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INTRODUCTION
Bilevel programming problems are considered

as a class of optimization problems
for which the feasible set and/or the objective
function of the so-called leader's problem depend
on the set of solutions or the optimal value
function of another optimization problem called
the follower's problem. This type of mathematical
problems appears in many practical problems
dealing for instance with transportation planning
and management problems (Migdalas, 1995; Yin,
2002), medical engineering (Eichfelder, 2010)
and optimal allocation of water resources (Ahmad
et al. 2018). For more applications and details
about bilevel programming problems, one can see
for example (Bard, 2013; Dempe, 2002; Dempe
et al. 2015; Shimizu et al. 2012; Floudas &
Pardalos, 2009; Colson, 2007). In the bilevel
programming framework, when the leader's
problem contains the optimal value function of
the follower's problem in its objective and/or
constraint functions then it is called bilevel
programming problem with extremal value
function. Shimizu and Ishizuka (Shimizu &
Ishizuka, 1985) studied bilevel programming
problems with extremal value functions and
derived necessary conditions by means of the
directional derivatives. Aboussoror and Adly
(2011)  considered a bilevel nonlinear
optimization problem with an extremal value
function and obtained necessary and sufficient
optimality conditions under constraint quali
cations and via the Fenchel-Lagrange duality
approach. Recently, Wang and Zhang (2015)
have introduced and studied a bilevel
multiobjective programming problem with an
extremal value function. For obtaining the
optimality conditions of the latter problem, the
authors have extended the approach in Abiussoror
& Adly, (2011) by applying the duality scheme
described in (Bot et al. 2007) under a generalized

Slater-type constraint qualification.
Fractional programming was investigated
extensively in the literature due to its importance
in  modelling numerous problems with
applications for example 1in economic,
management science, information theory,
stochastic programming, electric power system,
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etc (see Stancu-Minasian, 2012; Thibault, 1995
and the references therein). To the best of our
knowledge, there is no paper integrates fractional
programming with the class of bilevel
programming problems with extremal value
function. Therefore, the aim of this paper is to
consider a bilevel programming problem more
general than those in (Aboussoror & Adly, 2011;
Wang & Zhang, 2015) which is a bilevel
multiobjective fractional programming problem

ATDY o i filz,v(z))  folzo(z)y
(BMFP) \_mm{(glﬂ‘r.t'(‘r')J'"" g,rj,(.r.z'(.r])) 1T E A}

where A={zecAd:h(z.v(r))e-K}#0v(z) {5 the optimal
value function of the following problem
parametrized by x

(FP.) min{f(x,y):y € B}.

Herein, A is a nonempty subset of R™ closed and
convex, B is a nonempty
subset of R ¢ compact and convex, K® is a
nonempty closed convex cone of R®

f:R"xRY 5 R, h: R™H o R¥U{4o0p:}
and

fi,gi R SR i=1,...p.
Besides, by adopting an approach completely di
erent to that in Aboussoror & Adly, 2011; Wang
& Zhang, 2015, the optimality conditions
characterizing (properly, weakly) e cient
solutions of (BMFP) will be obtained without
constraint quali cations and in terms of sequences
in exact subdi erentials at some nearby points.
More precisely, these optimality conditions will
be established via sequential calculus rules for the
Brendsted-Rockafellar subdi erential of the sum
and the multi-composition of convex functions. It
1s worth noting that these sequential calculus rules
were initiated and developed by Thibault (1995,
1997) for the Brondsted-Rockafellar subdi
erential of the sum and the composition of two
convex functions in order to overcome the
drawbacks of constraint quali cations.

The paper is organized as follows. In Section 2,
we present some basic de nitions, notations and
results which will be used throughout the paper.
In Section 3, we provide without constraint quali
cations a sequential formula for the subdi erential
of nite sums involving composed and multi-
composed functions under convexity and lower
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semicontinuity hypotheses. In Section 4, we
derive sequential optimality conditions for
(properly, weakly) efficient solutions of the
problem (BMFP) without constraint
qualifications.
PRELIMINARIES

Symmetry in this section, we recall some basic
de nitions and present some preliminary results
which are needed in succeeding sections. We
denote by R* the nonneg - ative orthant of R ™ the
m-dimensional Euclidean space. For

T .= (.I‘l.. ...--.T'm) and ¥ = (Y1 eees Ym) in R™ , the
inner product of x and y is denoted by

m —_— . . .
(r,y) = izt Tili while the norm of x is given

by l#lem = V2 Fyrther, we understand by
I” Jlgm .r

n=t-c0 that the sequence
Ty = T s ey ‘mn) fneN © R™
fon = (1, mn) IneN converges to
T = (T1, e ) € R™ in (R™, [|.]|gm ).

For a nonempty subset <! < ®™ by int (A) we will
denote the topological interior of A. Let m & R™
be a nonempty convex cone with ¥ € %m: then the

dual cone of K™ is given by
T . * mo. #* Y > (. T € ~ i
K ={c*eR™: (z",x) =0, Va C_I\,,,}" OnR™, we

» < :
consider the partial order =%~ induced by
the convex cone Km which is defined by

TSk, Yy = y—zeckK,, r,ycR".

Wlth I'espect to =Km
RF“L_J{—’_IJC_:_?H}

, the augmented set

. . +oogm
is considered where -~ ©

is an abstract element verifying the following
operations and conventions:

T g.r\_-m +o0Rm, T+ (+’x’_,_:_m } = {Jr’)(,'_:_m ] +x = +o0gm,

(.F‘*. +’)C:.:_m) = +0C

all (z*,x) € K, and all
acR,. Let f:R™" = R:= IFEL_J{:I:x}be a
real valued function. Then f is called proper if its

effiective domain dom
f={zeR™: f(z) e R} #0and f(x) > —oc for all

x (R™ U {+oorm })

r€R™ and it is called convex if
fltz+(=-t)y) < tf(x)+(1-Ofy) ¢, a1

z,y € R™ and £ € 01 The function f is called
lower semicontinuous if its epigraph epi
f=A{(xr) eR"xR: f(z) <} is a closed subset

of Rm_"_ R. " Furthermore, the function
f:R™ =R s called Km-nondecreasing if for all
r.y €R™ vZk,y = flz) < [f(y)

The function /™~ * " = R defined by

fA(x*) =sup{{z*,z) — f(z) :z e R}, z* e R,

is called the conjugate function off. We have the
so-called Young-Fenchel inequality

(@) + f(a) 2 (x*,z), V(z,2*) € R™ x R™.

The subdifferential of fat *  dom fis defined by

Af (@) :={a* e R™: f(z) = f(T) + (", — T), Vo € R™}.

It is easy to prove that

Af(T) = {z* eR™: f*(z*) + f(F) = (a".T)}.
Let A be a nonempty subset of R™ , then the

N “ T ™
indicator function 04 :R™ =R

0, ifxe A,
dalx) =

400, otherwise,

One can prove that if 9 - R? — R* U {+oor:} ig

Ks-convex and (Kq. Ky)- nondecreasing on

R 5 RTU {—l—’JCp_r;

domg and " I is Kq-convex

with h(domh) C d;nng.

Let us consider the following multiobjective
optimization problem

(MOP) v-min {}'(.r} = (Fy(z)... Fplz)) :z € .4}

where A is a nonempty subset of

R™, F : R™ — RP U {+o0ms } N .
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propervector valued function and R? is partially
ordered by B The following definitions can be
found in [19].

Definition 1. A point © € 47 4o™m7 5 said to be -

efficient solution of (MOP) if there is no “ <
such that

Fi(x) < Fi(x) for all i € {1, ...,p}
and
Fi(x) < F;(7) for some j € {1,....p}:

- Weakly efficient sloution of (MOP) if there is no

7 €A such that

Fi(z) < Fi(T), forall i € {1,...,p};

- Properly efficient solution of (MOP) (in the
sense of Geoffrion) if it is efficient and there

exists @~ Ysuch that for all i €{1,...p} and all

7 €A gatisfying 71 (%) < Fi(T)-there exists at least
je{l,..,p}

one such that Fi(@) < Fj(x) and
Fi(F) — Fi(z) _
F@)-Fm -

Definition 2. A point 7 € AN dom7 5 qaid to be

- weakly efficient solution of (MOP) in linear

scalarization's sense if there exists
P

(A Ap) € RZ N\ {0} <uch that

P r
Y ONFi(@) €Y MFilx). Vo € 4
i=1

i=1

- properly efficient solution of (MOP) in linear
scalarization's sense if there exists

. p
(A1y s Ap) € Int(RY) such that
P P
Z/\;.F;(T) < Z)\,-Fa(-i‘}. Vr e A.
i=1 i=1

Below, the following proposition resumes
some relations between the above definitions.
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Proposition 1. ([Bot et al. 2009; Proposition
2.4.18]) Let T&€Andom” gand assume that A is
convex and 7 R" 7 R"U{+cw} s proper and

R - convex. Then, T is a weakly (properly)

efficient solution of (MOP) if and only if ¥ is a
weakly (properly) efficient solution of (MOP) in
linear scalarization's sense.

SEQUENTIAL SUBDIFFERENTIAL
CALCULUS INVOLVING COMPOSED and
MULTI-COMPOSED FUNCTIONS

Let ffq € BY and K. € B be two nonempty convex
cones. The aim of this section is to derive without
qualification assumptions a sequential formula
for the subdifferential of the following function

i1 fiop+3 201 gioptlohop+y where

~ Jo9::RT= R are  proper, convex, lower
semicontinuous, K¢-nondecreasing and
fil+oope) = gi(+oopa) = 400, 1 =1,...,p,

— h:RY = R°U {4002} i proper, Ks-convex,
Ks-epi closed and (Kg; Ks)- nondecreasing with

h(+ooge) = +oops, — [ R¥ =2 R is  proper,
convex, lower semicontinuous and Ks-

nondecreasing with L(+o0ps ) = 400,

— ¢t R" = RTU{+oome} s proper, Kg-convex
and Kg-epi closed with ¢(domy) C domh,

—aly . TR ™ .
v:R™ =R s proper, convex and lower

semicontinuous,
e~ Ydomf; Ndomg;) N (¢! o h~1)(doml)
M domegz M doma) # 1,
Consider now the following functions

FF:R*"xRIxR* - R

(x4, 2)  w— fily)
G :B"xRI xR R (i1=1,..p),
(x,9.2) = gi(y)
H:B"xRIxR* - R .
{.J"__{If_:j L 1|”f|(f; '\-’}
L:B"xR'xR° R

(z,y,2) — {(z)
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d:BR"xRIxR > R .
(x,y,z) = Bepig(T. y)

and

VB xRIxR* S R
(., 4,2) — Plx).

Remark 1. Let us note that the functions

Fioes By G Gy HU L @ and @ oo proper, convex

and lower semicontinuous.
In the sequel, we will need the following lemmas.
Lemma 1. let

T € Nt_ ¢~ (domf; N domg;) N ( o h™1)(doml) N dome N

domi, §:= @(T) and Z := (h o ©)(T). Then,

P P
I*G(’)(ngoi,.:‘-i-Zg,0~,5+30)10¢+T;'3)(T)
i=1

if and only if

(0,00 edFi+ ..+ F,+G1+ ...+ G, + L+ H4+ @+ 0)(T.7.,7).

Proof () We proceed by contradiction. So, let
» P
" G(')(Zf,—o-;)—ng,-o.,c+:,'oho¢+?._-‘:)(f)
i=1 i=1

and assume that

(z*,0,0) ¢ HF + ...+ F, + Gy + ...+ G, + L+ H+ &+ ¥)(T,7,Z). (1)

From (1), it follows that there exist
(x,y.2) € Nt_,(domF; NdomG;)NdomL N

domH ﬂ dom® N dom¥, such that

(Fi+ 4+ F+ G4+ ..+ G+ L+ H+ P+ F)(x,y,2)
<(Fi+ . ..+ F,+G+...+G,+ L+ H+®+V)(T,5,Z) + (x5, 2 - T).

This implies that

Fly) + o+ (1) + a1 () + o+ gp(y) +1(2) + ¥(2)
<(frop)@ + -+ (foop)T) + (g1o@)(T) + ..+ (grog)(T  (2)
+ (lohog)(T)+ ¥(T) + (2%, —T)

with
{.r € domyp, y € N}_, (domf; Ndomg;), z € doml,

(x,y) € epig. (y.z) € epih. (3)

By taking in the account the monotonicity of
fl. fp. 1y ees Gps h and [, it follows from (3) that

(frop)(®)+ ..+ (fro0)(2) + (g109)(x) + . + (g 04)(x) + ([0 hog)(a)
+0(2) < fuly) + o Foly) + o) + 4 gp(y) +1(2) + (). (4)

Hence, from (2) and (4) we get

(frop)a) + ..+ (f09)@) + (g1 09)(z) + .. + (gp 0 p)(z) + ([0 h 0 p)(z)
+9(2) <(fro @)@+ + (fo9)T) + (g1 09)(T) ‘
+(lohoy)(T) +(T) + (r".2 - T),

which contradicts
x* € (')(Ef-;lfstrZi-’:lg: 0s¢+foho-p+tx‘:)(f}-
(<) Follows easily by contradiction too.

Lemma 2. Let

(z,y,2) € Nt_, (domF; N domG;) N domL N domH N domd N

dom?, then

(a)

z* €~y op)(z), —y* € K,
(x*.y",2") € 0P(x,y.2)

(—y*.y—p(z)=0, 22 =0;
(b)
' =0, y" € d(—=z"oh)(y),

(", y",2%) € OH (2, y,2) =
-z e K}, (-z,z—h(y)) =

' OFi(z.y,z) = {0} x 8f:(y) x {0} (i = 1. ....p).
dG;(x,y.z) = {0} x Agi(y) x {0} (i =1, ....p).
OL(z,y, z) = {0} x {0} x Al(2),

W (z,y.z) = d(z) x {0} x {0}.

Proof (a)
(z,y,z) € ¥_, (domF; NdomG;)
NdomL NdomH Ndome.

It is easily to check that for any
(x*,y*,2z*) e R™ x RY x R®
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(—y" o) (z), if —y* €K, 2 =0, and
@*(Ik.y*.z*):

o, otherwise. .
o, othenise hi(2) — hi(T) — (&P, 2% —F) —> 0.
Thus
Here is the main result of this section.
(%, y*,z%) € O0d(x,y, 2)
Theorem 2. Let

= O (x",y", 2" )+ P(x.y.2) = {2 . 2) + (y".y) + (7,

(=]

T e NP_ ¢~ (domf; Ndomg;) N (¢~ o h~!)(doml) Ndome N dom,

(—y* o@)*(z*) = {z*,x) — (y*,y) =0, T = @(T) Z:=(ho ;]m'Then

y e K3, 2* =0,
e (X ficw+Xigio wtlohop+)(T)

—
(=4 0 )" () + (—¥* 0 @) (@) — (&*,2)) + (—y*,y — p(x)) =0, if and only if there exist sequences
e Kt 2 =0 (5) {(.IT“. yn}_}nEN (; cply,
qr = :

Since (x; y) epiep and according to the Young- (@5 vi)nen € R™ x RY,

Fenchel inequality, (5) becomes {zn}nen C doml, {z2}nen C R,
‘F* S f)(—y*O\'?)(I) (_yﬂy_‘l‘:‘(‘r)> :D {(r?i'fﬂ)}HE.‘-‘: g (‘l].ih. {{r;.!:}}“e:; g RY x R"‘
—yr e Ky, 2 =0, {wntnen C domyp, {Witnen S K™,
h h fi lete. ;
and hence the proof is complete {_('E_';" w' ) }er © domf; x domg,.
For (b) and (c) we apply the same arguments as in -
(a). {(u, w*)}en CRI xR, i =1, ....p.
Before stating the main result of this section, we satisfying

recall an interesting result established by Laghdir
et al. [20] in the setting of Banach spaces which
provides a sequential formula for the
subdifferential of the sums of proper, convex and

wh € M(wy,), uir € afi(ul), w* € dg;(wi) (i=1,....p),
o € d—yn o @)(wn), —yn € K, (—yn.yn — ¢lwn)) =0,

e dlzy), rh € O(—th o h)(r,), =t € Kz, (=t5.t, = h(r,)) =0,

“n

lower semicontinuous functions, without ” » » "
constraint qualifications. wy, + 2, ———— Zl , +§ w," + 15+, —— 0,
Theorem 1. (Laghdir et al, 2020; }{“Pe(.)rxeka3.2]) R S
Let (*:I-lx)be a Banach space and ¥+ “X" %)) jtg e
. . . . () _
topologl‘czlg*d;al space paired in duality by . w ey 7 g Mmoo e o
where (X" X) denotes the weak-star topology n—¥toc n—-+o0 n—>+00
on X Lethi ol X =R pe g proper, Tn ——— T, U, ——— T, w, ——-4“;_”1 y(i=1,..p),

convex and lower semicontinuous functions. L
— k . t = Z, Zn z,

Assume that Te ﬂr-ZIClOIllh, d then " n—too n—stoc

x* € d(hy + ... + hi)(T)

o if and only if there exist
nets 1% }jes € domh; 4

. i Illx — L w(X*X) .
.r‘I" = :‘)PI,[.!‘:]. .r'r 7, .r}' + o+ i':' _
- E I jea - - jeJ
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(fi(u) = £i@) = il s, =B —— 0 (i =1.....p),
gi(H}:x) - gt(y} - (H":: ‘ILL - g) m 0 ("" =1, ----_P)-_
—(@5h. %0 =) = (Yn.Un — ) —=0
U(zn) = U(Z) = (zmy 20 —F) ——— 0
—{I‘;.I‘n—g)—(t;.t" Z>—;::—;—}O
1.-""‘(“-’1'!) - 11""(?] - ("";- Wy — T) _+} n‘

Proof. Let T e N_ o Y (domf; Ndomyg;)
N(p~!oh ') (doml) Ndome N dom),
7 :=¢(T) and Z := (h o ¢)(T).
From Lemma 1, it is clear tha
P P
r*E3(Zfsow+zg«-w+l°how+fs’))(f) .
i=1 i=1 if and

only if

(z*,0,0) e FL+ ...+ F, +G1+ ...+ G, + L+ H+ ¢+ ¥)(7.7,%).

According to Remark 1, one can see that the
functions #- e GGt Loeand ¥ verify all the
conditions of Theorem 1. Hence by applying
Theorem 1, it follows that there exist sequences
{(al ,ul, a‘)}neNCdﬂmF =

1%
!I'

!i
n?

E™ x domf; = R®, {(a al*)}en CR™ x B x B2,

{ E‘j:i ul:lz' -‘3:45)}HE51 c

yi® i!’n

domG; = B™ x domg; x RB*, {(5*.u
Yu)tnen C domd = epip x B*, {(z}, y3.75) bnen C R

Zn) tnen C doml = BE™ »x BY x doml, {l[b,, r,', 2 )t
{(en.Thotn) tnen © domH = R™ x epih, {(e}.75.t5)}
{(“ s n ﬂu)}ric.‘e (_: domy¥ = domy x RY x R‘ #lII(| { "11
RE7? x R*, such that

”’uE\ C R’

i JK Fu

PELEL

) € OF,(al
(Bir wir %) € 0GB

U @) (=1
B (i=1,....p).

(0, Yns W) € OB(2n, s n)s (B, €5 27) € AL(by, e, 20),
nn) € O (w, A, pr)

(a

(6)

(er.rh.tr) € OH e, 1. 1), (w), A

n'n

I-llgm
—_— T
¥

11— 400

ij,‘+r;,+b,*,+e,*,+u'; :

Z‘*
- * « I
: Zu +Zu,, ty A ——

i e T e

-llxe
fiw j“- tl
Zn Z A an b

0,

{0,

Il llgm i llga

) — o u .
ol L F u ¥, o t=1,....p)
n =400 n - 7 T n—4-00 ( I)
; ll-llem | — i Mlles B Pr—_—
Bl —— T, u', o Z(i= .p),
=4 00 Tl = = 30 Tl e O30
llgm I-llge  — B T
Ty s Yn T E
n—4oo n— 4o n—4oo
fl-llgem II-I _ l-llws . _
LS U UEN .
=40 =40 =400
N-llgm _ [N — lellgs  _
€n Ly Tn T
Fi—% 4 0 i —+ =00 Tli—F == B0
Hllgm A\ B P Il llz=
Wy ———+ I, Ay s Han
n— 4o n—4 oo n—s4m0
and
Fial ul al) = Fi(T.5,7) = (0, a =7}
— {ul ul, — g — (n:'.n:: —EF ——0(i=1,...p). (9a)
=400
il B wi, B - Gi(F,5,%) — (B2, 88 —F)
— (w'" w, T R (s 51 —} 0(i=1,...p). (9b)

DL, Y Yn) — BT H.7) — (25,2, — T)
— U Y =0 — (0T —F) p—_ 0, (9)
Liby, cn. 20) — LE3.5) — (B by — F)
—(Chrn =B = (2,20 —F) ——3 0, (9d)
Y(wp, An. fty) = W(T,7.2) — (w), w, = T)
=N An =8 = (s n =2) T2 0. (90)
H(e,.rn,t,) — HT.7.Z) — (e}, €, — T)
—{rn T =Ty = (th, ln —Z) —— 0, (9e)

n—+00

By Lemma 2, (6) is equivalent to

wr € p(w,), wr € dfi(ul), wir € dgi(w) (i=1,...p),
s (=¥ Un — plz0)) =0,

), —ts € K2, (—th by — h(ry)) =0,

J::I € U{_y; 0\':}{"—”)-

zh € Dl(z,), 1 € D(=t7 0 h)(r,

-y € K3

with

(M)

Iranian Journal of Optimization, 15(3), 229-247, September 2023
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(10)

Jlgm
w4 a3 - — T,
n—+40og

»
(7) &= D wi+ ) wil +r 4y, ——=0,
n—r 4o
i=1]

15+ 25 ———3 0,

— X

and

filuy) = fil@) — (uy uy, — ) —— 0(i =1,..,p),

gi(w},) = g:i(¥) — (wif w}, —F) —— 0(i=1,...,p),

(Oa) — (xt, 20 =T) = (U tyn = ) —— 0,

(9a) — (9f) <= Ly, T Yno U U

zn) —UZ) - (2} 20 —F) —— 0,
=400

—(rn:Tn =) — (.t —Z) —— 0.

Hence, the proof is complete since in (8) the

Sequences {bu } n Eh {rli! } i!E]‘:’ 7

{€n }nen, {':'n}n-\—'ir-é- {)‘n}nE.‘i- {ttn}nen

and
{(a5,a0) bnews (B B bnens i = 1, ..., p,

are superfluous.

SEQUENTIAL OPTIMALITY
CONDITIONS FOR (BMFP)

In this section, we consider the following
bilevel multiobjective fractional programming
problem (the leader's problem)

oy o [(fEv@) @)y
(BMFP) v-min { (91 @o@) " g :‘(r])) T € A}

Where A = {z € A: h(z,v(x)) € ~K,;} # 0 and

v() is the optimal value function of the following
problem parametrized by x (the follower's
problem)

(FP,) min{f(x,y) :y € B}.

Herein, A is a nonempty, closed and convex
subset of R ™ | B is a nonempty, compact and

238 Iranian Journal of Optimization, 14(3), 231-244, September 2022

convex subset of R ¢, K is a nonempty closed
8 . m o .
convex cone of B f:R" xR" =R 5 3 convex

. 7. m41
function, fi-—9 *R" =R are convex and
Rm+1_ ] . 1 ’
+ -nondecreasing functions, * ~ P and

\—.-e =

h - Rm+l RSy {+QC::
I{.«_'

“} is a proper, "**” convex,

. m41 - X
epi closed and R 'I‘-*)‘nondecreasmg
function with h(+00gm+1) = +00p:.

Furthermore, we assume that
filz,v(x)) = 0 and g;(x,v(x)) >0, i=1,...,p, Vo € A.

We mention that the functions /t:-+/» and
9t--:9p are all continuous since

int(domf;) = int(domg;) = R™*', i =1,..,p.
Moreover, one can see that the function
v:R"™ =R g finite, convex, continuous and for
each “€®" there exists Y<B such that

v(x) = flx,y).

Now, our aim is to derive sequential optimality
conditions characterizing (properly, weakly)
efficient solutions of the problem (BMFP). For
this, we begin by formulating scalar convex
optimization problems by using the parametric
approach due to Dinkelbach [21]. So, for a given
1€RL we consider below a multiobjective
optimization problem (associated to (BMFP))
denoted by (Pn)

V- min { (fl(,r. v(x)) — e (z,v(x)), ..., fplz. v(x)) — pgpl, 1‘(.1‘))) 1T E A}.

Remark 2. Let us note that by using Dinkelbach's
transformation, the (weakly) efficient solutions of
(BMFP) and (Px) coincide. For the case of proper
efficiency,one needs the following additional
assumption

Ja,.b>0,0<a< gz v(x)) <b,

foralli e {1....p} and all x € A.

. c RP .
Proposition 2. Let * <4 and 7<%+ with
. fiEv(E) .



Mohmed Laghdir / Sequential Optimality Conditions ...

Then © is an efficient solution of (BMFP) if and

only if T jsan optimal solution of the following
scalar convex optimization problem

(EP,) min{Z(ﬁ (z,0(x)) — 1:gi(z, v(a ))) :.a-eA’}

i=1

where

A ={rc A: fi(z.v(x)) — nigi(z.v(x)) <0, 1 =1, ..., p}.
(=) T . :

proof Assume that ** is an efficient solution

of (BMFP), then by Definition 1 one can see
easily that there exist no ¥ €A such that

filz,v(z)) — migi(z,v(z)) <0

For all
i € {1,...,p} and f;(z,v(x)) — ng;(x,v(z)) < 0 for
some 7 €1LPh Therefore, we have for all
re A filz.v(x) - nigi(zv(z)) =0, i=1, .., p.

This implies that

P

Z (f{(.r. v(x)) — n;g:(x, r'(‘r))) =0, Vvre A

i=1

—_ ’
On other hand, it is clear that * €A and

P

> (i@ o@)

i—1

— 1:9i (T, r'(-r_‘})) =

Hence, it follows that
.

z (f, (T, v(T)) — 1:0:(F, v(T) |)

i=1

o
Z (f,[.r. v(x)) = migilx, i'[.i']';). Yre A,
i=1

right implication is proved.

and thus the

(<) For the reciprocal implication, we proceed

by contradiction. Assume that * is an optimal

solution of the problem(‘w”}" if T is not an
efficient solution of (BMFP), then there exists
re A Asuchthatf:“’(” "J'.«fﬁ'{"f'l’)]{o

for all E,E,{lj}and
filz,v(x)) =n;9;(x,v(x)) <0 £5r some

J €Lk Thus, it follows that * A and
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il

Z (f, (e, v(x)) — migilx, vz II}J <0

i=1

P
=Z(J—,E?,HT}] f,l,_q,[T,r'g.T']])
=1

and this contradicts
the problem (EP,).

is an optimal solution of

Proposition 3. Let

— _ ; I
T e A andn € RY with n; = j:i: :t:” >0,i=1,.

Then © is a weakly efficient solution of (BMFP)
if and only if there exists (M1:--4) € ELMOF gych

that © is an optimal solution of the following
scalar convex optimization problem

(WP,) min { Z A (

Proof. According to Remark 2, x is a weakly
efficient solution of (BMFP) if and only if it is a
weakly efficient solution of (P,). Since A is
convex and the functions

fil ()
i=1,..,

r)) — nig9:(x, i'(.r)}) = _A}.

= 17:9:(v()) * R™ = R gre convex,

P+ it follows by applying Proposition 1
that x is a weakly efficient solution of (Pn) in
linear scalarization's sense. Hence the proof is
complete.

Proposition 4. Let

T Aandn e R withn, = % >0,1=1,...,p.

Assume that there exist non-negative real
numbers a and b such that (<a=

gi(r.v(r)) < b. for all * € {1.-P} and = € A- Then
x 1s a properly efficient solution of (BMFP) if and
only if there exists (A+-:Ap) € int(R%) gych that

*'is an optimal solution of the following scalar
convex optimization problem

(PP,) min { i A (f,(z v(x)) — nig:(z, a'{,r)_}) 1T € A}.
i=1

Proof. It suffices to show that x is a properly
efficient solution of (BMFP) if and only if x is a
properly efficient solution of (Pn) and apply
Proposition 1. So, Assume that x is a properly
efficient solution of (BMFP), then by Definition

1 it follows that < is efficient and there exists
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a >0 gych that for all ¢ € tL-P} and all
r e A satisfying f,-{:lf.-a:(;r)] — nigi(z,v(z)) < 0 =
fi(@,v(T)) — n:9: (T, v(T)),
J €1l p} guch that

there exists one

(@ 0(@) = 0i9;(F.0(@)) =0 < fi(x.v(z)) — 1;9;(w, v(z))

and

(fx (T, v(T)) — n:g:(T, 0(T)) ) - (ff(f- v(z)) — mgi, ”(‘r)))
B (i) (7

< ag [(#@v(@) = migs @, v(@)) - (£ 0@) - njg5(z.0@)) .

o(@)) - 1;9,(7, v(7)) )

Thus, ¥ is a properly efficient solution of (Py).
Similarly, we prove the reciprocal implication.

Rm+1

Now, let ¥ 8"~ be a function defined by

p(z) = (z,v(x)), z € R™.

P ]R'm - Rm+1

It is clear that the function *- 1S
m+41_ m4l

proper, ~+ “convex, + epi closed and

- " m+1 . . - m .

w(domip) € R since the function v E" 7% g

finite, convex and continuous. Furthermore, we
have

epip = E:={(z,y,7) e R" x R x R :x Zpm y and v(z) < r}.

Let (7,5) € R™ x B o1} that

€RY and:tEUit

Lemma 3. Let
v(@) = f(Z.9)- Then for any *
a(( or)m=stz

holds where

S(tED) = {27} + {y* € R™ : (°,0) € tf(%,7) + {0} x Nu(®)}.

CERT .
Proof. Let * and £=0. It is clear that

(@ t)09) (@) = d(a" +tv)(z) = {z" } + O(tv)(@).
From [12, Proposition 5.1], it results that

y* € 0(tv)(T) (t)(@) + (tv)*(y") = (¥, T)

(y*,0) € A(tf + damxB)(Z.T)

(y*,0) € O(tf)(T,¥) + O0pmxB(T,T
(y",0) € tOf(T,9) + Nemx5(T,7)
(y*.0) € tdf(Z.7) + Nam(T) x Np(
(y*,0)

y*,0) € tof(Z.7) + {0} x Ng(7).

IHHHHIII
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This completes the proof.

Now, we are able to state the main results of this
section.

Theorem 3. Let

T € A 7 := (T,v(T)) € R"*!, 2 := h(y) € R®,
n € RE with m = :: 1
£1@) = M@ s (@) — 1090 (D)). Then x is

an efficient solution of (BMFP) if and only if
there exist sequences

{(In-yn-en)}nEN g ]E,- {bn}nEN g B, f(;tﬂ'bﬂ) =

v(a,), {(Rn Y0 )}ne_‘i CR™x RT xRy, {ZH}HEN C-K, {Z:L}nEN CK:,
{ r:}nE‘i c IR { }HEN c R {(rn tn, 3:»)}|!Eh c R x R x RP
with {(ry, ,L)}neh C eplh and {(r,, Bin)tnen Cepi(fi — migi), 1 = 1,..

{(r :; thy Bi)hnen C R™+ x K} % R {wnhnen C A, {w)}nen C Rm-
{(uf wi)pew CR™H x R {(u u ey CR™M xR i=1 . p,

and

Satisfying
wh € Ny(w,), uir € dfi(ul), wi € d(—mg:)(wl) (i=1,...,p),

.I'”) +6:(8n - 1‘(1'11.)) =0,

~ Mg ) "n)s

7-':1 - y; € ‘Sw:-;rn-bn)- (y:pyn -

(22, 22) =0, (a0, @) =10, r;ga(t;oh Z :

— NG ('r)L)]] =0,

(tnstn — (T +Zd”,[ﬁ”,— ()

wh € Na(w,), ult € dfi(ul), wit € d(—migi)(wi) (i =1,...p),

T =Yy €SO0, w0, b)), (U5 Y — wa) + 050, — v(x,)) =0

P
(20, 20) =0, (o, 0,) =0, 1} € EJ(?: oh+ Z-.‘f,'_,,(fi - ij,-y.-))[r,,).
i=1
P
(trotn = h(ra)) + D BinlBin — (fil

T'r )_ nr(fr r}}] =0,

+a [l-llzr ix Il-lzm-+1
w —— 0. Zn +Zu,,+r - y,,ﬁ} — — 0,

I'l—r-—)!_

(z5,a) — (5, 8y) 222y g,

n—+00

Il "_:m — Bl R™
iy, &I, Iy
fi—% 4o

l-lm-+1
n) ——— 70

i— - OC

+ T, (Yn, 0

n—+ 400

[-lam+r _ 5 Illlamtr, _
4 Tn Y., u

s W
n—%400 " n i "

) Ngs xmp [3,3}. (20 Cm) Il-lzs w&p (3?)

n—4 o0 ni—%4-0C

{fr: . Bn

and
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) = £0) = 0~ T) = 0 = L.op),

(=mgi) () = (=mge) @) - (w0, =) = 0 (=L,
(¥t =)+ 0300 = (@) - (23,20 - 7) —0,

~{ens2n =7) = {05, 00 = ) —— 0,

(st =2) + (81,80 = B) = (s =) 20,

—(w;.wn —T) m} 0.

Proof. By Proposition 2, we have x 2 A is an
efficient solution of (BMFP) if and only if it is an
optimal solution of the scalar problem (¢P,) and

this is equivalent to
P P
0€ (D fiow+ D (—ma) 0@+ 0_gre.xn) 0 H 09 +84) (@)
i=1 i=1
where the function

PR = (R xR U {teoeexe | g defined by

= (h(@), fi (@) = 191 (2). o [o(x) — mpgp(a) ), @ € RTHE

Obviously, the functions

15‘_;‘ 5_(K5xﬁi}. fl. fp Gis---; Gp, h' and and '
satisfy all p the assumptions of Theorem 2 (note

that for the monotonicity of O-t%0) one can see
[22]). Hence, there exist sequences

{{In- Yns an]}nef\‘q C E'p_]_\'_’) =E C

R™xR™ xR, {bn}nEN CB, f(rn-bn) = 'U(I'n)- {(I;-y;-g;)}nEN ¢ Rmxmﬁlx
]R-I- {(zn iy }nEN C domd_ (Ks XRF )= _{K XRP) {(Z:-“;)}ne.‘d c R xRe,
{(rustns Ba) tnen C epih’ C ]R“‘“ x R x R (ie. {(ra,ty)}nen C epih and
{ 3 )}nE"‘J c E‘Pl fx—?hgz) =1, ) {(T'ﬂ fﬁ j*l}nEN c R+ XKI X

P {wnen € domdy = 4, {w;] }nEN CR™ {(ul,wi)}uen C domf; x

dom(—m;g;) = R™H x R {(uf wit)}ey CR™H x RMHL =1 ,p

Satisfying

n': € Na(wy), v € 8fi(ul), wi* € d—mig:)(w?) (i =1,....,p),
xh —yn €SO0, T b)), (Yhtn — x0) + 040, — v(z,)) =
fz 200,) € N_(ge, 522y (20, 0n) = N_i, (n) % N_ge (), (11)

o€t oh+ Y (i~ ng) ().
i=1
,

(f;rfn _h(rr!n""Z"T.[ i — (filrn) — 1mig:( :x)}] =0,

i=1

II-lgm+1
0 ix . ev L, 0‘
r:+!n:_'_:;_> Zu +ZH”+I“ yn n)m
II-Ngs e
(zp.a5) — (6. 87) ——— 0,
n—+00
Illgm |-llgm _ l-lgm+r  _
wy, T, T, T, (yn,0n) ——
M=k 400 =400 n=—#-+4-00
Nllgmer _ o Bllgmer —  ; lllgmsr _ .
T'n Y, u, g w, ——— gy (i=1,..p)
n—4 oo n—4 oo n— 420
Illgszp Miseszp =
(tns Bn) ——=+ (Z.8), (2n.n) 4> (z,8),
" UES & e s 1= --00

and

fi(ul) = fi(@) — (uir,ul, —7) ;-_-T-:-J(}{i:l.....p).

(—=miga)(wl,) — (—mige) (@) — (wir,wi, — ) p—y— 0(i=1,...p)

{Yn.Yn — T) +0,,(0,, —v(T)) — (2}, 2, — T) —— 0,
(a, an — By —— 0,
n—+oc

+ (j:; Ba — ?} - (J';"J"

_(:;'z:r _E} -

n=9 ——0

n—#400

—(wh, w, = F) —— 0.

T —4+4-00C

To end up the proof, it remains to note that (11) is
equivalent to

(zp.an) € K xRE, (2, 2,) =0 and (o}, a,) = 0.

Theorem 4. Let

Te A 7= (T,v(T)) € R+, 2 := h(y) € R®
and n€R, with
g = LE@RE) S g =1

gi(Z,v(7)) p: Then, x is a

weakly efficient solution of (BMFP) if and only if
there exist (M-

Ap) € REA{0} and sequences

{(xn-'yﬂ-gn)}nEN CE, {b }HEN CB, f(rn n) = 1(2,), {(T s 9*)}nEN C
R™ x RY X R, {zuhnen € =K, {z3}hnen C K, {1, H)}ﬂ@g C epih,
{( n nJ}HEN C]RNH-]XK* {w"}ﬂEVC 'l { }HEN C]Rm {( n)}ﬂENg

RH R, ({00 e CR™ xR, =1,
satisfying
wh € Nawa), ulr € Nfo) (), wiy € (—nmidigs)wh) (i = 1,....p),
rh —yn €S0}, w0, by), (Y, Yn — Tn) + 0, (0, — v(x,)) =0,

(z5,2,) =0, 2 € A5 0 h)(r), (Eoty — h(r,)) =0,

Iranian Journal of Optimization, 15(3), 229-247, September 2023

241



Mohamed Laghdir / Sequential Optimality Conditions ...

1—+ 400

p
I
Z n+in_yn,8}r—+>0'

P
wy, + T E
n—>+xv —

T II-llgs 0.

n n
n—+o0
[ — Il [N
u"’l “r' ;‘rﬂ a ] (y]’l 1 9”)

n—40o0 n—+4oo n—+4+o00
lgmsr _ i Mllgmsr  _ i Mllgmer _

{1y — 7. ul, . wy, (i=1....p).
n—+4-00 n—400 n—400

II-Nlgs II
t, — 3 Zn —-—-—> zZ,

. =400 — 00

and
(Aafi)(uy,) = (A ) @) — (uly s, —J} U'[*=1 P

(=mAig)(wy,) = (=mhig) (@) — (wy wy, —§) ——= 0 (i=1,....p),
(Yns Y — ) + 0,0, —v(T)) — (=}, 7, - F) —— 0,

=400

(23,2, = %) —— 0,
n—+400

-7 —— 0,
n—=++400

(thtn —Z) = (rh 1y

—(w} w, —T) —— 0.

=400

Proof According to Proposition 3, it is clear that x
is a weakly efficient solution of (BMFP) if and
only if there exist (M- *) € BEA{0}F gych that

De@(i,\f,

Thus, by Theorem 2 it follows that there exist
sequences {(I”‘yﬂ*aﬂ)}nefﬂ C

P
Z ",'hAg:O"Q—’—{j Ksoho‘a-}-()‘ )()

epig =E CR™xR™ xR, {by}nen C B, (2, bn) = v{an), {(25, 45, 07) nen C

R™ xR xRy, {zn}nen C tlouw'_:\-. = =K, {2 }nen C K, {(rnstn) bnen €
epih C R"'” x R*, {(r? n ) bnen € R™ % K7, {w, ey € domdy = A,
{wp bnen CR™, {(up, wh ) bnen € dom(A; f;) x dom(=1higi) = R™F! x R,

{(u:::‘ur‘:.:)}nEN g RI“+1 X ]Rm-}-l. 1= 1, ey Py
satisfying
wy, € Nay(w,), upt € (N fi)(uy), wy' € d—mdigi)(wy,) (i=1,....p),

=y €S0 xn b))y Wha e — ) + 0050, — v(x,)) =0, (2}, 2.) =0,
rh € Aty o h)(r,), (th.t, — h(r,)) =0,

. . _ N —
w;, + T, — 2 ———3 0, Zu,, + Zu (yr.607) o’ 0,

zr e g
1=

Mllgm Mgn II-Ngm 41
sy, Ly =it I [HM F}n_;l """
Tl o 0 =~ 00 =0
lgm+1 _ i lllgmer _ | 1 .
T — Y, u, — 7, w; ——— (1= Pl
n=r4oc 00 n=t+40c
- II-ll5
f" - n -
LA Sl b= - O
and

(Mf)ud) = (NFm) = (ur ut, =) —_ = 0(i=1,...p)

(=mAigi)(w),) = (=0:higa) () — (wy? wy, =) —— 0(i = L,....p),

(Wt — T) + 04(60 — 0(T)) — (2}, 20 —F) —— 0,

n—+4-oc

2

=
nein — %) —— 0,
1= o OO0

(.

bty —Z) —{rh, 0 —F) —— 0,
n—+4

—{wk, wy — T} —— 0.
Fi—b 40

Hence, the proof is complete.

Now, by applying Proposition 5 and Theorem 2
we get the following result.

Theorem 5. Let

TEAF:=(T,vT) e R, 2:= h(f) € R*
and

MR with
Assume that there exist non-negative real
numbers a and b such that

0<a<gi(zv(x) <b, forall] *€{L P} and
all #€A. Then, x is a properly efficient solution
of (BMFP) if and only if there exist

1 p
(A1;0Ap) € int(RY) and sequences
{(-Tn, Yn- 81’1)}”6N C ]E {bn}‘ﬂé'\q C

B, f(r,i,b,i) (), {(:r y”.ﬂ*)}MCRme’" ><]RJr {Zn}neN C-K,
{ n}liEN g h: {(Tﬂftﬂ]}IlEN Eﬁpl ! {[rn t;)}HEN (—: ]R"H-l XK:: {wn}ﬂEN g

_1 {!1 b € C Rm { “:!‘ w:r]}fiEH g ]Rm-'—l X]R“"H< {(H:“_ ip;; },aEf‘E E ]Rm+1 *®

Bm i=1.. ... ], satisfying

wh € Na(w,), ulf € d(A:fi)(ul), wir € f){—m)\r'yr')(“’f.) (i=1,..p),
— U € S( 1y I'I)' (.U:g-.’llrri - ") + 9"{ n = v(: 'i])

{Z m-n} (. F € I‘J“ Oh}(ruj' (f:r" . h(f',.)} =0,

—{!f 9.} Il llgrm 41 0.

II-llzm
w), +x; —— 0, E Uy + E Tt
=k 400 =t
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-1l | g Il 1
iy — T, Ty ——— T, (Yn,0n) — * Y
L=} o OO =% =00 = &
- lgms+r i Dllgmer _ ; lllgm+r _ .
T ——— 1, U, ¥, wy gli=1,..p),
=40 n—+ 400 n—+4oc
_ |-l _
by ——— %, 2n ———— 2
n—s 4oc n—4oc
and

(Aifid(uy) — (Aifi)(@) — (w)f uy, —F) —— 0(i=1,...p),

1 +00
(=midiga)(wy,) = (=midigi) () — (wy" wy, = F) ———0(1 =1,...p),
(Un, o —T) + 0,,(0,, — v(T)) - (2}, 2, = T) —— — 0,
n—4-00

—{2p, 20 —Z) —— 0,

A
{thtn —2) = (Il Tn —9) —— 0,

S
—(w, w, —T) —— 0.

n—440c

Proof. We apply Proposition 5 and Theorem 2
and we follow the same reasonings as in the proof
of Theorem 4.

Next, we close this section by providing an
example illustrating sequential optimality
conditions given in Theorem 3, Theorem 4 and
Theorem 5 where for instance the Slater's
constraint qualification fails. Let us recall that the
set A is said to satisfy Slater's constraint

qualification if there exists € 4 guch that

h(Z,v(T)) € —int(K) (see [23]).

Example 1. Let

d=1m:=1p:=2 s=1 A=B:= [Dl} VK =R

B2 SR, floy) =a+1,
22+ 1, ifz >0,

fi :RP =R, fi(z,y) = {
1, ifx <0,

) y?, ity =0,
fo R =R fole,y) =
0, ify <0,

g1 R S R, gy(x,y) =1,
g2 R SR, galz.y) = —x—y+2
h:R?2 =R, hiz,y)=y.
Then, our bilevel multiobjective fractional

programming problem that we consider can be
formulated as follows

(BMFP) vfmin{(r + 1. %) TxE A}

Where A= {.I‘ € [0' %] S O} 7 0 and min
(FPz) =v(z) =2, for all Z€R Clearly, f is

o a: 2 .
convex, fis =9 are convex and R:" )

=1,2

nondecreasmg, and h is proper, convex,

RZ . .
lower semicontinuous and “+ -nondecreasing.
Moreover, one can see that
O<a=1<gzv(r)<b=2 forall 1=1,2 and?® e A

It is a simple matter to check that x = 0 is a
properly and weakly efficient solution of (BMFP)
where A does not satisfy the Slater's constraint
qualification.

Nevertheless, the sequential optimality conditions
given in Theorem 4 and also Theorem 5 are
satisfied. Take
7= (0,0),zZ =0, =1, 12 := 0,

— — — — _1 — — .

/\l = )\2 =1 In =Yn = 9,, = gl bn =10, .l":! - yn = n+1 Gk =0,
— # . _1 . 1 | _
in = 0, iy = m (™ (”"'}.W). f” = mz (0 D) —2 0,

- 1 _ .2 ._ e . (_L 2
Wn = U-: =0 Uy = Uy = (n+l'n+l) = (mo] Un‘ ( T}
1 _ 2. 1 1 o 1s 2e
w, = w; .—[”H.“H). w,, —u” : (0 0),

for all € M. Thus, we can see easily that

0€ Na(0), (335.0) € AN fi)(Fg 39)s (0.5%) € 30 fe) (79
(0,0) € H(—W\x.@h)(m- ) (0,0) € A(=m2daga) (525 37):

=y =0€8(0,537,0), 5 (yn — ) + 65 (8, - v(2)) =10,
2z, =0, (0,0) € (trh) (= h(ry)) =0,

n+l’ +1)' f;(f’,, -

oo — 1
wk 4k = ——= 0.

40

wy g wl - (. 60) = (g ) = (0,0),

n—+400
-t = 0,
”+1 n— 400
Wy =2, =0 —0, x,, = ]1 — 0
1l—¥ 4 00 "l n—4me
i i llaz
(Un: ) =rn = (7. ;7)) —— (0,0)
- T —r
1 I 1 1 llaz
u, =u; =w, =w;, = (=, =) —— (0,0)
CEN LRTE
t ||
" T 1 ] + ’
and
(X f(ul) = (N FT) = () ulf, = F e ——— 0(i=1,2),
= LR
(=midigi {wh ) = (= A )(F) wirowt =F =0 - - 0 (1= 1,2),
400
yilyn =)+ 0500, — v(F)) —z%(x, = F) =0 ——0,
———
ml(2n =) =0 ——0, #;(t. - F) Tn:Tn—F 0 — 0,
w) (w i 0 — 0,
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For the sequential optimality conditions given in
Theorem 3, it suffices to set

=0m=Lnp=0z= i/,, = Hr, = "17 b, =10,
v= ”_1 Hf, =0, 2, := 0,0, :=(0.0),

U
'n = [LL) fu = L ju = ( 1
(

vl = :(L LJ .—(— 0), u =
)

7=73 :(un}
1
T

nt+l’

(0,-L), wh =w? = (=, L), wl* = w = (0,0), fon allneN.

I

CONCLUSION

In this work, without assuming any quali
cation condition, we have obtained sequential
calculus rules for the subdi erential of nite sums
involving composed and multi-composed
functions under convexity and lower
semicontinuity hypotheses, in terms of limits of
subgradients at nearby points to the nominal
point. Next, we have deduced sequential
optimality conditions characterizing properly or
weakly e cient solutions of a bilevel
multiobjective fractional programming problem
with an extremal value function. As  nal
conclusion, we think that several results of this
work will be useful in order to improve the actual
resolution techniques and develop new methods
to solve multiobjective fractional mathematical
programs.
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