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Abstract

Many practical decision-making problems involve a significant level of data uncertainty. In such a case, modeling the
uncertainty involved is critical to making informed decisions. The set-based robust optimization approach is one of the most
efficient techniques for finding optimal decisions in problems involving uncertain data. The main concern with this technique
is over-conservatism. This drawback has been widely investigated, and several robust formulations have been developed in the
literature to deal with it. However, research is still ongoing to obtain effective formulations to handle uncertainty. In this study,
we derive a robust counterpart formulation for an uncertain linear programming problem under a new uncertainty set that is
defined based on a pairwise comparison of perturbation variables. The performance of the proposed robust formulation is
evaluated using numerical studies and in terms of different performance metrics. For this purpose, robust counterpart models
corresponding to the production-mix sample problems are solved at different protection levels. Then, for each solution obtained,
violation probability is calculated using a Monte-Carlo simulation approach. The results revealed that the proposed method
outperforms the existing ones.
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INTRODUCTION

In a real-life environment, due to factors such as the random nature of the input parameters and measurement errors, most
problems involve data that contain uncertainties [1]. Uncertainty in input data can lead to a significant deviation in the problem’s
solution. Ben-Tal et al. [2] demonstrated that the solution to an optimization problem often shows high sensitivity to changes
in the input data. Hence, ignoring uncertainty may lead to a solution that is not optimal or even feasible. The set-based robust
optimization approach provides a powerful modeling framework for solving decision-making problems under uncertainty. This
technique works in two steps. First, an uncertainty set is defined in the uncertain space to determine the values that uncertain
coefficients can take. Secondly, the best solution is obtained in such a way that feasibility is guaranteed for every realization
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of the uncertain parameters in the defined set. The set-based robust optimization approach is widely used to deal with various
uncertain problems in different fields, such as energy management of power plants and electric vehicles [3]-[9], finance [10,
11], supply chain management [12]-[15], transportation [16, 17], statistics and estimation [18]-[20], machine learning [21, 22],
production planning [23, 24], etc. The robust model proposed by Soyster [25] is one of the earliest studies in this field. Soyster
[25] assumed that the actual value of each uncertain coefficient varies independently within a bounded interval. He then
proposed a robust model to obtain the best solution that remains feasible for every possible realization of the uncertain
parameters. Despite ensuring the solution’s robustness, Soyster’s approach is highly conservative and significantly reduces the
quality of the solution.

To reduce the over-conservatism of Soyster’s approach, EI-Ghaoui and Lebert [26], EI-Ghaoui et al. [27], and Ben-Tal and
Nemirovski [28]-[30] independently tried to improve the solution quality by slightly decreasing robustness. They introduced
robust nonlinear formulations for uncertain optimization problems. Specifically, Ben-Tal and Nemirovski [28]-[30] proposed
an ellipsoidal uncertainty set followed by robust models to address uncertainty in linear and quadratic programming problems.
Bertsimas and Sim [31, 32] further defined a polyhedral set in the uncertain space whose size could be adjusted using a budget
parameter. They then derived a robust model with the flexibility to control the robustness level of the solution accordingly. The
advantage of the polyhedral uncertainty set over the ellipsoidal uncertainty set is that its corresponding robust counterpart
model is linear, making it computationally less challenging to solve.

Li et al. [1] introduced several other uncertainty sets (i.e., pure polyhedral; pure ellipsoidal; adjustable box; combined
polyhedral, ellipsoidal, and interval set), and then, based on each of these sets, they derived a robust counterpart model for LP
and MILP problems. Mulvey et al. [33] investigated a situation where uncertain coefficients could have discrete values. In
other words, they described the input data by a set of scenarios for their value and developed a robust model to obtain a solution
that is the best with respect to all the scenarios for the input parameters.

Previous studies have assumed that input data are independently uncertain. However, in practice, uncertain parameters
may be correlated. In this regard, Bertsimas and Sim [32] investigated a situation in which perturbation in the actual value of
each coefficient is due to several known sources of uncertainty. They assumed that the perturbation at each coefficient’s actual
value is a linear combination of the impact rates of the uncertainty sources. They then proposed a robust counterpart model for
such a situation. The main concern of Bertsimas’s approach is that it is difficult and often impossible to identify all effective
sources of uncertainty. To overcome the drawback of Bertsima’s approach, Pachamanova [34] considered a situation in which
the covariance matrix of uncertain parameters is available, but the uncertainty sources are unknown. She then incorporated the
covariance matrix in the definition of the uncertainty set and derived a robust formulation accordingly.

Jalilvand-Nejad et al. [35] and Daneshvari and Shafaei [36] also examined uncertain linear problems with unknown sources
of uncertainty. Each of these papers incorporated the correlation matrix of uncertain parameters in the definition of the
uncertainty set and derived a robust formulation accordingly. The latter model was shown to outperform the former. In this
paper, we first define a new uncertainty set for a case where uncertain coefficients are independent of each other. We then
derive a robust counterpart model for the general form of an uncertain linear optimization problem. Monte-Carlo simulations
are also performed to compare the performance of the proposed robust formulation with the most prominent robust counterpart
models in the literature in terms of different performance measures. Within the above context, the new contributions of this
study are as follows:

e To propose a new uncertainty set and derive a robust counterpart model accordingly.
e To compare the performance of the proposed model with the most prominent robust counterpart models introduced in the
literature in terms of the violation probability, the objective function value, and the price of robustness criterion.

Fig.1 shows the details of the research process adopted in this paper.

The rest of the paper is organized as follows. Section 2 discusses the background and related works in detail. The definition
of the proposed uncertainty set and the corresponding robust model are presented in Section 3. In Section 4, the proposed model
is validated by Monte-Carlo simulations, and the results of the performance evaluation metrics are presented. The paper
concludes with a summary of results and an outlook toward future investigations in section 5.
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Define a new uncertainty set and derive a linear robust model accordingly
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Design sample problems to evaluate the performance of the proposed model
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Compare the results of the proposed model with the existing methods using
different performance measures
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LITERATURE REVIEW

As mentioned earlier, in set-based robust optimization, how each robust counterpart model deals with the uncertainty of the
input data depends on the uncertainty set on which the model is based. So far, several uncertainty sets have been proposed for
addressing data uncertainty. In the following, we review the most prominent ones. Consider the general form of an uncertain
linear problem, which can be described as follows:

max uly
subject to

Ry<vw

e<y<d

1)

Here R,,., is a rectangular matrix representing the actual values of the constraint coefficients, v,,,; is a column vector
representing the right-hand side, u,, is a column vector representing the objective function coefficients, y,,., is a column
vector representing the variables, e,,, and d,, are column vectors representing the lower and upper bounds of variables
respectively, and the superscript T stands for transpose.

In model (1), it is assumed that uncertainty exists only on the left-hand side of the constraints. Note that if the objective
uncertainty or right-hand side uncertainty exists in the problem, (1) can be reformulated as (2) so that the uncertainty reappears
only on the left-hand side of the constraints [32]:

max X
subject to

x—%'y<0

yoU+ Ry <0 )

Yo=-—1

e<y<d
Each entry 7;; of the matrix R in (1) denotes the actual value of the coefficient and is defined by fiyj = 1y + &;fij, where 7;
indicates the nominal value of the coefficient, 7;; represents the maximum positive perturbation, and §;; is the perturbation

variable that has an unknown but symmetric distribution and varies in the interval [—1, 1].
The robust formulation proposed by Soyster [25] was one of the earliest works in robust optimization. Soyster proposed
the following robust model for (1):
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max uly
subject to

Z rijyj + Z f'L]W] < Vi Vi (3)

j JET;
—Wij]'SWj V]ETi
e<y<d

w=0

Soyster’s model allows all the perturbation variables (i.e., §;;S) to vary in the interval [—1, 1]; therefore, the solution obtained
remains feasible for every possible value of the uncertain coefficients. It should be noted that there is an inverse relationship
between the robustness of a solution and its quality. Thus, though Soyster’s approach ensures the robustness of the solution, it
is too conservative and significantly decreases the solution quality.

Ben-Tal and Nemirovski [28] argued that it is unlikely that all uncertain coefficients have their extreme simultaneously.
Thus, to decrease the over-conservatism of Soyster’s approach, they tried to improve the solution’s quality by slightly reducing
the size of the uncertainty set. To this end, they defined an ellipsoidal set in the uncertain space, which is formulated as follows:

Where T; indicates the index set of the uncertain coefficients of i*" constraint, and ; is a parameter that is used to adjust the

size of the uncertainty set (it should be noted that Q; < (ITiI)l/Z, where |T;| is the number of elements in the set T;).
Based on the ellipsoidal uncertainty set, Ben-Tal and Nemirovski proposed the following robust formulation for (1):

max u’y
subject to
2 i
ZTLJy] + z f'l]W” +Ql Z(ﬁ]tu) < v; Vi 5
J JET; JET; ®)
_Wij < y] — tij < Wij Vl,V] € Ti
e<y<d
W=0

In the above model, the robustness of the solution can be controlled by changing the value of the parameter Q. It is worth noting
that the ellipsoidal-based robust formulation is a nonlinear programming problem. Nonlinear programming problems are
inherently more challenging to solve than linear ones; therefore, a linear formulation would be more desirable for any practical
problem.

As already mentioned, the main drawback of the ellipsoidal uncertainty set is that the corresponding robust formulation is
nonlinear. To overcome this problem, Bertsimas and Sim [32] defined a new set in the uncertain space such that the
corresponding robust counterpart model is linear. In addition, the level of the solution’s robustness can also be adjusted using
a budget parameter. The polyhedral uncertainty set defined by Bertsimas and Sim is formulated as follows:

U={f=r;+&; ;| Tjer|é;| <T Vi, |&;] <1 Vi,vjeT}  (6)

Where T; indicates the index set of the uncertain coefficients of the it" constraint, and I; represents a parameter used to adjust
the size of the uncertainty set (note that I; < |T;|, where |T;| represents the number of elements in the set T;). Based on the

above set, Bertsimas and Sim derived the following robust counterpart model for (1):
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max uly
subject to
Zrijyj+2pij+FiQi Svi Vi
Jj JET;
Qi + pij > fl]W] Vl,V] € Ti 7
s @)
—W; < Vi < w; Vj
e<y<d
Q=0 Vi
pUZO Vi,Vj eT;

In model (7), parameter T adjusts the solution’s robustness. That is, the larger the value of T is, the more robust the solution is,
and vice versa. Li et al. [1] further defined an adjustable-box set in the uncertain space as follows:

U={fj=mnj+&f||&| < VvivjeT} ®

Where T; represents the index set of the uncertain coefficients of the i*" constraint, and ¥; indicates a parameter that is used to
adjust the size of the uncertainty set (note that 0 < W; < 1). For each constraint i, the box uncertainty set covers all perturbation
variables that vary in the interval [—¥;, ¥;]. The corresponding robust formulation, under the adjustable box set, is as follows:

max u’y
subject to

j JET;
—wW; Sy S w Vi ET;
e<y<d
w=0

Li et al. [1] also introduced several other uncertainty sets (i.e., pure polyhedral; pure ellipsoidal; and combined polyhedral,

ellipsoidal, and interval set), which are discussed below.
The mathematical formulation of the pure polyhedral uncertainty set is as follows:

U={fj=nr;+&1 |Zjeri|fij| <L vi} (10)

It should be noted that the pure polyhedral set is not suitable for a problem with bounded uncertainty. Because the corresponding
robust model either provides the same solution as Bertsimas’s approach or gives a conservative solution that is also robust to
perturbations outside the uncertain space. Hence, the pure polyhedral set is suitable for situations where uncertainty is

unbounded. The robust model based on the pure polyhedral set is shown below.

max uly
subject to

Zruyj + FiQi < v; Vi

j
e<y<d
Q>0 Vi
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Li et al. [1] defined the pure ellipsoidal uncertainty set as follows:
U={fy=1+8& | Zjer, &5 < Vi) (12)
Note that, like the previous set, the pure ellipsoidal set is not also suitable for a case where uncertainty is bounded. Because the
corresponding robust model either provides the same solution as Ben-Tal’s approach or gives a conservative solution that is
also robust to perturbations outside the uncertain space. The robust model based on the pure ellipsoidal set is mathematically
formulated as follows:

max u'y
subject to

n 2 .
Zrl]y] + Qi Z(Tuyj) < v; Vi (13)
J JET;

es<y<d
Li et al. [1] also defined a combined set in the uncertain space, which is formulated as follows:

U={fy=1+8&; | Zjer, &5 S O Vi, Tjer, |6y ST Vi |&y| <1 VivjeT, }  (14)

They derived the following robust model based on the above set:

max uly
subject to
2 .

Zrijyj+2pij+FiQi+Qi Z(ﬁjwu) < Vi
j JET; JET;
—Dij < tij < Dij Vi,Vj ET; (15)
—Z; < f.ljyj_tl]_wl] SZ,: Vl,VJETl

e<y<d

Wl']'ZO Vi,VjETi

Q; =0 Vi

Z; =0 Vi

bij >0 Vi,Vj S Ti

It is worth noting that (15) is a nonlinear optimization problem. As we know, nonlinear problems are inherently more
challenging to solve than linear ones. In the sequel, we review the robust models derived based on the assumption that uncertain
coefficients are correlated. One of the earliest studies to derive robust formulations for problems with uncertain correlated
parameters was conducted by Bertsimas and Sim [32]. They assumed that there were several known sources of uncertainty that
impacted all the input data. In other words, they considered the uncertainty model as follows:

=15+ Z fwhyj VjET; (16)

ueu;

Where U; is the set of uncertainty sources that impact the data in row i, and 7j;, is a variable with an unknown symmetric
distribution that varies in the interval [—1, 1]. Under the above definition of uncertainty, Bertsimas and Sim presented the
following robust model:
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max uly
subject to

Zrijyj + Z tiu + FiZi < v; Vi

J ueu;
Zj + tiu = Xiy Vi,Vu € UL'

—Xiy < Z hyjyj < xiy, Vi,Vu € U; a7
JET;
e<y<d
Xp =0 Vi,Vu€eU;
Z; >0 Vi

tiu =0 Vl, Yu € Ui

As mentioned earlier, one of the main limitations of the above approach is that it is difficult to identify all the possible sources
of uncertainty that impact the data. To overcome this drawback, another class of models has been proposed in the literature.
Two key assumptions underpin these models. First, uncertainty sources are unknown; second, a correlation/covariance matrix
of uncertain parameters is available. The research conducted by Pachamanova [34] was one of the earliest studies based on
these assumptions. Pachamanova defined the uncertainty set as follows:

U={R |||z (vec(R) - vee(R))| <} (18)

Where R is the matrix of actual values of the parameters, R indicates the matrix of expected values of the parameters, X indicates
the covariance matrix of the uncertain parameters, and finally Vec(R) and Vec(R) indicate column vectors that are produced
by stacking the rows of R and R on top of one another, respectively. Pachamanova then derived the following robust model

accordingly:
max u’y
subject to

Y Vec(R) +ul.T <wv; Vi
. 1 19

ul.eT >232Y, Vi (19
X 1

ut.eT = -x2Y, Vi

u' >0 vi

Where e, n)x1 is a vector of one, and (Y;) (m.n)x1 represents a vector includes y in entries (i.n —n + 1) through (i.n), and 0

in all other places. The robust formulation of Jalilvand-Nejad et al. [35] is another model based on the availability of the
correlation matrix of uncertain parameters and the unknown sources of uncertainty. They defined the uncertainty set as follows:

U= {fij =1+ & Py | |&ij] + Dhw [(1 - (%) |pijk|) |fik|] <L ViVvje Ti} (20)

Where p; ;. indicates the correlation coefficient between the uncertain parameters 7;; and ;. Jalilvand-Nejad et al. then derived
the following robust model by incorporating the correlation matrix in the definition of the uncertainty set:
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max uly
subject to

Zruy]+21" pU+ZZUSvl Vi

pl] + z [(1 - (—) |pl]k|) pzk] = rl] x] Vi, Vj € Ti (21)

k#j
e< y <d
2 = 0 Vi, Vj
pij = Vi, Vj

Daneshvari and Shafaei [36] further defined another set in the uncertain space based on the correlation matrix of uncertain
parameters. In particular, they considered the uncertainty set as follows:

I Z |fij|(1—.3Fi—(2—2|Pijk|)(1—ﬁ))2

U= fi-=ri-+fi-f'i-| ki (22)
Ik D Z(2|pijk| - 1) (|fik|—Bri—(l—ﬁ)(Z—zhoijkl))' Vi'V]'J

k=)

Where p; ;, indicates the correlation coefficient between the uncertain parameters 7;; and 7, I'; adjusts the solution’s robustness,

and B represents the risk aversion of the decision-maker that varies in the interval [0, 1]. They then derived the following robust
model accordingly:

max uly
subject to
Zruy] +22|puk| (ﬁr + (1 _ﬁ)|1 pl]kl)Ml] +ZNU +ZF pl] < Vi Vi
j k#j
Z(ﬂri —1+ (1= B)|1 = pye| )My + piy +
k#j
n—1T; .
Z (1 B (n - 1) |pijk|>pik - z|puk|Mzk +Nij 2 iy x5 Vi V] (23)
k#j k#j
e<y<d
—Xj < 3’1 < Xj V]
M;; 20 vj,j
N; =20 vj,j
pl] Z 0 v]!]

In the next section, first, a new uncertainty set is defined in the uncertain space. Then a new robust formulation for linear
problems with independent uncertain parameters is derived accordingly.
THE PROPOSED APPROACH

In this section, we derive a new robust model for a linear optimization problem with independent uncertain parameters. The
proposed model could improve the quality of the solution without much impact on its robustness. The details are discussed
below.

e Definition of the new uncertainty set
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As mentioned earlier, it is unlikely that all the uncertain parameters of a problem have their extreme values simultaneously. In
other words, there are some points in the uncertainty space with a low probability of occurring that their coverage by the
uncertainty set results in over-conservatism. Therefore, to decrease over-conservatism, the new uncertainty set is defined based
on a pairwise comparison of perturbation variables. In particular, the proposed uncertainty set is formulated as follows:

U= {7:1] = T'i]' + fl} ‘Pl] | |€ik| + |fi5| < Gi Vi,VS,k € Ti s< k, |fl]| <1 Vl,V] € Tl} (24)
Where T; indicates the index set of the uncertain parameters of the it* constraint, and 6; is a parameter used to adjust the size

of the uncertainty set (note that 0 < 8; < 2). The boundaries of the proposed uncertainty set are determined by the following
constraints:

ik —¢is < 0; Vi,Vs,keT; s<k

_fik+§is SHL Vi,VS,kETi s<k

S T &< 06; Vi,Vs,keT; s<k (25)
i — s < 6; Vi,Vs,keT; s<k

€] <1 Vi,Vj €T,

Defining the uncertainty set, as described above, removes the perturbation vectors with a low probability of occurrence from
the uncertainty set. Hence, the quality of the solution could be improved without much impact on robustness. Note that if there
are only two uncertain parameters in a row, the newly defined set and the polyhedral set are identical.

I1. The proposed model

Here, we derive a robust linear formulation based on the defined uncertainty set for (1). To this end, we first derive a robust
nonlinear formulation for the problem and then present an equivalent linear model. Consider the general form of an uncertain
linear programming problem in (1). By defining the uncertainty with #; = r;; +&; #; the i*® constraint of (1) can be
reformulated as follows:

z Ty Y+ Z(Tij + & 7i)yj < v (26)

JET; JET;

Since in the robust counterpart optimization technique under a predefined uncertainty set, we are willing to find a solution that
guarantees feasibility for every realization of the uncertain parameters in the uncertainty set, so the robust counterpart
formulation related to the constraint (26) could be defined as follows:

Zrijyj + max Z STy || < v (27)

J JET;
Consequently, the robust counterpart formulation for model (1) is derived as shown below:

max uly
subject to

28
ZIfijlfi,-|y,-| <v, vi &

Z 1y + max .
: {6 1€l +IEs1<0; Vs keT; s<k|éy|<1 vjeT ) &

j
e<y<d

Since the above robust counterpart model is a nonlinear programming problem, we derive an equivalent linear model for it
using the following theorem.

Theorem: The robust nonlinear optimization model in (28) can be equivalently recast as the following linear programming
problem:
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max uly
subject to

n n-1 n n

Zﬁj)’j + Z Z 0;Mis. + Z Qij=v Vi

j=1 s=1 k=s+1 j=1

n

z My + Qi 2 Ty wy Vi
k=2
n-1 (29)
z Misn + Qin 2 fin Wn Vi
s=1
j-1 n
ZM,:S]' + Z Mijk + Ql] = 'P” W] Vl,V] ] * l,n
s=1 k=j+1
e<y<d
—Ww; < yj < w; V]
Misk =0 Vi,VS,k s<k
Q=0 Vi, j

Proof: Let Y* denote the optimal solution of model (28), then the protection function of the it* constraint is defined as follows:

0; (Y*' 91) =

yi (30)

max . Z 165 7
(i ISl +18:51<6: VskeT; s<k|s;|<1 vjeTy) =
Where it can be recast as the nonlinear optimization problem in (31):

o (Y",0,) = maxz 1€ 7 |7 ]

JET;
subject to (31
[$is| + 1Sl <0; Vs,k€K; s<k
€] <1 VjET,

Model (31) can also be transformed into the following linear programming problem by introducing new variables P;; = |EU|:

0;(Y*,0;) = max z Py 1y |yj*| (32)
J€T;
subject to
Py + Py, < 6; Vs,keT, s<k (33)
0<p;<1 VjET, (34)

For simplicity and without loss of generality, from here on, we assume that all the coefficients are subject to uncertainty. It
should be noted that if some of the coefficients have deterministic values, we can consider them uncertain parameters with a
maximum positive perturbation equal to zero.

Let M, and Q;; be the dual variables corresponding to constraints (33) and (34), respectively, then the dual formulation of the
sub-problem (32)-(34) is as follows:
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n-1 n n
min ), 0, Ot ), Qy
s=1 k=s+1 j=1
subject to

n
Z My + Qi = 74 [yl
k=2
n-—1

Z Misn + Qin = 7,’:in |y;{|
s=1

j-1 n
Z M;s; + Z Miji + Qij = 7y
s=1

k=j+1

(35)

yi| Vi j#Ln
MiSkZO VS,k s<k
Qij=0 vj

If the primal sub-problem in (32)-(34) has feasible solutions and a bounded objective function (and so has an optimal solution),
then so does the dual problem (35). Therefore, according to the strong duality theorem, the objective functions of these two
problems are equal. Consequently, we can obtain our desired result by substituting o;(Y*, 8;) in (28) with the dual problem
(35). In general, the proposed model could find superior solutions in terms of the violation probability and the objective
function’s value. In the following, numerical studies are conducted to evaluate the performance of the proposed model.

NUMERICAL RESULTS

In this section, we consider a production-mix problem with left-hand side uncertainty to assess the performance of the new
robust model. The problem is described below.

I. Production planning problem with uncertain coefficients

Consider a production-mix problem in which it is aimed to decide on the production quantity of P different products during a
mid-term scheduling horizon. It is assumed that there are K different machines, and each machine has a certain capacity (i.e.,
the number of hours of processing time) available per period. It is also assumed that the processing time of each product on
each machine is uncertain. The goal of the problem is to determine the mix of production quantities that maximizes profit while
respecting the limited capacity of each machine. This uncertain production-mix problem is formulated as follows:

P
max Zu}y}
j=1
suk;]ect to (36)
z El}y} < V; i= 1,2, ,K
=1
ijO j=12,..,P

Where u; denotes the unit profit for product j, £;; denotes the actual value of processing time on machine i per unit of product
J» v; indicates processing time available per period on machine i, and y; represents the decision variable.

Note that problem (36) is identical to the one utilized by Jalilvand-Nejad et al. [35], with the difference that the uncertain
coefficients in this problem are assumed to be uncorrelated. In the following, we use this problem to study the performance of
the newly derived robust formulation. To do this, we consider 8 sample problems. Table 1 shows the details of the sample
problems. In these problems, the expected values of processing times and the objective function coefficients are randomly
generated from uniform distributions with a range of [20,29] and [50, 79], respectively.
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It is also assumed that the available time for each machine is equal to 1500 hours, and the actual values of the processing
times have a maximum of 10% perturbation around their nominal values. The same level of protection is applied to all the
constraints.

TABLE 1
SAMPLE-PROBLEM DETAILS

Problem number 1 2 3 4 5 6 7 8

No. of machine 3 5 4 4 3 10 5 10

No. of product 10 10 15 20 30 10 30 20

No. of UP* 30 50 60 80 90 100 150 200
*Uncertain Parameter

I1. Performance evaluation of the proposed approach

In this section, the performance of the proposed formulation is evaluated using various performance metrics. For this purpose,
first, different robust formulations corresponding to each sample problem are solved at different protection levels. Then, the
simulation model is repeated 10,000 times to calculate the violation probability of each solution obtained. The results are then
used to compare the proposed formulation with three other widely used methods. These methods include robust formulations
based on the polyhedral, ellipsoidal, and box uncertainty sets.

It is worth noting that linear formulations were solved using the CPLEX solver, and nonlinear formulations were solved
using the MOSEK solver of GAMS 24.8 software. The actual values of the uncertain parameters in the Monte-Carlo simulation
model are also produced using the following formula:

xi(r) = x:(0) + 15 (1) (37)

Where y;(r) indicates the it" random value produced corresponding to the " uncertain parameter, y;(0) is a random seed,
and ¢;(r) indicates the noise factor. The value of the multiplier x in the above formula determines the degree of correlation
among the y; (r)s, where k, = 0.8 results in a correlation matrix whose components vary in the range of (0, 0.06).

Fig. 2 and Fig. 3 show the objective function values and the violation probabilities for solutions obtained from the different
robust formulations at different protection levels, respectively. The results in Fig. 2 and Fig. 3, demonstrate how the objective
function value and violation probability of different robust formulations change with respect to the corresponding adjustable
parameters. However, to compare the performance of the four robust counterpart models studied,

Fig. 4 shows changes in the objective function values and violation probabilities at different protection levels
simultaneously. In other words, Fig. 4 shows the results related to the performance of different robust counterpart models at
different protection levels. Note that the X-axis indicates the objective function value, and the Y-axis shows the violation
probability.

As can be seen in Fig 4, both the objective function value and violation probability increase with a decrease in protection
level. The results in Fig. 4 also show that the proposed model provides solutions with a superior objective value and a lower
violation probability than those of the other three models.

In the sequel, we compare the proposed formulation with the other three models in terms of another metric, the price of
robustness, presented by Bertsimas and Sim [32]. This measure offers a trade-off between the quality of the solution and its
robustness.

Let Fp,; denote the objective function value for the solution obtained from the deterministic model, Fy,;, denotes the
objective function value for the solution obtained from the robust counterpart model corresponding to a certain level of
protection, and PoR stands for the price of robustness criterion. The value of PoR is then computed as follows:

Fper — F
PoR = 2£ R » 100 (38)
Det

It is worth noting that at a certain level of protection, a model that can provide solutions with a lower price of robustness
is preferred to the other models. Here, the PoR values for 0.99-protected solutions of the proposed formulation are compared
to those of the other three models. The results are given in Table 2. The corresponding plots are also shown in Fig. 5. Note that,
here, a solution is considered a-protected solution if it is the best solution that has a violation probability less than (1 — a).
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TABLE 2
THE POR VALUES (o = 0.99)
Problem .
number Box Ellipsoidal Polyhedral Proposed
1 8.583% 7.321% 9.032% 6.905%
2 7.621% 7.475% 7.518% 7.357%
3 6.906% 6.897% 6.937% 6.894%
4 7.384% 7.379% 8.538% 7.005%
5 8.481% 7.074% 7.211% 7.058%
6 7.861% 6.861% 6.879% 6.860%
7 7.516% 7.443% 8.359% 7.443%
8 6.988% 6.587% 7.435% 6.565%
=0.99
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FIGURE 5

THE POR VALUES FOR DIFFERENT ROBUST FORMULATIONS

As it is evident from Table 2 and Fig. 5, the performance of the newly derived robust model is better than that of the other three
models, and it provides solutions with a lower PoR value.

CONCLUSIONS

This paper provided a robust formulation for uncertain linear problems using a new uncertainty set defined based on a pairwise
comparison of perturbation variables. The definition of the uncertainty set based on the pairwise comparison of perturbation
variables makes it possible to obtain high-quality solutions with a slight decrease in robustness (due to eliminating the
perturbation vectors with a low probability of occurrence). The performance of the proposed method was studied by solving
several uncertain sample problems at different protection levels. Monte-Carlo simulations were also performed to calculate the
violation probability of each solution obtained from the robust models studied. The simulation results showed that the proposed
model outperforms the other three studied robust formulations in terms of the violation probability and the objective function
value. In other words, the results demonstrated that the proposed method provides solutions with a better objective value and a
lower probability of violation than the other three models. To further investigate the performance of the proposed method, the
price of robustness was used as a performance metric. According to this metric, a model with a lower price of robustness is
more desirable because a lower value for this metric means a better objective value at a certain protection level. Comparing the
proposed model with the other three formulations showed the superiority of the proposed approach in providing solutions with
a lower price of robustness. Therefore, the proposed approach can be used as an efficient tool to solve different uncertain
problems in various fields. The authors are currently working on robust formulations to derive offering curves for the
participation of power plants in the restructured electricity markets.
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