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INTRODUCTION

Metrical fixed point theory has significantly
revolutionized the approaches of mathematics
through the Banach contraction concept to
sciences and its applications. This concept is a
classical and powerful tool in nonlinear analysis
because of its very useful structure. Coupled fixed
point theorems have been given in different
metric spaces. In the case of fixed points of an
operator T:X? — X, its stability for fixed point
iterative procedures was first studied by
Ostrowski (1967) in the case of Banach
contraction mappings and this subject was later
developed for certain contractive definitions by
several authors, Rhoades (1990, 1993), Osilike
(1995, 1996), Jachymski (1997), Berinde (2003),
Imoru and Olatinwo (2003), Owojori (2006),
Olatinwo, Owojori and Imoru (2006).

Banach Principle was applied on partially
ordered complete metric spaces and starting from
the results, Bhaskar and Laksmikantham (2006)
extend this theory to partially ordered metric
spaces and introduce the concept of coupled fixed
point for mixed-monotone operators of Picard
type, obtaining results involving the existence and
uniqueness of the coincidence points for mixed
monotone operators T: X2 — X in the presence of
a contractive condition. This concept of coupled
fixed points in partially ordered metric and cone
metric spaces have been studied by several
authors, including Ciric and Lakshmikantham
(2009), Lakshmikantham and Ciric (2009), and
Sabetghadam, Masiha and Sanatpour (2009),
Karapinar (2010), Choudhury and Kundu (2010),
Aniki and Rauf (2019).

Berinde and Borcut (2011) obtained extensions
to the concept of tripled fixed points and tripled
coincidence fixed points and also obtained tripled
fixed points theorems and tripled coincidence
theorems for mappings in partially ordered metric
spaces. Work on tripled fixed point was advanced
by Abbas, Aydi and Karapinar (2011), Amini-
Harandi (2012) and Kishore (2011).

Recently, Rauf and Aniki, (2020) introduced
quadrupled fixed point theorems for contractive
type mappings in partially ordered cauchy spaces.
Also, following the series, Aniki and Rauf, (2021)
established the stability theorem and results for
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quadrupled fixed point of contractive type single
valued operators. On the other hand, by adapting
the stability concept of the iterative fixed point
method, Olatinwo (2012) and Timis (2014) tested
the stability of the related iterative fixed point
method using several contractive conditions for
which the existence of a unique coupled fixed
point has been demonstrated in the literature.

MATERIALS AND METHODS

Firstly, we consider some notations that will be
relevant in demonstrating our main findings.
If (X, <) is a partially ordered set and d be a
metric on X such that the pair (X,d) is a complete
metric space. Then,X* is a product space with the
following partial order
(p,qrs) < (wvwx) ©u=pyv
<gwz=2nrx<s
v(p,q,1,s),(u,v,w,x) € X*.
Definition 1 (Rauf & Aniki, 2021). Let (X, <)
be a partially ordered set and T: X* —» X be a
mapping. We say that T has the mixed monotone
property if T(u,v,w,x) is monotone
nondecreasing in u and w, and monotone
nonincreasing in v and x, that is, for any
u,v,w,x € X,
UL, € Xuy < uy = T(ug,v,w,x)

< T(uy,v,w,x),

v,V € X,v; < v, = T(u,v,w,x)
> T(u,v,,w,x),

wi,w, € X,w; < w, = T(u,v,wy,x)
< T(u,v,w,,x),

and

X1,%, € X,x1 < x5 = T(w,v,w,x;)

> T(u,v,w,xy).

Definition 2 (Rauf & Aniki, 2021). An element
(u,v,w,x) € X* is called a quadrupled fixed point
of the mapping T:X* - X, if Twvrwx) =
wT(vuvx) =v,T(wuv,w) =w, and
T(x,w,v,u) = x.

Definition 3 (Rauf & Aniki, 2021). The mapping

T:X* - X is said to be (9,x,4,1) —contraction if
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and only if there exists four constants 9 > 0,k >
0A=0u=>09+k+A+u<1, such that for

all w,v,wx,p,q,r,s € X,

d[T (u,vwx),T(p,qr,s)]
<9d(u,p) + kd(v,q) + Ad(w,r)
+ pd(x,s), €y

Let A,B € M(;,,)(R) be two matrices. We write
A< Bjifa;; < pjjforalli =1m,j=1n.
In order to prove the main stability result in this
research, the next are given;
Lemma 1. Let {a,}, {B.} be sequences of
nonnegative numbers and h be a constant, such
that0 < h < 1land
Api1 < hap, + 6, n=0,

If lim B, =0, then lim «,, = 0.

n—oo n—oo
Also, given in the next result is the extension of
Lemma 1 to vector sequences where an inequality
between vectors means inequalities on its
elements.
Lemma 2. Let {p,},{q.}.{r.}.{s.} be sequences
of nonnegative real numbers. Consider a matrix

A € M, 4 (R) with nonnegative elements, such

that
Pn+1 Pn Nn
qn+1 dn &n
<
Th+1 = A. T + 5n »
Sn+1 Sn Yn
>0, (2)
With
i. lim A" = 04,
n—oo

ii. D=0k < 0, Lok < 0, Yo Ok <

o0, and YoV < .

Mn 0 Pn 0

. nl _ [0 . dn ) _ [0
Tl s [=o) Menimlm )=o)
n 0 Sn 0

Proof. For A = 0, € M(y4), (2) is rewritten with
n = k and summing the inequalities obtained for
k =0,1,2, ...,n. Then, the following is obtained if
n, & 6,y are nonnegative.

Pn+1 Po n NMn-k

dn+1 <An+1 90 +2Ak En—k n

T+t | — | To n-k |’
k=0

Sn+1 So Yn—k
>0, 3)
From condition (ii), it follows that the sequences

=3}

of partial sums{H,}{E,}.{A,},{I},} are given
respectively by H, =no+n, + - +n,E, =
gt + -+ Ay =6+6,+-+6, and
[h=vYo+Vv1+ - +7y, for n>0, converge
respectively to some H,, > 0,E,, > 0,A, > 0, and
[, = 0 and hence, they are bounded.

Let M > 0 be such that

H, 1
E, 1
A, < M. 1] vn=0.
T, 1

By condition (ii), then Ve > 0, there exists N =
N(e) such that A™ < —.1,¥n = N, M > 0.

Write
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n Nn-k Nn-N+1 Nn
En—k En—N+1 &n
Al AN-1 ot
Z 6‘n—k 6n—N+1 4 671
k=0 Yn-k Yn-nN+1 Yn
No Nn-nN Nn-N+1 Nn
€o En-N En-N+1 €n
8o | T S Snonsr | 7T 8
Yo Yn-nN Yn-N+1 Yn
Nn-N+1
Enq_
+ AN-1 6" N+ 4 H, —H,_y
n—-N+1
Yn-nN+1 =S En = En-n
novE An - An—N
Zn Fn - I‘n—N
+ 14 52 Since N is fixed, then lim H, = lim H,_y =
n—oo n—-oo
In H, lim E, = lim E,_y = E, lim A, =
But n—-oo n—-oo n—oo
Mo N rlll_r)lolc) Ay = A,rlll_r)rolo [, = Tlll_r)rc}o [y =T, which
A" ;0 + .4 AN ;"‘N shows that there exists a positive integer k such
0 n—N
Yo Yn-n that
770 Hn - HTL—N 1
e €o En - En—N €1
—.1 S <= ,Vn=k.
=am |\ & |t A=A,y | S201 )7
VO Fn - FTL—N 1
-~ Now, for m = max{k,N}, the following is gotten
Eny_
+ 671 N No Nn 1
n—N 80 gn 1
n cee
Vn—N A 60 + + 14, 6n <e 1 ,V n 2 m,
Yo Vn 1
Hy_n 1 Nn-k
_ e ETL—N e 1 . n k En—k _
= W'L‘ Ay < W'I“'M 1 and therefore, 11151010 Yr=0A S | = 0.
l-‘n—N 1 Yn-k
1 Now, letting limit in (3), as lim A™ = 0,, then
e 1 n—-oo
= E 1 ,Vn = N. Dn 0
1 lim Zn = 8 ,
On the other hand, let S = max{l,, 4, ...,AN"1}, n—00 Sn :
n
the following is obtained as required.
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MAIN RESUTS

Definition 4. Let (X,d) be a metric space and
T:X* — X be amapping. For (uy,vo,Wo,X,) € X*
the sequence {(u,,v,,wy,x,,)} € X* defined by
Uns1 = T(Un,VpWniXp), Vnsr
= T (U, Un, Uy Xn), Wit
= T (W, U, Vp,Wn), Xni1
= T (Xp, Wp, Un, Up) (4)
with n = 0,1,2, ..., is the quadrupled fixed point
iterative procedure.
Definition 5. Let (X,d) be a complete metric
space and
Fix,(T) = {(u*,v*,w*,x")
€ X*/ T v ,w*x*)
=u", T(v*u*v'x")
=v", T(w"u*,v,w")
=w T w v u*) =x*}
is the set of quadrupled fixed point of T.
Definition 6. Let {(p,,q7.Sn)} € X* be an
arbitrary sequence. For all n =0,1,2, ... setting
Nn = d(pn+1rT(pn:qn:rn:Sn))r &n = d(CIn+1' =
:T(Qnrpnransn)): On =
d(rn+1'T(rn'pn'Qn'rn)); Yn =
d(sn+1rT(5n'rnJQann))-
Then, the quadrupled fixed point iterative
procedure defined by (4) is T —stable or stable
with respect to T, if and only if
Tllggo (M €00 Vn) = Ops implies that
Tlli_l;lgo(pnranrnlsn) = (U*rv*JW*rx*)'
Theorem 1. Let (X, <) be a partially ordered set
and suppose there is a metric d on X such that the
pair (X,d) is a complete metric space. Let
T:X* - X be a continuous mapping having the
mixed monotone property on X and satisfying (1).
If there exist uy,vg,wo,xo € X such that u, <
T (ug,v,Wo,%0), v = T (Vg,Ug,V0,%), Wo <
T (Wo,Ug,v,Wp), and xy = T (x0,Wq,V0,Ug), then
there existu*,v* ,w*,x* € X such thatu* =
T v, wix)v =T u v x)w" =
T(w*u*v*,w*),and x* = T(x*,w*,v*,u").
Assuming that for every
(w,v,w,x), (uy,v,wy,x;) € X4, there
exist(p,q,r,s) € X* that is comparable to
(u,v,w,x) and (uq,v,,wq,x1). For (ugy,ve,wo,xy) €
X4, let {(u,,v,,W,,x,)} € X* be the quadrupled
fixed point iterative procedure defined by (4).

Then, the quadrupled fixed point iterative
procedure is stable with respect to T

Proof.

Let {(un'vn'wn'xn)} c X*, Nn =
d(pn+1'T(pn'qn'rn'5n))’ &n =
d(Qn+1'T(Qnrpn’Qnﬁsn))’ 6, =
d(rn+1’T(rn’pn’Qn’rn))' and y, =

d(sn+1'T(Sn'rn'qn'pn))-

Assume also that limn, = lime, = limé, =
n—-oo n—oo n—oo

limy, =0,

n—-oo

in order to establish that gi_r&pn = u*’rlli_{goq" =
v*,%i_r)gorn =w*, and T{i_l)f{)losn = x*.
Therefore, using the (U9,k,4,u) —contraction
condition (1), the following is obtained
d(pn+1'u*)
S d(pn+11T(pn'qn'rn'sn))
+ d(T (P, TS u")
= d(T(panInrrnrsn)rT(u*'v*:W*'x*)) + My
< 9d(p,u*) + kd(q,v*) + Ad(r,w")
+ ud(sp,x™) + 1y, (5)
A(qn41,v") < d(Qn+1'T(Qn:pnIQn:Sn))
+ d(T (qnPns9nsSn),v")
= d(T(Qn'pn'qn'sn)"r(U*'u*'v*'x*)) + Ny
< 9d(pu*) + kd(qnv*) + Ad(r,w")
+ pud(sp,x™) + &,
= (0 + Dd(qnv") + kd(pp,u”) + pd(sp,x")
+ &,
= kd(ppu’) + (9 + Dd(qnv7) + pd(spx7)
+ &, (6)
d(rn+1'W*) < d(rn+11T(rnrpnranrn))
+ d(T (P qn )W)
= d(T(rn,pn,qn,rn),T(W*,u*,v*,w*)) + 4,
< 9d(r,,w*) + kd(pp,u*) + Ad(q,,v")
+ ud(r,w*) + 6,
= kd(ppu’) + 4d(gn,v") + (9 + p)d(r,w”)
+ 6n (7)
d(Sn+1,X*) < d(Sn+1'T(sn'rn'qnﬂpn))
+ d(T(Sn;rn'Qn'pn)vx*)
= d(T(Snfrn'CIn'pn)'T(X*'W*:v*;u*)) + Vn
< 9d(sp,x*) + kd(r,w*) + Ad(q,,v"*)
+ pd(Pru’) + vn
= pd(ppu”) + 4d(qn,v™) + kd(1,w")
+ 9d(s,,x™)
+ n (8)
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From (5)-(8), the following is obtain

=0+ k+A+pu)? <9+ k+1+upu

d(Pn+1u”) <1 (10)
d(qns1,v") Now, proving by induction that
d(rn+1rW*)
d(Sps1,X") a, b, ¢ dy
V) K A ou d(ppu*) An = | 6n fo Gn ha
Kk 9+ 0 pu d(qnv*) in Jn kn Ly )
T\ K A 94+u 0]\ drm.w") My Mn Pn qn
/) Kk 9 d(s,,x") where
Mn an+ bp+c,+d,=e,+ fn+gn+hy
&n =i, + jntk,+1,
T\ 8. =My + Ny +pp+qn
Yn =@+ k+A1+W"<I9I+ k+1+u
9 K AU <1 (11)
Denote A = ; 9 1. A , _?_ . m )] where Assume that (11) :: Tltilie’:ttllenn_A
u A K 9 a, b, ¢ dy

0<I9+k+A+u<tlasin(l).

In order to apply Lemma 2, we need that A™ — 0

€n fn In hn
In  Jn kn ln

asn — oo, My NMp Pn qn
As a way of simplification, denote 9 K AU
aq b1 (o5} d1 Kk 9+ 1 0 u
A= & fi g1 M K A d9+u 0
b 1 ke L f 1 A K 0

m N P 41
where

a1+ b1+C1+d1=el+ f1+g1+h1
=L+ j1+tki+tlh=m+n+p+q

Then

Ant1 + bpi1 + Cpya + dpsa
= a,V + byk + cpk + dyu
+a,k+ b9+ A1) +cA+d A
+a A+ c,(9+u) +dyk+ ayu

=9+ k+A+pu
<1, 9) + by + d,9
Then =a,(9+k+A1+u)+ b, +rx+i1+pu)

AQ

+c,(I+Kk+1+p)
+d,O+K+A1+p)

=(ap,+ bp+c,+d )OO +Kk+ 1+
=@ +rk+A+wW"O+k+1+un)
=@ +x+1+p"t?
<I+k+1+u<li,

k(8 + 1) + Ok + u? 8+ A0 + 6% + kA +xp p(0+2) +kp+ O
K@+ + Pk +rd A+ p) 42 +A0+2) O+ )’ +xd K+ Ay
Outil+ud+op OA+ud+A0+2) +xpu Ok +u(@+p)+An O+ du+ P

€n+1 + fn+1 + In+1 + hn+1

a, b, c; d,
:(fz JE hz)J
i Jp ok L
m; nz P» 42 , .
=lnt1 + Jne1 T Knvr + o
where =Mpy1+ Npyr + Pnir + o
a2+b2+C2+d2:ez+f2+g2+h2 =(19+K+A+‘U—)n+1
=my,+ n, +p, +q Therefore, lim A™ = 0,, and having satisfying the

(§1+x?+m1+¢3 20k + Ak +A+p) 2044 u(c+2) p(204x)

similarly,

n—-oo
=9% + Kk? + A% + u® + 29k conditions of the hypothesis of Lemma 2, on
+ 291 + 219[1 + 2Kk + 2/1,[1 app|y|ng we get

+ 2ku

236 Iranian Journal of Optimization, 13(4), 231-239, December 2021



Samuel Adamariko / Stability and Iterative Procedures...

Pn u*
*

lim ?,” =Y,
n—oo n w
Sn x*

So the quadrupled fixed point iteration procedure
defined by (4) is T —stable or stable with respect
to its operator.

Corollary 1. Let (X, <) be a partially ordered set
and suppose there is a metric d on X such that the
pair (X,d) is a complete metric space. Let
T:X* - X be a continuous mapping having the
mixed monotone property on X.

There existh € [0,1) such that T satisfies the
following contraction condition

d (T(u,v,w,x),T(p,q,r,s))
< %(d(u,p) +d(v,q) +dw,r)
+d(x,5)), (12)

for each uvwx,p,qr,s € X, with u>p,v <
q,w =r1,x <s.lIf there exists uy,vy,wp,xg € X
such that Uy < T'(ug,vo,Wo,X0),Vo =
T (v,Ug,V0,X0) Wo < T (Wo,Ug,Vo,Wp), and x, =
T (x,Wo,V0,Up), then there exists u™,v*,w*,x* € X
such that w' =TW v wx*)v" =
Tw*u* v x*)w*=Tw u"v,w"), and x* =
T(x*,w*v*u*). Assuming that for every
(wvw,x), (uy,v,wy,x;) € X4, there  exists
(p,q,r,s) € X* that is comparable to (u,v,w,x)
and (uq,v,wy,x1). For (ug,ve,wp,xg) € X*, let
{(up, v, Wn,x)} € X* be the quadrupled fixed
point iterative procedure defined by (4). Then, the
quadrupled fixed point iterative procedure is
stable with respectto T.

Proof. Applying Theorem 1 for 9 =k =1=

h

H=7
The following is obtained on using the contraction
condition (1),

h h
d(pn+1,u*) < Zd(pn’U*) + Zd(qHIV*)

h * h *
+Zd(7"n»W )+Zd(sn,x )

+ M (13)
d(Zn+1fv*) h h
< 1 d(p,,u*) + > d(qn,v*) + 2 d(sp,x")
+ &, (14)

d(rn+1'W*)

h ~h ~ h .
< Zd(pn,u )+ Zd(qn,v ) + Ed(rn,w )
+ 6, (15)

h h
d(sn+1'x*) < Zd(pn’u*) + Zd(qn'v*)

h h
+ 2 d(r,w*) + 2 d(sp,x*)
+ ¥n (16)
From (13)-(16), the following is obtain
d(pn+1'u*)

d(qn+1'v*)
d(rn+1!W*)
d(sn+1,x*)
h h h h
4 4 4 4
E ﬁ 0 h d(pn:u*)
<4 2 4 | [ 4(gnv")
“|h h h 0 | d(maw™)
4 4 2 p | \d(spx™)
h h h -
- - - 4
4 4 4
Nn
81’1
+ 5,
VYn
h h h h
4 4 4 4
hhgt
Denote A=|, 2 , *[,where0<h<1
i1 2 9
h h h -
. 4 4 4 4
asin (1).

Applying Lemma 2, need that A™ - 0 as n — oo.
As a way of simplification, denote

a, by ¢ d

ey fi 91 M

b 1 ke L

my Ny P11

where

a,+ b+ +di=e1+ fi+g1+hy
=i+ 1 +ki+ 1
=m;+n+p+q =h<l1,

then
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h? 5h? p2 3p2
4 16 4 16
h? 3h? p2 p2

h® 5h? 5h? h?
4 16 16 8
h® 5h? h? 3h?
4 16 4 16
a, b, ¢; d
_|e f2 g2 h,
ip J2 ky L]
m, n, px g
where

a2+ b2+C2+d2=ez+f2+g2+h2
:i2+j2+k2+lz
=m2+n2+p2+q2=h2<h

<1
Now, proving by induction that
a, b, ¢, dy

n
An — en fn gn hn
In jn kn ln
My Np Pn Gn
where
a,+ b, +c,+d,=e,+ fu+gn+h,
=ip+ ntkptly=my+ ny,+p,+qy
=h"<h
<1 (17)
Assuming that (17) is true for n, then
An+1

h h h h

4 4 4 4

a, b, ¢, d, h h h

m\lz 2 0 2

:enfngnn 4 2 4
ln]nknln'hhho'

Mp Mn Pn G/ |4 4 2

h h h -

- — - 4

4 4 4

we have
Api1 + bpyr + Cnpr T dng
=ent1+ for1 T Iner + Anga
=lipy1 + Jue1 T hner + s
=Mpi1 + Nptt T Prvt T Gnst
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h
:Z(a"+ b, +c, +d,)
h
+Z(en+ fn+gn+hn)

h
+—(p+ jutk,+1)

4
h
+Z(mn + ny, +pn +qn)
h
=Z(h”+h" + h™+h")
="l <h<1.
Therefore, lim A™ = 0, and now having satisfied
n—-0o
the conditions of Lemma 2, then
Pn u*
. dn _ U*
Al—r;go rn o W* ’
Sn x*

which shows that the quadrupled fixed point
iteration procedure defined by (4) is T —stable.

CONCLUSION

This study shows that the quadrupled iterative
fixed point method for contractile-type mapping
in a partially ordered metric space with mixed
monotonic properties is stable. This result is a
continuation of the results of Timis (2014), from
triple fixed point stability to quadrupled fixed
point satisfying various contractive conditions.
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