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Abstract

In this article we consider the averaging method for differential inclusions with
fuzzy right-hand side for the case when the limit of a method of an average does not
exist.
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1. Introduction

One possibility of modeling uncertainty in a dynamical system is to replace
functions in the problem

%(t) = f (t,x(1), x(0)=x, €R" (1.1)

by set-valued functions [12,13,19]. This leads to the following (generalized)
initial value problem

%(t) e F(t,x(t), x(0)=x, € R", (1.2)

where F is a set-valued function [3,7,18].
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A reasonable generalization of "set-valued" modeling, which takes aspects of
gradedness into account, is the replacement of sets by fuzzy sets, i.e. (1.2)
becomes the fuzzy initial value problem

X(t) € F(t,x(t)), x(0)=x, E", (1.3)

with a fuzzy function F [1,2,5,6,8,11].

As it is known, for usual differential inclusions the average method is well
justified [15]. Therefore we in the given paper will justify a possibility of
application of a method of an average for differential inclusions with a fuzzy
right-hand side.

2. Preliminaries

Let conv(R") be the family of all nonempty compact convex subsets of R" with
the Hausdorff metric

a—b|, maxmin
beB acA

h(A,B) = maximaxmin a-b| }

acA beB

where |||| denotes the usual Euclidean norm in R".

Let E" be the family of mappings x:R" — [O,l] satisfying the following
conditions:

1) x is normal, i.e. there exists an &, € R" such that x(&,)=1;

2) x is fuzzy convex, i.e. x(A& +(1—-A)¢)=>min {x(&),x(c)} whenever &,¢eR"
and 1e[0];

3) x is upper semicontinuous, i.e. for any &, € R" and & >0 exists 5(§O,g)>0
such that

(&)< x(&)+e whenever [¢—& <8, £eR";
4) the closure of the set cl{£ e R": x(£)> 0} is compact.
Let O be the fuzzy mapping defined by 0(£)=0 if £=0 and 0(0)=1.

Definition 2.1. The set {y eR":x(y)>a } is called the « -level [x]* of a mapping
xe E" for 0<a <1. The closure of the set {ye R": x(y)>0} is called the O -
level [x]° of a mapping xe E".

Theorem 2.1. [14] If xe E" then
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1) [x]* e conv(R") for all 0<a <1;
2) [x]? c[x]" forall 0< e, <@, <1;

3) if {& }c[01] is a nondecreasing sequence converging to « >0, then

b = ()b

k>1

Conversely, if {A"‘ 0<a< 1} is the family of subsets of R" satisfying the
conditions 1) - 3) then there exists x e E" such that [x]* = A“ for 0<a <1 and
[x] = A" c A°.

O<a<l

Define  the  metric D:E"xE" >R, by the  equation

D(x,y)= sup h{[x]" [y}").
ae[O,l]

Using the results of [17], we know that
Q) (E”, D) is a complete metric space,
(2) D(x+2z,y+2)=D(x,y) forall x,y,zeE",
(3) D(kxky)=|k|D(x,y) forall x,yeE", keR.

Let I beanintervalin R.

Definition 2.2. A mapping f:1 —>E" is called continuous at point t, €|
provided for any &> 0 there exists & >0 such that D(f(t), f(t,))<& whenever
t—to|<5,tel. A mapping f:1 —>E" is called continuous on | if it is
continuous at every point t, I .

Definition 2.3. [14] A mapping f :1 — E" is called measurable on | if for any
a €[0,1] the multivalued mapping f(t)=[f (t)]" is Lebesgue measurable.

Definition 2.4. [14] A mapping f :1 — E" is called integrably bounded on | if
there exists a Lebesgue integrable function k(t) such that |x|<k(t) for all
xe fy(t) tel.
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Definition 2 5. [14] An element g € E" is called an integral of f:1 —»E" over
I |f g] = _[f dt for any « e (0,1], where ( jf t)dt $(A) is the Aumann

integral [4].

Theorem 2.2. [14] If a mapping f :1 — E" is measurable and integrably bounded
then f isintegrable over | .

Now, consider the Cauchy problem with small parameter
xee®(t,x), x(0)=x,, (2.1)
where &> 0 is a small parameter, ®: R, xR" — E" is a fuzzy mapping, x, € E".

We interpret [2,5,6] the equation (2.1) as a family of differential inclusions

x, es®,(t,x,(t))= [, x, Q)] x¢ <[x ] (2.2)

where the subscript « indicates that the « -level set of a fuzzy set is involved (the
system (2.2) can only have any significance as a replacement for (2.1) if the
solutions generate fuzzy sets (fuzzy R-solution) [8]).

In the articles [9] associate with the inclusion (2.1) the following averaged
differential inclusion

yeed(y), Yy(0)=x, (2.3)
where TllLrO]O D( %l t, X dtJ 0. (2.4)

Here the integral of the fuzzy mapping is understood in sense [14].

3. Main Result

In this article we consider the case when the limit (2.4) does not exist but there
exist fuzzy mappings @, ®":R" — E" such that

lim ,B( %} t X dtj (3.2)

T—w
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Tlmﬂ(%h(t,x)dt,@*(x)]:o, (3.2)

0

where f(-+) is the semideviation of the elements in the sense of fuzzy metric:

B(A,B)=sup sup

ael01] ae[A]

inf a—b].
be[BJ*

Along with the differential inclusion (2.1) we will consider the following
differential inclusions:

X ecd (x7), x(0)=x,, (3.3)
X' esd (x), x"(0)=x,. (3.4)

Theorem 3.1. Let in the domain Q={(t,x)|te R,,xeGcE" } the following
hold:

1) the fuzzy mapping ®(t,x) is uniformly bounded with constant M,
measurable in t, satisfies the Lipschitz condition in x with constant A ;

2) the fuzzy mapping @ (x) is uniformly bounded with constant M , satisfies the
Lipschitz condition in x with constant A ;

3) uniformly with respect to x in the domain G the limit (3.1) exists;

4) for any x,€G'cG and t>0 the R-solution of the inclusion (3.3) R™(t)
together with a o -neighborhood belong to the domain G .

Then for any 7€ (0,0] and L >0 there exists £°(7,L)>0 such that for
all £€(0,6°] and teo,Le?]

R™(t)=R()+$,0) (3.5)
where [SAn(O)]O =5,(0) forall  <[0,1].

Proof. Let a €[0,1] is arbitrary.  Divide the interval [O,Lg’l] on the partial

. . . L . — .
intervals with the points t, zl—, i=0,m, meN. Let x(t) be a solution of the
em

inclusion

x eed (x ), x(0)=x,. (3.6)
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Then there exists a measurable selector t(t)e [@~(x~(t))]" such that
X (t)=x" +gfu (e)dz, telt,t,,], x(0)=x,. (3.7)

Consider the following function

yl(t): yl(ti )+8ui (t _ti)’ te [ti v L ]' yl(o): Xo s (3.8)
where
gimu - tj a(t)dt ue[q)[r(lyilr(\ti i g—mu tj a(t)dt|. (3.9)

As in (3.9) the function being minimized is strongly convex and the set
_q)*(x*(ti ))]a is compact and convex then there exists the point u, .

Let &, :Hx‘(ti)—y (t, j‘ then for te[t; ,t., | we have
HX_ (t)_ yl(ti X‘ < HX_(t)_ X_(ti X‘_'_HX_(ti )_ yl(ti X‘S 5 +M (t -t ); (3.10)

h([d)’(x’(t))]" Jlo- (@)l )s A8, +eM (t-t,)]. (3.11)

From (3.9), (3.11) follow that

<h[ oG ))]adt,‘f[@(yl@ ))adt}

j dt—ju dt

t

<l (e 0 o (v )])m[a(.ﬂ >¥}

19

2
:,1{5_L+ L'M } (3.12)
em 2em?

Taking into account (3.7), (3.8) and (3.12) we get the following estimate:

2 2
5,+1<5+g/1{5i ML} ML, ( &jals

em 2em? 2m m
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s%%{@+%#}ﬂ—@sg%@“—ﬁ. (3.13)
As
t
e )-x @ )=e|[ar| <=,y O-yie )<
t;
so then using (3.13) we obtain
_ ML ML ML ML
Hx (t)—yl(t)”s e (eAL—1)=%(eM—+3). (3.14)

From the condition 2) of the theorem follows that for any 7, >0 there exists
g°(L,7,)> 0 such that for all £<¢° the inclusion holds

ti-¢-

o ) <7 [ o y'6)] de+s, ). (3.15)

[t

So there exists a measurable function u'(t)e [@(t, ' ))", t <[t t,.,] such that

7 i+l

X(t)=x"@t)+efut(t)dr, telt.t,], x(0)=x. (3.16)

Then from (3.15), (3.16) follows that
I ) -yt ) < Lo

AS

pe@-xtt )< s,

we obtain the following inequalities:

W%O—WGMSEZL+Lm, (3.17)
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h([cb(t, O o,y (t))f )s 4 r'\n’”‘ + AL, =2 L[% 4 771) . (3.18)

From the inequality (3.18) and the way of choosing the function u'(t) we
get

p(Xl(t), eloft, ) )s & L(% + nlj ,

where p(a,B)=minfa-b|, acR", B e conv(R").

According to [7] there exists such a solution x(t) of the inclusion (2.1) that

M ; M
t)-xi(t) <eal| — sAlt=r)g SL(— ) A_g). 3.19
HX() X(M & (m""?ll[e 2 m+771 (e ) (3.19)
From (3.14), (3.17), (3.19) follows that

Hx’(t)— x(t)” <3t + 5)% +Lnet.

Choosing m > (3e* +5)% and n, s%
n

, We get
elL

[R-@F <R +5,00)
Since a <[0,1] is arbitrary, we obtain R™(t)< R(t)+$(0). The theorem is
proved.

Theorem 3.2. Let in the domain Q the following hold:

1) the mapping <D(t,x) is uniformly bounded, measurable in t, satisfies the
Lipschitz condition in x;

2) the mapping CD*(X) is uniformly bounded, satisfies the Lipschitz condition in
X,

3) uniformly with respect to x in the domain G the limit (3.2) exists;
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4) for any x,€eG'cG and t>0 the R-solution of the inclusion (3.4) R™(t)
together with a o -neighborhood belong to the domain G .

Then for any 7<(0,0] and L>0 there exists £°(;7,L)>0 such that for
all £€(0,6°] and teo,Le]

R(t)=R*(t)+$,(0). (3.20)

The proof of the theorem is carried on similarly to the proof of the theorem 3.1.

Remark 3.1. In the capacity of the mappings @ (x) and ®*(x) one can use the
superior and inferior limit of the sequence of sets [10]:

lim D(E ) l'd)(t,x)dtJ:O, m{a )

T—w T—owo

.
1 L [o(t, x)t | =0.

T T3

The sets @ (x) and @ *(x) are the maximum and the minimum with respect to

the inclusion among the sets @~ (x) and ®*(x), that is for any ®(x) and ®*(x)
the inclusions hold

@ (x)c @ (x), @ “(x)c d*(x).

Remark 3.2. If the limit (2.4) exists then @ *(x)=® *(x)=®(x) and from
theorems 3.1, 3.2 the theorem [9] follows.

4. Conclusion

It is also possible to use the partial averaging of the differential inclusions with
fuzzy right-hand side, i.e. to average only some summands or factors. Such
variant of the averaging method also leads to the simplification of the initial
inclusion and happens to be useful when the average of some functions does not
exist or their presence in the system does not complicate its research.
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