X1 4 7 8 4 2 10 3
X 3 3 1 2 4 1 7
y 1 1 1 1 1 1 1

The efficient frontier under CRS assumption of the
reference technology is shown graphically in Fig. 2.
Suppose that the observed unit A is under evaluation. The
optimal  solution  for  Model (A2-CRS) is

(U* =0.8571v, =0.1429,v ; =0.1429)), and the
efficiency measure of this unit is 0.8568 . Thus, the
supporting hyperplane in TSRS is obtained as
H, ={(X;1,X5,y): 0.8571y —0.1429x, —0.1429x , = 0}.
It is observed that K, ={D,E},Ry =¢, Qy, =4
Therefore, set P~ can be expressed as

Pa, ={(X0.X2,Y)" gz somms X1 =420 + 22, (16)
T1 o X2 = 220 + 42,
y= Ao + A, Ap: A 20.}

We perform the sensitivity analysis for the first input of
unit A, the unit under evaluation. We wish to find the

range  [6X1a,0X1a],  Over which the first input of
DMU , varies and it's radial projection point lies on the

same hyperplane H , . Regarding Theorem2, we have to

solve the following two new linear programming
problems:

6= max o
st.  44p +21g =0.8568x4 x5,
24p +44; =0.8568x%2,
Ap + Az =1+ (6-1)x0.1429x 4) x1,
Ap.Ag 20,0 20, a7)
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o,= min §
st. 445 +24; =0.8568x4x7,
2Ap +4 =0.8568x 2,
Ap +Ag = (1+ (6 -1)x0.1429x 4) x1,
Ap.Ag 20,620 (18)

The optimal objective values of Models (17) and (18) are
=3 and §=2. Wefound thatif X, variesover
range [3,6], then the projection point remains on the

same hyperplane, i.e., H,.

1,/ O

s, o, /0

FIGURE 2
DETERMINATION OF Py, IN EXAMPLE 1.

Example 2 Consider six DMUs, with the input and output

(The production frontier is illustrated in Figure3) that are
listed in Table 2. To compare the results, this example is
selected from Cooper et al. [4]. Assume that DMU ¢ is the

unit under evaluation by Model (A2-VRS). The optimal
solution of Model (A2-VRS) is (U* =%.v"=%,u; =0),
and hence, the projection point of DMU ¢ is located on the
hyperplane

1 1
He ={(x,y): =y ——x =0}
e ={xy): gy —,x=0
The efficiency score of DMU is 0.75.

TABLE 2
DATA IN EXAMPLE 2
DMUs A B C D E _F
X 2 4 6 8 4 6
y 2 4 5 5 3 4

Asseen Ky ={A,B}, andhencetheset P,_ can

be expressed as

Py, ={(x,y): gi‘:i’ X =2/, +4g,

y =24, +44g,
1=+ g, g, Ag 20},

Now, we perform output sensitivity analysis for DMU¢ .
Regarding Models (14) and (15), we have to solve the

following two linear programming problems:

5= max &
st. 24, +445 =39,
Ap + A5 =1,
4
5<73,
0,45, 20,
d= min ¢
st. 21, +445 =30,
245 +445 =30,
Ay + Ag =1,
4
o<73,
0,45, 20.

The optimal objective values of the above two models are
5 =§ and éz%, respectively. This implies if y varies
over the range [2,4], the projection point still remains on
the hyperplane Hg. Now, we consider another DMU

named as DMU . The optimal solution of Model (A2-
VRS) is (U"=3Vv"=%U;=-2), when DMU¢ is
under evaluation, and the efficiency score of unit F is
0.66. Thus, the projection point of DMU ¢ lies on the

following supporting hyperplane:

11 2
He ={(x,y): -y —=x-=-=0
Ff0Gy) gy —px -3 =0

We have K, ={B,C}. Therefore, theset P, can
be represented as
Pu. =106Y): it X =44 +6%,
y =44 +54,
1=+ A, A, & 20}

By performing sensitivity analysis in the outputs of
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DMU ¢ , we get the interval [4,5], in which the outputs

can be varied and the projection point still remains on the
hyperplane H .

A

0]

WE

FIGURE 3
THE PRODUCTION FRONTIER OF EXAMPLE 2.

CONCLUSION

In this paper, the set of all projection points in a subset of
the PPS is obtained by the prespecified hyperplane. Some
new theorems are presented here to show the radial
projection points of the subset of the PPS, consisting of the
production points, which lie on the prespecified
hyperplane. Also, the production possibility set can be
partitioned into a finite number of discrete sets. In this
study, we found the set of all production points: The input
preservation region and the output preservation region are
obtained by solving a linear programming problem. We
also proved that a range can be obtained over which each
individual input or output of DMUo can be varied without
changing its hyperplane. By presenting a new theorem, we
provided two LP problems to obtain the interval in which
the input of DMUo can be varied and yet its radial
projection point is located on the prespecified hyperplane.
Finally, we should mention that in methods that were
introduced earlier, these preservation regions for
preserving the RTS classification of the DMUs have been
reached by nonlinear models, which are difficult to solve.
This subject has the variety of applications and as a future
research, the suggested models can be used specially in
project selection with regard to their economic efficiency
(inspired from [12]).
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