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Abstract. The present article deals with the inter specific competition and intra-specific
competition among predator populations of a prey-dependent three component food chain
model consisting of two competitive predator sharing one prey species as their food. Stability
analysis including local and global stability of the equilibria has been carried out in order to
examine the dynamic behaviour of the system. As a result, intra-specific competition among
predator populations can establish global coexistence. The ecological implications of both the
analytical and numerical findings are discussed at length towards the end.
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1. Introduction

In 1934, Gause competitive exclusion principle states that two predator species
can not coexist for long time on a single prey species which was supported by the
experiments on Paramecium cultures [8]. But in 1969, Ayala’s experimental results
on two species of Drosophila upon a single prey showed that competitive coexistence
is possible in nature [4]. Until now, various competition models have been proposed
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to explain Ayala’s experimental result [1, 3, 12, 18, 22]. Many natural factors such as
inter specific competition [23], heterogeneity [6], stoichiometric principles [16], intra
specific competition of competitors [13, 19], prey refuge [13, 20] etc are considered
in various competitive models so as to get strong coexistence.

Intra-specific competition among a species mainly reduces the predation rates of
that species. They compete with each other for their common resources such as
food, shelter, environment etc by aggressive displays, posturing, fighting, infanticide
and cannibalism [15].

Gakkhar et.al [7] proposed a competitive model consisting of two competitive
predators sharing one prey as follows:

dX X M1 XY, My XYy

— =rX(1-=) - — X 1

ar ~ " ( K) LrX Arx TO>0 (1a)
dYi EFiM XY,

— = ———— — D1Y7 — 1 Y1Y; Y71(0 0 1b
qT A+ X 1Y1 —71Y1Yo, 1(0) > 0, (1b)
dYs EoMy XY,

— == — DyY5 —%wY1Y; Y- 1

o7 4 X 2Ys — 7Y1Ys,  Y3(0) >0, (1c)

where X is the population density of prey, Y1 and Ys are the population densities
of respective predators; r is biotic potential and K is the environmental carrying
capacity of prey species; M7, Mo are predation co-efficients; Fq, Fo are conversion
factors; Ay, Ay are half-saturation constants; D; and D, are the natural death
rate of predators and i, 2 are co-efficients of inter-specific competition between
two predator species. Here, they showed that the persistence is not possible for
two competing predators sharing a single prey species for the system (1). Sarwardi
et.al [21] studied the above model (1) after a modification by introducing constant
proportion of prey refuge and support the result of Gause competitive exclusion
principle. Recently, Haque et.al [11] studied a simple food chain model with intra
specific competition among predator and top-predator species. This study showed
that intra specific competition among predators could be beneficial for predator’s
survival. The influence of intra specific competition in the dynamical behaviour of
simple food chain model motivates us to take a further attempt to establish the
global coexistence of the competitive food chain model system (1) by taking into
account the intra specific competition among predator populations.

2. Mathematical Model Formulation
In this article, we modify the model (1) to get strong coexistence of the system

incorporating intra specific competition among two competitive predator species.
We thus obtain the following system

dX X M1 XY, My XYy

A x(1-2) - _ X 2
ar ~ " < K> L+ X Arx YO0 (2)
dYi EiM: XY, 2

— = — D1Y] —mY1Ys — HY, Y; 2b
o7 4 X 1Y1 —mhYs 1Yy, Yi(0) >0, (2b)
dYs EsMy XYy 2

— == — DY —%wY1Ys — HyY- Y- 2
1T L X 2Yo — 7Y1Ys 2Y5",  Y5(0) >0, (2¢)

where v, K, My, Mo, E1, Es, Ay, As, D1, Do, 71, 2 are defind earlier; H; and Ho
are the intra-specific competition among predator species.
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Using the transformation x = %, Y1 = KLﬁJI, Yo = #ﬁEQ, t = rT, the system

takes the following form

dx a1TY1 a2TY2
& -2 - - . 2(0) >0, 3
T A T P e (32)
dy1 a1z 9
= —dyy1 — —h b
Q11 b T aviyz — y1(0) > 0, (3b)
dyo a2xY2 9
=2 - — dayy — —h 0)>0 3
G T bes DY~ coyrye — havs, y2(0) > 0, (3c)
where
KM F; Dy o1 KFE1FEy K H{K1E;
@=—", di=—, cg=———, b=—, hh=——",
rAi r r Ay r
KM1E1E2 D2 ")/QKEl K H2K1E1E2
ag = ———, d2:7, Cco = , bng, hg = ——=.
rAs T r Ao r

The present article is organized as follows. In Section 2 we state the formulation
of the model under consideration and its assumptions. Section 3 contains some
preliminary results. Then in Section 4 the model with intra-specific competition is
analyzed, identifying its equilibria, giving conditions for their feasibility, stability
and bifurcation. Numerical simulation has been carried out in Section 5. Finally,
the article concludes with a discussion of the results obtained.

3. Preliminary Results

3.1. Existence and positive invariance
For t > 0, letting X = (x,y1,y2)", F: R®> = R3, F = (f1, f2, f3)7, system (3) can

be rewritten as 4~ = F(X). Here f; € C®(R) for i = 1,2,3; where f; = 2(1 —x) —

dt
a1ZY1 _ A2TY2 f2 — a1Tyi A22Y2

Tibs ~ Tibye’ 155 — diy1 —ciyiy2 — hyi, f3 = 155 — doy2 — cay1y2 — haoy3.
Since the vector function F is a smooth function of the variables (x,y1,y2) in the
positive octant Q = {(z,y1,y2) : = > 0,y1 > 0,y2 > 0}, the local existence and
uniqueness of the solution hold.

3.2. Boundedness
The solutions of system (3) which initiate in B3 are uniformly bounded.

Proof: Define a positive definite function

Q(t) = z(t) + 31(1) + y2(t). (4)

From definition, €(t) is differentiable in some maximal interval (0, ;). For an ar-
bitrary n > 0, the time derivative of (4) along the solution of the system (3) is

d)
E‘FUQ:fU(UﬂLl—ﬂ?)‘F?Jl(U—dl—h1y1)+y2(77—d2—hzyz)—(01+62)y1y2
1 2 —d 2 —d 2
<(77+)+(77 1)+(77 2)'
4 4h, 4ho

Hence we can find g > 0 such that

dQ
A< Vot (0,n).



350 N. Ali & S. Chakravarty/ IJM?C, 05 - 04 (2015) 347-360.

Applying a theory of differential equation [5], we get
0 < Qz,y1,92) < %(1 — e 4 Q(2(0),5(0),2(0))e™™ ¥V te(0,t)

and for ¢, — 00, 0 < Q(z,y1,42) < % Hence all the solutions of system (3) that
initiate at (x(0),y1(0), y2(0)) lie in B3 and are confined in the compact region

T = {(z,y1,52) € R3;2(t) + 31 (t) + y2(t) = % te, YV e>0) (5)

3.3. Dissipativeness
If a; > d1(1 4 b1) and ag > da(1 + ba), then the system (3) is dissipative.
Proof : We obtain from the equation (3a) of the system that

limsup z(t) < 1.
t—-+o0

From the equation (3b), we have

1 ai ~
lim su t) < — —di| =1,
P Pyl() Iy [1 by 1] Y1

where y; denotes an upper bound of y;(t) and is positive if a; > di(1 + by).
Again, from the equation (3c), we obtain

1

limsup ya(t) < — [
t—+o00 ho

a
1+ by

d2:| — §2>

where g2 denotes an upper bound of y2(t) and is positive if ag > da(1+ b2). Hence,
the claim.

3.4. Equilibria and their feasibility
System (3) has the following six equilibria E;(x;, y14,42i), ¢ = 0,1,..,5. Ey is the
origin, £1 = (1,0,0). For Ey, we have x5 = 0, y12 = %, Yoo = %.
will be feasible if ¢idy > dihs, cadi > dahy, h1ho > c¢i1co. But multiplication of first
two inequalities gives hiho < c1co which contradicts the third inequality. Hence Eo
is infeasible. For Fs3, we have

1—2x3)(1+bix
y23 =0, y13 = ( 3)6(11 ! 3),

and x3 is a positive root of the cubic equation
hib2a + hib1(2 — by)x? + (a? — dibray — 2hiby + hi)x — (aydy + hy) = 0.
For E4, we have

1—24)(1 4+ box
y14 = 0, y24=( 4)C(L2 24)7

and x4 is a positive root of the cubic equation

th%x?’ + h252(2 — b2)$2 + (ag — doboag — 2hoby + hQ){L‘ — (a2d2 + hg) =0.
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For the coexistence equilibrium E5, the population levels are ys5 = —%, Y15 =
—g—j, where

By = coayws — cady — cadibiws + habiasds + hibyiasdabs + cabars’ar — cobaxsdy
—cabaxs?diby + hidaboxs — hiasws + hids — hibizsas,

By = —cac1 — cacibizs — cabaxscy — cabaxseiby + hihg + hihobozs + hibizshe
+h1b125°hobs,

Bs = hobows®diby — hobows®ar — daboxs®e1by + asws’ciby — dabawser
+hoboxsdy — hoarxs + hodibixs + asxscy — dacibias — dacy + hady,

By = (14 boxs) (—cac1 — cacibixs + hihg + hibiashs) ,

and x5 is a root of the equation of

where Q5 = —cabo2c1b1? + hoba?hibi2,
Q4 = Cgb2261b12 -2 62b2201b1 +2 h2h1b2b12—2 0201b2612—h2b22h1b12+2 h2b22h1b1,

Q3 = a22h1b12 + 202622611)1 + 262011)2[)12 — 6201b12 + h2b22h1 + h2h1612 —
Cgbgalagbl — 2h2h152b12 + 4h2b2h1b1 - 4C2b201b1 + h2b22a12 - d2b2h1b12a2 +
daba?brarcy — 2 haba®hiby — habo?aydiby — caba®cr — agbiaibacy + cabadibi®as,

Q2 = —cobsarag — hahib1? 4+ 2a2?hiby + cadibi®ag + 2 hahiby + 4 cabociby —
agbrarcr + 2dabrarbacy + 2cobadiashy — agaibac; — dehibi?ag + daboaic; +
2h2b2h1 — 26201b1 — 262b201 — 2h2a152d1b1 — h2b22h1 — h2b22a1d1 - 02a1a2b1 -
2 dabohyashy + 2 haboar? — 4 hobahiby + cacibi® + cabo’cy,

Q1 = —2hoaibady + 2doa1bacy + 2 codiashy — 2 hoh1by — dabohias + cobadias —
cac1 — 2dahiagby — 2 habahy + 2 cac1by + hoa1? + dabraicy + 2 cabacy — hadibiag —
asaicy + hahy + ag®hy — caaras,

Qo = daaicy + cadiag + cacy — dahiag — hadiay — hohy.

A fifth degree equation has five roots in the complex domain. We now find suf-
ficient conditions for it to have at least a positive root. Since the degree of the
equation is odd, by Descartes’ rule of sign, we get a real root and correspondingly
a linear factor of the polynomial. The fifth degree polynomial can then be factorized
as

5

> Qir' = Qs(a +p)(z' + A’ + Aga® + Asw + Ay)
=0

= Qs[z° + (p+ AD)at + (pAy + A)z® + (pAg + Az)a?
+(pAs + As)x + pAd] (7)
where p is to be determined. By equating coefficients of like powers of x on the
left and the right, we find Ay +p = *, Ay +pAy = &, As +pAy = &,

Qs
Ay + pAs = %, pAy = %, from which we have p = Q?z(ih‘ One root of equa-
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tion (6) is thus found as x5 = —p. By imposing conditions p < 0, we obtain
x5 > 0. This ensures that the feasible coexistence equilibrium is unique. As for
example, for the set of parameter values a; = 14.0, ag = 9.1, by = 13.2, by = 7.5,
di = 0.9, do = 0.9, ¢ = 0.001, ¢ = 0.001, hy = 0.1, hs = 0.2, E5 becomes
(0.4521503585, 0.08218809244, 0.1846819947).

4. System Behaviour Around Boundary Equilibria

The Jacobian matrix of the system at any arbitrary point is given by

_ o _ a2
f;l T+bz ~ 1+box
1Y1 _
J(x,y,2) = | Tapoz G2 cayr |,
a2Y2

b —C2¥2  Ga3

o i _ a1y1 o azy2
where Gy = 1 =22 — @357 52 — [T5h,0)2
Gz = 115 — di — c1y2 — 2hay,

_ asz
G33 = 195 — do — cay1 — 2hayp.

4.1. System behaviour near the origin
Theorem 1. Ej is unstable.
Proof: The eigenvalues of the jacobian matrix Jy at Ey are 1, —d;, —ds. Hence, the
proof.

4.2. System behaviour near the equilibrium F;(1,0,0)
Theorem 2. Ej is locally asymptotically stable if a1 < dy(1+b;1) and ag < d2(1+b3).
Proof: The eigenvalues of the jacobian matrix J; at E; are —1, ﬁlbl —dq, %’22 —ds.
Hence E; is locally asymptotically stable if the conditions a; < di(1 + b;) and
ag < da(1 + be) are satisfied.

4.3. System behaviour near the equilibrium Fs(z3,y13,0)
Theorem 3.

(i) Es is locally asymptotically stable if a1b1y13 < (1 + blx3)2 and asxs < (d2 +
02y13)(1 + ngg).

(ii) The system experiences Hopf-bifurcation around Es for a; = a[llHB], where
a[lHB} — (z3+hiyi3)(1+b1x3)?
1 b1x3Y13 :

Proof: (i) The jacobian matrix J3 evaluated at Es is given by J3 = (¢;;)3x3, where

a1b173Y13 a1Ts

— — __ __ _Gox3 _ a1Yi13
c11 = —x3 + (+bizs)2 €12 = “T1hay <0, c13 = ER S 0, co1 = (e > 0,
co2 = —hiyrs <0, ca3 = —c1y13 <0, c31 =0, c32 = 0, ¢33 = {7372~ — do — coyn. Its

eigenvalues are

1
A2 = 5 [011 + a2 + /(11 + c22)2 — 4(crrcon — cracan) |, A3 = cas. (8)

If we assume ci; < 0 and ¢33 < 0 then A3 < 0 and A2 both are either negative
or complex numbers with negative real parts. Hence, Fj3 is locally asymptotically
stable if ¢;1 < 0 and c33 < 0, that is, a1biy13 < (1 + biz3)? and asw3 < (do +
cay13) (1 + baw3).

(77) From (8), we see that A3 is real, \; and A2 will be purely imaginary if and
[1LHB]

only if there is a a1 = a; such that a[llHB] = (x3+hll§f;2;11:blm3)2. But fori =1, 2,
Re(d)\i a1 = a[lHB]] __bizsys

da1 [ 1 (1 + bll‘g)
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Therefore, the system enters into Hopf-bifurcation at F5 for a; = a[llHB]
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Figure 1. Stability around the equilibrium Ej for a; = 2.5 < a{'"?) = 2.880393. The
other parameter values are as = 0.9, by = 1.72, by = 0.6, d; = 0.4, do = 0.5, ¢; = 1.0,
Cy — 0.4, hl = 0.2, h2 = 0.1. Here G,lblylg = 1.829735481 < (1+b1$3)2 = 2.252825522 and
asxsz = 0.2621205760 < (do + coy13)(1 4 boxs) = 0.7873248148.
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Figure 2. (a) 2D view of Hopf-bifurcation behaviour of the system (3) around the equilib-
rium Es3 for a; = 7.0 > a DHB] = 2.880393. (b) 3D phase portrait. The other parameter

values are same as in Flgure 1.

4.4. System behaviour near the equilibrium FEy (4,0, y24)
Theorem 4.
(i) Ey is locally asymptotically stable if asboyas < (1 + boxy)? and a124 < (dy +
c1y24)(1 + bizyg).

(ii) The system experiences Hopf-bifurcation around Ej for as = a[QQHB], where
a[QHB} (za+hoyoa)(1+boz4)?
2 baway2a :

Proof: The proofs are similar with the proofs of Theorem 3.

Prey
Predator 1
Predator 2 ||

b

o
o 100 j=XeYeY 300 a00 s500 600 Z7oo 800 200 1000
Time

Figure 3. Stability around the equilibrium E, for ay = 2.4 < a[ZQHB] = 2.88037. The

other parameter values are a; = 4.0, by = 1.5, by = 1.8, dy = 1.0, do = 0.5, ¢; = 0.2,
Cy = 002, ]’Ll = 03, hg = 0.2. Here a2b2y24 = 1.815956550 < (1 + b2$4)2 = 3.166729035
and ayzq = 1.732290146 < (dy + c1y24)(1 + brx4) = 1.788294819.
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Figure 4. (a) 2D view of Hopf-bifurcation behaviour of the system (3) around the equilib-

rium Ey for as = 6.0 > a [2HB] = 2.88037. (b) 3D phase portrait. The other parameter

values are same as in Flgure 3.
5. System Behaviour Near the Coexistence Equilibrium
The Jacobian matrix J5 evaluated at F5 has the components

a1b1xsy15 a1xs a2Ts

Jin = —as + 2B po = T o0 Jig=— <0, (9
1 5+ (1 + b1x5)2 12 (1 + b1(L‘5) 13 1+ boxs ( )
a1x
Jo1 = —m >0, Ja=—-hys <0, Jaz=—cyis <0,
Jap = VB0 gy = 0, Jsz=—h 0
31 = (1 + bows)? > U, Ja2 = —coyas < U, J33 = —hayes < U.

Theorem 5.
(i) The equilibrium point Ejs is locally asymptotically stable if

Ji1 < 0, [Ja1J33 — Ja1J23] < 0, [JazJs2 — JaaJ33] < 0, [J31J22 — Ja1J32] < 0(10)

(ii) The local stability ensures its global stability around FEs if the conditions
a1y15(1 + b2x5) + a2y25(1 + b1$5) < (1 + b1x5)(1 + b2$5) and {61(1 + b15175) +
02(1 + b2$5)}2 < 4]’L1h2(1 + b1x5)(1 + b2$5) hold.

(iii) The system enters into a Hopf-bifurcation at Es for A = \;, for a suitable value
ar = al’™Plif (10) holds.

Proof:
(i) The characteristic equation of Js is A% + A1\% + Ao\ + A3 = 0 where
Ay = —Ji — Jag — Jas,
Ao = JooJ33 + Ji1Joo + J11J33 — Ji2Jo1 — Ja3J32 — J13J31,
Az = Jig[Ja1J33 — J31Ja3] + Ji1[JasJzo — JaoJ3s] + Ji3[Jz1Ja2 — Jo1J30].
From the Routh-Hurwitz criterion, the equilibrium point is locally asymptotically
stable if A1 > 0, A3 > 0 and A1A45 > A3z. Now

A1Ay — Az = —(J11)%Jag — (J11)* 33 — J11(Ja2)? — J11(J33)% — 2J11J22.J33
+J11J12d21 + Ji1Ji3 31 + JazJi2Jo1 + Jaz[JasJza — Ja2J33]
+J13J31J33 + J33[JagJ32 — JooJ33) + Ji2J31J23 + JizJo1 J3a.

If we take Ji1 < 0, [J21J33 —J31J23] < 0, [Jaz 32— JaaJ33] < 0, [J31J22 — J21J32] < 0
in view of the signs of the Jacobian entries (9) all the Routh-Hurwitz conditions

hold. But this requirement amounts to the assumptions (10). Hence, the claim.
(ii) Let R? = {(z,y1,y2) € R3,x > 0,y1 > 0,y2 > 0} and consider the scalar
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function L : R2 — R defined by

i
L=k [96 — x5 — %ln} + k2 [@/1 — Y15 — y15lny1] + k3 {y2 — Y25 — y25lny2(]11)
x5 Y15 Y25

where k1, ko and k3 are positive constants to be determined later. The derivative
of the above equation (11) along the solution of the system (3) is given by

dL x5 | dx Y15 | dyr Y25 | dy2
Y R - N P TR0 ) R 24 e
1[ }dfr?[ yl]dt+3 ya | dt’

a1y a2y2
1+biz 14+ box

= ki(z — x5) {1—90— } +k2(y1—y15)[

1 bl.%' -

asx
1+ box

+
—C1Y2 — h1y1] + k3(y2 — y25) [ —dy — coy1 — h2y2} -

At the equilibrium point Ej5 of the system (3), we have

| = g 4 QY15 42025 __mrs 4
° 1+ bizs 1+ bows’ ! 1+ bizs 1425 1Y15,
agxs
dy = ——— — — hayos. 12
2= g Vs hays (12)
Using (12), the time derivative of L becomes
arL _ ky(z —a5)| — (z — x5) — a1y a1yis  a1y2 aiy2s
dt ! > > 1+ bi1x 1+ byxs 1+ bz 1+ boxs

a1x5
ko
+2 — Y5 [1+bx 1+ bizs
— Y25 [

—c1(y2 — y25) — ha(yr — y15)}

asxs

Es(
+3 l—i—bl’ 1+ boxs

—c2(y1 — y15) — ha(y2 — y25)} ;

ai1(y1 — y15) a1y15(x — x5) az(y2 — y25)
p— k —_— —_— _ _— R
i ’”5)[ @ =) =y T Ut bho)(0Tha)  1tbe

azy2s(T — x5) ar(r — 5)
(1+ boz) (1 + ngs)] ka1 = y1s) [(1 T byz)(1 + byas)
az(x — x5)

(1 + box)(1 + bazs

—c1(y2 — y25)

—hi(y1 — y15)] + k3(y2 — y25) [ 7 c2(y1 — y15) — ha(y2 — 925)} :

_ B ai1y1s B a2y25 T — )2
[’“1<1 (14 byz) (1 + byas) (1+b2:c)(1+b2:v5)>}( 5)

arky | (r —z5)(y1 — y15) asks | (z —x5)(y2 — y25)
— alk:l — — agk‘l -
1+ bixs 1+ bix 1+ boxs 1+ by

—koh1(y1 — y15)% — (c1ka + c2ks) (y1 — y15) (Y2 — y25) — ksha(z — 23)°.
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Assuming, k1 = 1, ko = (1 + bixs) and k3 = (1 + bexs), we have

L _ _(1 B a1yis B a2y2s >] (z — z5)?
a S| (I+biz)(1+bizs) (1 + baz) (L + boxs) b

—kah1(y1 — y15)* — (cika + caks)(y1 — y15) (Y2 — ya5) — ksha(z — 23)%,

[ ai1yis a2y25 2
<-|(1- - -
( (1+bxs) (1+ b2$5)>} (== 25)

—kahi(y1 — y15)° — (cika + caka)(y1 — y15) (Y2 — y25) — ksha(z — 23)?,
<0, (13)
if  a1y15(1 + baws) + agyas (1l + bixs) < (1 + bizs)(1 + bexs)
and  (c1kg + cok3)? < 4kokshihs
i,e {c1(1+bixs) + ca(1 + boxs)}? < 4hiho(1 + byas)(1 + boxs),
and % = 0 when (z,y1,y2) = (z5,y15,y25). The proof follows from(13) and
Lyapunov-Lasale invariance principle [9].

(7i1) The Routh-Hurwitz conditions are satisfied, as seen above, if we assume
J11 < 0. To have a Hopf bifurcation, we need however A1 A5 = A3 for some value

of ay, say a1 = a[l ] Since A9 > 0 at a1 = a[lgHB] for some a; > € > 0 there
is an interval (a [13HB} €,a [13HB] + ¢) in which Ay > 0. Thus in this interval the
characteristic equation cannot have real positive roots.

Now, for a; = a[13 Bl the characteristic equation factorizes (A2+A3)(A+A1) =0to

give the three roots )\1 =i/ Ag, \g = —i\/ Ao, A3 = —A1. These roots are functions

of a; € (a7 BHB] _ ¢ a[13HB] +¢€) and can therefore be written as A\; = a(a1) +i8(a1),

)\2 = a(al) — zﬁ(al), )\3 = —Al(al) .
Now we verify the transversality condition

dA; .
R6< >’ _[3HB]7EO 221,2.
da1 ai=a;

Substituting A\; = a(a1) + i5(a1), j = 1,2, into the characteristic equation and
differentiating w.r.t a;, we have

w(ar)o’(a1) — ¢(a1)'(a1) + n(ar) =0,  dar)a’(a1) +w(ar)f'(a1) + p(ar) = 0,

where
w(ar) = 3a2(ay) + 241 (ay)a(ar) + Az(ar) — 36%(a1), (14)
¢(a1) = 6a(a1)B(a1) + Ai(ar)B(a1), (15)
n(ar) = o*(a1) A7 (a1) + Ay(ar)a(ar) + Ag(al) A (a1) 8% (an), (16)
pu(ar) = 2a(ar)B(ar) Ay (ar) + As(a1)B(ar (17)

Since ¢(a1)p(ar) +w(ai)n(ar) # 0, we have

dA; _ putwn ,
_ 3HB] — — 1 2 )\ — —A )
Re(da1>|a1 a[ 1 ¢2 +U)2 # J ) 4y 3(@]_) 1(@1) 7& 0

Hence, the claim.
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Equilibria Stability condition Equilibrium nature
Ey No condition Unstable
Ey a1 < dl(l—l—bl),ag < d2(1+bz) LAS
Es No condition LAS
FEs3 a1biy1s < (1 + b1$3)2, LAS
azr3 < (d2 + cay13)(1 + baws)
Es ap = (xﬁhll;yll;z&:blxa)z Hopf-bifurcation
Ey a1y < (dl + cly24)(1 + b11174) LAS
Ex a1b1y1s < (1 + blx5)z LAS
Es Conditions stated in 5.(i7) GAS
E5 a1 = % Hopf-bifurcation

Table 1. Schematic representation of our analytical results: LAS = locally asymptotically stable, GAS = Globally
asymptotically stable.

6. Numerical Simulation

The numerical simulation based on the theoretical findings of the system (3) is
illustrated for the purpose of clear understanding of the complex dynamical be-
haviour of the system. Numerical study of this model is performed by MATLAB
2010a and MAPLE 16. The findings are summarized and represented schemati-
cally in Table-1. All these results are verified by means of numerical illustrations of
which some chosen ones are exhibited in the figures. The equilibrium F3 has been
shown to be asymptotically stable for a set of parameter values a; = 2.5, ao = 0.9,
bl = 1.72, bg = 0.6, d1 = 0.4, d2 = 0.5, cl1 = 1.0, Cy = 0.4, h1 = 0.2, hz = 0.1 satis-
fying the conditions of the subsection 4.3.(i) which has been exhibited in Figure 1.
When the parameter a; exceeds its critical value a[llHB} = 2.880393 for this set of
parameter values which is mentioned in the subsection 4.3.(i7), the present system
does experience Hopf bifurcation around F3 which has been exhibited in Figure
2. Similarly, the stable behaviour of the system (3) at equilibrium Ejy for a set of
parameter values as = 2.4, a1 = 4.0, b1 = 1.5, =1.8,d; = 1.0,dy = 0.5, ¢; = 0.2,
co = 0.02, hy = 0.3, hy = 0.2 satisfying the conditions mentioned in the subsection
4.4.(i) has been displayed in Figure 3. When the parameter ay exceeds its critical
value a[22HB] = 2.88037 for this set of parameter values which is mentioned in the
subsection 4.4.(ii), the present system does experience Hopf bifurcation around Ejy
which has been displayed in Figure 4.

—Prey
—— Predator 1

ey
vedator
o7 03] —— Predator2
, 06 , 03 , 06
2 2 B
g g g
H £ H]
3 3
H H
5 5
H H

\ \
01 005 01
|

0 100 200 300 40 500 600 700 80 90 1000 0 100 200 30 40 500 600 700 800 %0 1000 0 100 200 300 40 500 60 700 80 900 100C
a Time Time C Time

Figure 5. (a) When h; = 0, hg = 0, the predator 2 wins the competition and predator 1
tends towards extinction; (b) When h; = 0, hy = 0.4, the predator 1 wins the competition
and predator 2 tends towards extinction; (c) When hq = 0.5, hy = 0, the predator 2 wins
the competition and predator 1 tends towards extinction. The other parameter values are
a1 = 20, A = 08, b1 == 12, bg == 027 d1 == 047 dg == 027 C1 = 02, Cy = 0.02.

The coexistence interior equilibrium point E5 has also been found through numer-
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ical simulations whose global asymptotically stable behaviour has been depicted in
Figure 6. The set of parameter values that has been taken for the results of Figure
6 is indicated in the caption of the figure in which all the three populations are
settled at non-zero levels, i.e., towards F5. Moreover, the chosen set of parameter
values satisfies the condition of global stability as mentioned in section 5.1.(i7) and
hence the global coexistence of the system (3) around Es is ensured which has been
depicted in Figure 6.

05

Populations

o 200 400 600 800 1000

(@ (v
Figure 6. (a) When hy = 0.5, ho = 0.4, both the competitive predators of the system (3)

coexist globally around the equilibrium F5(0.4511575297,0.2446196414, 0.3154052167); (b)
3D phase portrait. The other parameter values are same as in Figure 5.

7. Conclusions and Comments

Ecological research mainly involves to find out the whole mechanism through pop-
ulation dynamics operate [14, 17]. It is well known that intra-specific competition
terms can greatly affect the outcome of food chain models [2, 10, 11]. For the case
of competitive food chain consisting of two competitive predators competing for a
common prey resource, our results indicate that intra-specific competition of one
competitor not only ensures the long term survival of itself, but also guarantees
the existence of the other competitor, which would otherwise be out competed.
Uniform persistence is not possible for the system (3) in absence of intra-specific
competitions in predators populations [7]. But introduction of intra-specific com-
petition terms make the system coexistent not only in the sense of uniform per-
sistence, but also in the sense of existence of a globally stable positive equilib-
rium (Figure 6). For the set of parameter values a; = 2.0, ag = 0.8, by = 1.2,
bo = 0.2, dy = 04, do = 02, ¢ = 0.2, co = 0.02, hy = 0.5, ho = 0.4, all

the conditions in theorem 5 for global stability i.e Jy; = —0.3396751461 < 0,
[Jo1J33 — J31J23] = —0.01512224496 < 0, [JagJ32 — Jo2J33] = —0.01559332662 < 0,
[J31J22 — J21J32] = —0.02466570586 < O, a1y15(1 + b2x5) + a2y25(1 + bla:5) =

0.9223137945 < (1 + byxs)(1 + bexs) = 1.680470890 and {ci(1 + bixs) + co(1 +
boxs)}? = 0.1089544154 < 4hyho(1 + bizs)(1 + bows) = 1.344376712 are satisfied.
Hence the coexistence equilibrium F5(0.4511575297,0.2446196414, 0.3154052167)
is globally stable. A possible explanation for this situation is that intra-specific
competition in one competitive predator prevents it from reducing the density of
the prey below the minimum value needed for the other predator to be able to
maintain itself.

Another interesting observed situation for the set of parameter values a; = 14.0,
as =9.1,bp =13.2, by =7.5,dy = 0.9, do = 0.9, ¢c; = 0.001, ¢ = 0.001, h; = 0.1,
he = 0.2 is that the system (3) is locally asymptotically stable around E5 but when
a1 is increased, E5 loses its stability and a Hopf-bifurcation occurs when a; passes
a critical value (Figure 7).
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Figure 7. (a) Stable behaviour of the system (3) around the equilibrium

E5(0.4521503585, 008218809244, 0.1846819947) for a1 = 14.0 < al*#Pl = 14.47465,

(b) 2D view of Hopf-bifurcation behaviour of the system (3) around the equilibrium Es

for for a; = 14.5 > a[lgHB] = 14.47465, (b) 3D phase portrait. The other parameter values

are ag = 9.1, b1 = 13.2, bg = 7.5, dl = 09, dg = 09, c1 = 0001, Cy = 0.001, hl = 0.1,
hy =0.2.

So, the major significant findings of our analysis are as follows:
At a significant level of competition,
(i) Intra specific competition prevents predator extinction from the system and
damp predator prey oscillation.
(i) Strong coexistence of all species is possible due to intra specific competition
under appropriate conditions on the environmental parameters.
(7i7) These results can be used to make biological control mechanism.
(iv) These results will be helpful in theoretical research of ecology.
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