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Abstract

Substantiation of the averaging method for differential equations with maxima is
presented. Two theorems on substantiates for differential equations with maxima are
established.
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1 Introduction. Substantiates theorems

In the papers [3], [5], [6], [10], the differential equations with maximums for the
mathematical simulation of some systems with automatic regulation are presented.
Application of the averaging method for differential equations with maximums has been
studied extensively by many researchers (see [1], [2], [4], [9], [10] and the references
therein). In the present paper two theorems on the justification of the averaging method
for differential equations with maxima are established.

The differential equation
X(t)=ef(t,x(t), max x(s)) (1)
selg(©).7(1)]
with maxima is considered. Here X R" is a phase vector, ¢ is a small parameter,
f :[0,00)xR"xR" — R" is n dimensional vector function, t >0, g(t) and y(t) are
known functions, 0 < g(t) < y(t) <t and
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max X(s)=[ max s),---, max X (s)].
selg (t).7(1)] s) (Se[g(t)’y(t)]&() selg(t).7(1)] ol ))

Here |[x| = max | x; |.
1

Note that if g(t) = y(t) =t—h, then (1) is a differential equation with constant delay and
if g(t)=y(t), then (1) is a differential equation with variable delay. Let us consider the
following averaged equation

SN g0
JO=21(y0._max y(o)) @

for the equation (1). Here

T

o y)=lim [ £@x y)at. ®
0

Theorem 1. In Q =[0,0)x Dx D, D < R" the following conditions hold:

1) f(t,x,y) isa continuous function on t and

|f % y)|<M, (4)

Iftxy)—f(t.% V)| <ADx-X0+0y-yL, (5)

2) g(t) and y(t) are evenly continuous functions and 0 < g(t) < y(t) <t;

3) the limit (3) exists evenly with respect to X, y;

4) the solution of the equation (2) at £€(0,g], t>0, y(0)e D" < D together
with its p —neighbourhood belongs to D.

Then for any 7 >0, L >0 there exists £°(;7,L) € (0,&,] such that the following
estimate holds:

[x® -y <mn, )
where X(t), y(t) are solutions of systems (1) and (2) accordingly, x(0) = y(0) € D".

Now, we consider the following partially averaged equation

y=eF Ly, max yes) )

se[g(t),y(1)]
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for the equation (1). Here

(i+1)T
F(t,y,z):{Fi(y,z):? I f(t,y,z)dt,te[iT,(i+1)T),i:0)],..}, (8)

iT

T is a constant. The step-averaging scheme of (7) for the system (1) will be used.

Theorem 2. Let the conditions (1) and (2) of the theorem 1 is fulfilled and also:

solution of the equation (7) at ¢ €(0,¢,], t>0 and y(0)e D" < D together
with its o —neighbourhood belongsto D .

Then for any L >0, there exist such C>0 and &°(L)e(0,] that the
following estimate is fulfilled:

%) - y(®)| <Ce, (9)

where Xx(t), y(t) are solutions of systems (1) and (7) accordingly, x(0) = y(0) € D".

2 Proofs of theorems 1 and 2

First, we will give the proof of theorem 1. Using the integral equations for (1) and (2), we
can write

() - y(®)| <

dr

t
gl
0

f(z.x(z), _max x(s))-f(z,y(r), max Y(S))‘

se[g(2),7 ()] se[g(2),7(7)]

+ =1+1° (10)

t
__ 0
of [ 1y pax o) 00, mex v(s) Jas

Note that:

S(t) = max () - y(s)|

is the uniform metric. Then, using this notation and (10), we get:

P gzj[nx(f) @+

max X(s)— max )| |ds <
selg(2).7(2)] ) selg(0),7 ()] Y )‘H
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264 8(r)dr. (11)
0

m-1
We consider t; =iA, i=0,1,....m, mA=Le ™" and [0,Le™*]=JIt;.t..].

i=0

Let te[t,.t,.,). Then, using the additive property of the integral, we get:

|O<Z<€‘ T|:f(2' v, se [9() ()]y( ))_f @), selg(z ))}/(( )]y( ))jldf
e[| 1(y(e_max y(s)- £2(y(e), max y(s)|de|=2 1,41, (12

t
Let us estimate I, and I, for all i, using the triangle inequality, we obtain:

<ol [ 1y, max yo)- 1), max y(o) |as

tisg

+gj

{;

f(z,y(2), . [gr(]?)y(( ) y(s) - (7, y(t ): [g(t)}/(t )

t| +1

+8I

§

fo(y(t), max y(s))-f°(y(r), max y(s))|dr=J"+J +JI>°. (13)

se[g(t).7 ()] sefg(z).7(7)]

From (2) and estimate (13) and (1), (2) assumptions of the theorem 1, we get:

J séd T |:||y(2’) y(t )” * [Q(T) 7(@)] y(S) B 56[9(t ) 7] y(S)H:| dr <
A I»r[ j. f (y(X) se [g(x) 7(x)] y(S))HdX i ngaX{ a)(y’ A) a)(g A) }:|



Iranian Journal of Optimization, Vol 2, Issue 1, Winter 2010 104

&2AM A(%+ max{ w(y,A), w(g,A) }j, (14)
where @(a,A) is a continuity modulus [11] of the function «(t) on the interval [0,0),
and o(a,A) = sup |a(t")—a(t’)].

t"—t'<A

Using the properties of the continuity modulus of the paper [8], we get:
k-1

J, < SiML[L+ max{a)(y,ij,a)(g,ij}j <
= 2em em em

M(%Jr max{(y,L), (g, L)}j+g/1MLmax{a)(y, L),o(g,L)}. (15)

Similarly to the way the estimate (15) was obtained, it can be proved that

< L (1
2 3® < AML[ﬁ—F(Eﬁ-Ej max{a)(y, L), (9, L)}j (16)

From assumption (3) of the theorem 1 it follows that there exists a decreasing
function @(t) — 0 such that

t—oo

<

ef| 1Y) max yE)- ). max ()]s

selg(t).7(t)] se[g(t).7(t)]

etot) < 7.0(%).
&

Therefore, for any 7, exists &,(77,) >0, such that for any &<gy(n,), the
following inequality holds:

tisg

[ f@y),_ max y(s)—fo(y(t), max y(s)dr

Jl<eg
: ! selg(t;).7(4)] selg(t).7 ()]

tI

If(T»Y(ti), max y(s))— f°(y(t), max y(s)dr

° sefg(t )7 ()] sefg(t ). (5)]

+e <2n. (17

From (4) it follows that
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<2 (18)

Using estimates (14)-(18), we get

1°<

2I\r:]IL [i%_ﬁtmaX{a)(% L), (g, L)}+l]

+25&MLmaX{a)(7/, L), (g, L)} +2mn, (&) =v(m,&). (19)

So, for t €[0, 7], we can write

[x@) - y®| < Zgﬂj S(s)ds +v(m,e) < Zgﬂ,j' S(s)ds +v(m,e). (20)

Then, using the definition of &(7), we get

o(r) = max Ox(s)—y(s)[(K Zgﬂj' o(s)ds+v(m,eg). (21)

Applying the Gronwall-Bellman lemma, we get

S(t) <v(m,g)e®*™ <v(m,g)e** <n.

Note that by appropriate choice of sufficiently large m and sufficiently small &, the
value v(m, &), can be made as small as possible.

Theorem 1 is proved.

Second, we will give the proof of theorem 2. It is similarly to proof of the theorem 1, only
in the estimate (14) A=t,,, —t, =T ,and A is not dependon ¢ .

So, from (14) it follows that

dr

J

k1 Gia
i=0

f(z,y(r), max y(s))-F(y(r), max y(S))‘

selg(z)r(7)] selg(z)r(7)]

< £IM (% + max{ o(y, A), (0. A) }j, 22)
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Similarly to the way the estimate (22) was obtained, it can be proved that

k-1 tisa

.Z:I f (y(r)’se[g?rz)i,)y((r)] y(s)-Fy(t), SE[m.?,)y((ti)] y(s))‘ de
< AML L+(l+ngax{w(y L).w(g.L)} | )
- 2m  (m =) OS5

Using (8), we get

[l ey, max y)-FO). max y(s) de=o

: selg(t).7(4)] selg(t).7 (t)]

&

J| ey, max vs)-Fy). max y(s)]de

h se[g (). (7)] se[g(7).7(z)]
k

<e2MT
From (23), (24) the inequality (9) holds. Theorem 2 is proved.

3 Conclusion

The theoretical results concerning of the averaging method for the differential
equation with maxima are presented. We have used two averaging schemes:
complete averaging scheme and step-averaging scheme. For the second scheme
the estimation of proximity of solutions are given and averaged systems are more
exact.
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