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Abstract. I In this paper, we propose an algorithm base on decomposition technique for
solving the mixed integer linear multiplicative-linear bilevel problems. In fact, this algorithm
is an application of the algorithm given by G. K. Saharidis et al for the case in which the first
level objective function is linear multiplicative. We use properties of quasi-concave of bilevel
programming problems and decompose the initial problem into two subproblems named RM P
and SP. The lower and upper bound provided from the RM P and SP are updated in each
iteration. The algorithm converges when the difference between the upper and lower bound
is less than an arbitrary tolerance. In conclusion, some numerical examples are presented in
order to show the efficiency of algorithm.
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1. Introduction

Bilevel programming problems are a special kind of decision processes involving
two decision makers with a hierarchical structure in which the upper level decision
maker is called the leader and the lower level decision maker is called the follower;
additionally, the constraint region of the upper level optimization problem is im-
plicitly determined by the lower level optimization problem. In general, Bilevel
problems consist of determining a vector x = (z1,z2) € R™ such that [10]:
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min 1(L1, T2
(x17x2)esf ( ’ )

(1)
st x9 € argmin fo(x1,v)
veS(z1)

where 1 € R™ and z9 € R™ are the variables controlled by the upper level and
the lower level decision makers, respectively; f1,fo : R" = R, n =ny +ng; S C R"
defines the common constraint region and S(z1) = {z2 € R™ : (z1,22) € S}. The
most approaches and algorithms proposed for solving bilevel problems have focused
on the linear case of this problem such as the KuhnTucker approach [3, 13|, the
Kth—best algorithm [9], the penalty function approach [31], the branch-and-bound
algorithm [4, 13], then, some scholars such as Bilias and Karwan [8] and Bard [1, 2]
extended them. Important decision making problems may involve decisions in both
discrete and continuous variables. For example, a chemical engineering design prob-
lem may involve discrete decisions regarding the existence of chemical process units
in addition to decisions in continuous variables, such as temperatures or pressures.
Problems in this class, involving both discrete and continuous decision variables
are mixed integer BLPP. Note that real world problems often involve nonlinear
terms, resulting in mixed integer nonlinear BLPP [19]. Bilevel programming prob-
lems are NP hard [16], and discrete nonlinear bilevel problems are harder to solve,
so despite numerous applications of them in real world, there have been alittle
attention in bilevel problems involving discrete decisions and even less attention
in case both nonlinear and discrete. For the solution of the integer linear BLPP, a
branch and bound method has been developed by Moore and Bard [22] and For the
solution of the mixed integer BLPP, another branch and bound technique is de-
veloped by Wen and Yang [30]. Cutting plane and parametric solution approaches
have been developed by Dempe [15].Global optimization for solving mixed inte-
ger bilevel problems has been developed by Floudas [19]. Also, the few algorithms
have been published for the nonlinear problem by Shi et al.[26], Bialas and Kar-
wan [8] and Hansen et al.[20]. One of techniques for solving bilevel problems, is
the reformulation techniques that have been developed for solving the nonlinear
or quadratic bilevel problems; it transform the bilevel problem into a single level
problem, for example by replacing the KarushKuhnTucker optimality conditions
instead the inner problem and considering them as constraints of the upper level
problem, the bilevel problem is transformed into a single level problem. Therefore,
instead of solving the bilevel problem directly, it is transformed into a single level
problem to be solved. Shi et al.[26], Bialas and Karwan [8] use the KKT optimal-
ity conditions for replacing the inner problem and hence they use different forms
of branch and bound algorithm for solving of the reformulated problem. In this
paper, that is an application from the algorithm presented in reference [25], we
consider the class of bilevel problems in which the upper level objective function f;
is linear multiplicative, the lower level one f5 is linear and the common constraint
region S is a bounded polyhedron thus feasible conditions such as conditions ex-
pressed in reference [25] but optimality conditions change. The algorithm is based
on Benders decomposition technique which uses Karush-Kuhn-Tucker optimality
conditions. The only assumption of the proposed algorithm is that although integer
variables could appear in both levels of problem, they should be controlled by the
upper optimization problem. Then at each iteration of the algorithm, the SP gives
a new valid cut to the RM P which converges to the optimal solution. If the RM P
optimality condition is not satisfied by the solution obtained by SP, the RM P
sends the updated information to the SP which produces another cut for RM P
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and the algorithm continues until the RM P optimality condition is satisfied [25].
The paper is organized as follows. After having defined the problem in section 2, an
algorithm for solving mixed integer linear multiplicative-linear bilevel problems is
offered in section 3. Further, in section 4, the numerical experiments are presented.

2. Linear Multiplicative-Linear Bilevel Problem [7]

Using the common notation in bilevel programming, the LMLB problem can be
stated as follow:

min (o + ciz)(B + ch)
Z1

= (o + cnw1 + ci2x2) (B + ca121 + c2222)

min dgxg

Az 4 Aszo < b
se{r A s @

where A1 € My xn,; A2 € Mimxn,; b, da, ca2, o1, c12, c11 are vectors of conformal
dimension; ¢; = (11, ¢12), ¢2 = (c21, ¢22); «, (B are scalars and

(B 4 ca121 + c20w2) > 0, (a0 + cr1x1 + ciexe) > 0, for all x = (x1,22) € S,
the polyhedron defined by the constraints. We assume that S is a nonempty and
bounded polyhedron of full dimension in R™. Let S; be the projection of S onto
R"™!. For each x; € Sy, a feasible solution to the LM LB problem is obtained by
solving the following linear programming problem [10]:

min  doxo
X2

A1z + Ay < b
se { s 3)

Let P(x1) be the set of optimal solutions to (3), we assume that P(x1) is nonempty
and singleton. Ref.[2] show the difficulties which may arise when P(z1) is not single-
valued. The feasible region of problem (2) , called inducible region, is implicitly
defined as follows:

IR = {(@1,%2) : #1 >0, 72 € P(a1)}
Let us consider the following linear multiplicative problem:

min (Oé + C11%1 + meg)(ﬁ + C21T1 + ngxg)

Z1,T2

A1z + Agxa < b
se{ A @)

If an optimal solution (#1,42) of (4) pertains to IR, then it is an optimal solution
of the LM LB problem. We used the following results.

LEMMA 2.1 [11] The inducible region of the quasiconcave bilevel programming
problem (1) is a piecewise linear.

THEOREM 2.2 [11] There is an extreme point of the constraint region S which is
an optimal solution to the quasiconcave bilevel programming problem (1).
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3. Theoretical background of the proposed algorithm

In the sequel, we used the following notations:
Index:

e [ denotes the number of extreme rays of the dual slave problem;

e p denotes the number of extreme rays of the dual slave problem with z = z1;

e k denotes the number of extreme rays of the dual slave problem with z = zo;
e 1 denotes the number of extreme rays of the dual slave problem with z = z,;
e i denotes the number of extreme points of the dual slave problem with z = zq;
e j denotes the number of extreme points of the dual slave problem with z = zo;
e t denotes the number of extreme points of the dual slave problem with z = z,.

Auxiliary decision variables:

e v, = 1 if the mth constraint is active otherwise takes the value of zero;
e U, dual value of the mth constraint;
e w,, Lagrangian multiplier mth constraint.

Parameter:

e M big value number.
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Vector symboles:

RAtFtfat — RAYRE URS UR™

bieR" byeR” 26 XCR* yeY CRY, se§c Rutbz
welUcCREF 4 eV c RbFEe

ze€ Z{0,1} CR* bv e Z{0,1} CR", he H c R"

wy € W1 CRY', wg € Wo C R¥2, wy € W3 C R™3, wy € Wy C R™4
c1 ER* o €RY, ¢35 R?

Fi,Fp: X xY x Z=R!

A; e RV® B e RVY B e RXZ Q e R0 0 = T e R
Ay € RE2XT By e RV By € R2XZ Qy € R2XP2 0y = T € RM*

C1
er= 10|, T eRE =R D= A1 B1 1 . D € RP = R(bi+b2)x(wtytbitbs)
0 Az By Qo

xr
b= |:21:| ’ be Rb :Rbl+b2’ g=1Y|,9 € RY :Rx+y+bl+b2, E = [gl] ) FE c RE :Rbl-‘rbz
? 2

S

A1 Br 1 01}

0
/T: 0 T c’: r+y+z+h I
c ol ¢ eR R , D |:AQBQQQCQ
0

D c RD’ — R(b1+b2)><(w+y+h+b1+b2)

g/ e Rg/ _ Rx+y+h+b1+b2
)

ISV S

Next, we consider the following problem for the mixed integer linear
multiplicative-linear bilevel problem:

ming, 2, > (4 ciiz1 + ciex2) (B + 2121 + c222)
St.
ming, doxa
P1 : St.
A1z + Bizo + E1z < by
Azx1 + Boxo + oz < by
1,9 20 z€ {0,1}

Note that constraints can be considered in the upper level and also, binary variable
can be considered in the objective function of the upper level problem.
We get the following problem by fixing binary variables:
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rIliIl:,;1 (Oé + c11x1 + 6121‘2)(5 + co121 + CQQ:L‘Q)
St.
IIliIlgc2 dQ.TQ
St.
Aix1 + Bizo < by — E1z2 = wy
Aoz + Boxog < by — EozZ = we
—x1 < 0= ws
—29 < 0= wy

P2:

The problem P, can be transformed to a mixed integer multiplicative problem using
K KT optimality conditions and the active constraints strategy [18] as following:

min (a +c1ix1 + 012.%'2)(5 + co171 + CQQ%‘Q)
St.
Arx1 + Biwo < by — Er 2
Agx1 + Boxy < by — EnZ
wl—Mbv1<0, 'U)Q—MbU2<O
wg—Mbv3<0, ’u}4—MbU4<0
(bl — Elf) — Aixy — Bizo — M(l — bvl) <0
(bg — EQZ) — Az — Boxo — M(l — bvg) <0
:EQ—M(l—bUg) < 0,$1—M(1—bv4) <O
w1 Al + wo Ay —wy =0
w1 By +waBy — w3 = —da
x,y, w1, ws, w3, wy =0 buy, bug, bus, buy € {0,1}

From the solution of P3, we find active constraints, so we can replace LM LB
problem with active constraints plus remainder constraints and the first level objec-

tive function, and transform the problem P; to the following linear multiplicative
problem:

min (o + cri1x1 + c1222) (B + ca121 + c2222)

St.
Py Aix1 + Bizo = by — Bz
Ao + Bowg < by — Bz
x1,22 20

From reformulated the problem P, we have:

min  (a + cr1x1 + ci222) (B + 2121 + c2222)
St.
P5 . A1z 4+ Bire + Q15 = b1 — EZ
Aoy + Bz + Qs = by — EoZ
Z1,22,S =0

where ()1, ()2 are matrices that all the their elements are equal to zero except the
elements in the diagonal that correspond to non-active constraints and are equal
to 1. We reformulate the problem Ps to P! using the notations of nomenclature:
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min (o + cr121 + c1222) (B + ca121 + c2222)
St.
’.
P Dg=b—E7
g=0

The problem P, (and Ps3) should have at least a non-empty solution set for z, so
we cannot choose the variable z arbitrarily, thus we add —c1h and —coh to active
constraints and non-active constraints of the P, problem, respectively. Also we use
K KT conditions and the active constraints strategy that due to problem P; which
gives the best feasible solution minimizing the auxiliary variables h.

min h
St.
Ajx1 + Bizo — Cih<by — Ei1Z
Aox1 + Boxg — Coh < by — EsZ
wl—Mbvlgo, wg—Mbvgg()
’LU3—MbU3<O, w4—Mbv4<0
P?I) : (bl —Elz)—All'l —Bll‘Q—l—Clh—M(l—b’Ul) <0
(bg — EQZ) — Asx1 — Boxg + Coh — M(l — b’Ug) <0
xo — M(1—buz) < 0,21 — M(1—bvy) <0,h—M(1—bvs) <0
w1 A1 + woAg —wy =0
*wlcl — U)QCQ — W5 = 0
w1 By +weBy — w3 = —co
x1, T2, W1, Wwe, w3, Wy, ws = 0 buy, bvg, bus, buy, bus € {0, 1}

We transform P; to P like transformed process P3 to Pf, so we have:

/!

max cg

7 St

5" VD¢ =b—-Ez
g =0

The necessary and sufficient condition for existence at least a non-empty solution
for z is given by lemma of Farkas and Minkowski:

LeMMmA 3.1 [14] [Farkas and Minkowski] Let A € R™"™ and b € R™. Then there
exists a vector x = (x1,...,xy) = 0 satisfying Az = b if and only if for each
u € R™ with uA > 0 it also holds that ub > 0.

If we correspond to each constraint ¢ of P/ a dual variable u;, then the Lemma
of Farkas and Minkowski states:
The problem P has a solution ¢’ > 0 if and only if u(b — EZ) < 0 for all u which
uD’ < 0 holds.
We should notice that for each z the matrix D’ is different based on the values of
matrix (). That means that the matrix D’ is related to the value of z, so it can be
stated as D'(z) [25].

THEOREM 3.2 [20] [Minkowski and Weyl] A convex cone C' is polyhedral if and

only if it is finitely generated, that is, the cone is generated by a finite number of
vectors by, ..., by
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For each z the cone U(z) = {u : uD'(z) < 0} is a polytope, so, in view of
theorem (3.1), the cone U(z) has a finite number of generators as uf, ..., uj. First,
we considered the problem for z € {0, 1}. Now we extend the problem and consider
it for nonnegative integer values z1, ..., z,. The necessary and sufficient conditions
of the Farkas and Minkowski Lemma for each z1, ..., z,, then, is equivalent to the
following system of inequalities:

ui'(b—Ez) <0
u3'(b— Ez) <0

if z=2 —
uz'(b—Ez1) <0
ui*(b— Ez) <0
Za(y <
if 2= 2 = { 2 (b= Ez) < 0(5)

uz2(b— Ez) <0

ui"(b— Ez,) <0
uy"(b— Ez,) <0

if z2=2,—

Now, consider the following quadratic programming problem:

1
min §xtHx +d'x
S.t.
Ax <b

where H is symmetric and positive semidefinite, so that the objective function is
convex. Then, the dual problem be written as follows[5]:

1
max —ixtHx —blu
S.t.

Hx + Alu = —d
u>=0

It is clear that linear multiplicative programming problem is a special type of
quadratic programming problem, so we can reformulate P as follows:

min (Oz +ciix1 + 612332)(,3 + co1x1 + 622332)
1 2c11601 c11¢22 + €12€21 \ (2,
= 3(@172) c11€22 + €12€21 2c12¢22 )(“2)
Fs : +(aco1 + Benacy + feiz)(5)) + af
St.
Dg=b—-EZz
g=0
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where,

_ 2c11601 cr1c22 + c12621
c11€22 + 12621 2c12C22

and d' = (acgy + Beriacss + Bera),
With suppose existence at least a non-empty solution for the problem Pj5 for given
z = z, the dual of Py can be written as folows:

max —s2'Hz — (b— E2)'v + af

S.t.
P dual : Het+ Aty < —d

v of any sign, © > 0

where v is the vector of dual variables of the constraints of the problem Fs. Con-
straints of Ps make a convex polytope, so by using the duality theorem, problem
Py can be rewritten as:

max{—%xtﬂx (b= B2)w+af : (Hr + A')(2) < —d)

2z € R? where Z = {21, 20,...,2n}

This maximum is obtained at the vertex of each polytope

V(2) = {(z,v) : Hr + Alv(2) < —d}.

Assuming that V(z) is non-empty for all z, ~we denote by
(@i o), (@7 v7)s - (27,01, -, (@, v7))  the  vertices of  the
polytope V(z) where z € {21, 22, ..., 25} [25]. Then Py can be written:

maxi—y,. {3 (@]") Ha (b — Bz1)'v]" + o}
max1,..,x{—3 (i) Haj (b — Ez)'oir + aff}
These maximization is equivalent to the following nonlinear problem:
St.
—3 (@) Hal (b= Bz +af <€

(z7' ) Hay' (b— Ez1)'vp' + aBf <€
(272) Ha? (b — Ez)wi + aB < &

DO 0|

—3(2%7) Ha? (b— Ez)'v? + af <

N[

3
(i) Haf (b — Ezy)'vi" + af < €
3

— S (x5 ) HaZ (b — Ez,) i + af <
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Considering these inequalities and the inequalities have been obtained for existence
at least solution set, the following formulation is acquireed:

(min ¢
St.
2( )tfol(b Ezl)t T raf <€

Which is equivalent to the following problem (P7) and is named master problem
(MP):

(min &
St.
—5(1'1 VY Hz (b — E2)vi +af < €

MP: P;q —1(2) Hazr (b— Ez)'vi + aB < €

up(b—Ez) <0
z€{0,1}, £ € (—o0, +00)

At each stage of the algorithm, only some constraints of P; are known explicitly
which gives a problem named Restricted Master Problem (RM P) and involves a
subset of the constraints of P; (Master Problem). Let (z, ) be an optimal solution
of RMP, £ is a lower bound of optimal £* such that £ < £*. An upper bound can
be obtained by the resolution of Py or P, (which is a restricted form of the initial
MIBLP). The upper bound (UB) is updated when a lower bound is obtained of
the current Py (or P») compared with the current U B. Sufficient condition for the
(2,€) to be an optimal solution of Pr is that the UB — LB < ¢ because the RM P
is a relaxation of the original problem whereas the SP represent a restriction [25].
In each iteration of the algorithm, three cases can be arised:
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(1) (Production of feasibility cut)
The optimal value of dual Ps is unbounded. The Simplex algorithm is ap-
plied to dual P/ and produces an extreme ray @ such that u(b— EZ) > 0
and @D’ < 0. Thus the constraint @(b— EZ) < 0 does not hold for the cur-
rent solution z of RM P and so it is not a solution of P;. The constraints
u(b — Ez) < 0 must be added to RM P to form a new RMP [25].

(2) (Production of integer exclusion cut)
The optimal value of dual is finite and —%thHx —(b—-Ez)v+aB —¢<
0. So with adding this constraint to RM P, the optimal value does not
change. If the optimality condition is not satisfied, the algorithm continues
by changing the current integer solution using the following cut:

ZZZ'—ZZ]'<|P|—1

ieP JEQ

where P is the set of indices of variables that equals to 1, i.e. P = {7 :
zf = 1}. Similarly @ is the set of indices of variables that equals to 0, i.e.
Q = {j : z; = 0}. By adding this constraint to RM P, integer optimal
solution of problem change and is produced new SP.

(3) (Production of optimality cut)

The optimal value of dual P5 is bounded but

1
—ia:tHx —(b—Ex)'v+aB—-€£>0

So the constraint —3z'Hx — (b — Ez)'v + a8 — £ < 0 be added to Pr and
a new RM P be made.

In case where the integer decision variables appear in the upper level objective
function as ci3xs , cogr3 terms, we have:

(@ + c11w1 + cr2w2 + c1323) (B + ca171 + 2272 + C2373)
=(a+ criz1 + c1222) (B + ca121 + c22) + c1323(8 + 2121 + c2222)
+easws(a + c11x1 + crax2) + 6136231,‘%
=(a + c11m1 + c1222) (B + c2171 + co272)

+a3]c13(8 + ca1x1 + co222) + caz(a + ez + cr2x2)] + 013623$§

If [c13(8 + co1x1 + coow2) + ca3(a + c1121 + c1222)] = 0 then we have (o + ¢1121 +
c1222)(B + ca121 + co0x2) + clgcggsc%. Therefore we obtain the following form to
objective function of dual Fy:

Héin(013023$§ + max(a + c1121 + c1222) (8 + ca121 + c2222))
3

T1,T2

the variable £ in the produced optimality cuts is replaced by (£ = £+ 01302331:%)5 +
6136231'%.

Note that when we find dual variables may face with a dual gap then by writing
the dual problem we find the value of the gap and add or deduce it to the given
cut.
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4. Examples

Consider the following problem:

min (20 — .7}1)(1 + I‘Q)

Z1,T2

S.t. min —30x; — 8x9

T2

St. ¢1:10z1 + 3220 +82< 75
g2 :br1+42<5
g3 : 95Ty + 12+ 22 < 85
z€{0,1}, x1,29 >0

This problem is decomposed into the master and slaves problems:

RMP:

min  F(z,§) =¢

St. —M<LESM
z€40,1}
M =235

SP(z) :
min  Fi(zy,22) = (20 — 21)(1 + x2)
S.t. min  Fy(z1,22) = —30x; — 8x2
S.t. 10x1 + 329 < 75— 82
br1 <5 —4z
511 + 22 < 85 — 22

x2,Y3 P 0

In the first, we fix the binary variable with z = 0 arbitrarily, so we have problem
SP(0):

SP(0):

min  Fy(x1,22) = (20 — 21)(1 + x2)

S.t. min FQ($1,$2) = —30x1 — 8x9

S.t. 10z1 + 329 <75

The initial value of the lower and upper bound of the algorithm are LB = —235
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and UB = oo.
z=1,6=-235= F3(2,6) = 235 = LB = —235

By using Kuhn-Tucker method and active set strategy, we obtain the following
problem:

min  Fi(x1,22) = (20 — z1)(1 + x2)
St. g1:10x1 + 322 <75

g2 1971 <5

g3 : dr1 + 72 < 85

10wy + Susg + dug — ug = 30

3ui +ug —us =8

0, 5—=5x1 — M(1—wv2) <0

0, 8 —bxy —x9 — M(1 —v3) <0
0, 21 — M(1—v4) <0

0, 20— M(1—wv5) <0

T1,To = 0, U1, U2, U3, Ug, U5 = Oa V1, V2, V3,04, Vs € {O? 1}

The solving of this problem shows that the inducible region of the linear
multiplicative-linear bilevel problem is the line: 10z; 4+ 3x2 = 75: So the first con-
straint of the linear multiplicative-linear bilevel problem is an active constraint.
The associated linear multiplicative problem(LM P) is to the following form:

LMP:
min Fy (21, 22) = (20 — 21)(1 + z2)
S.t. 10x1 + 3x9 =75 = wy
9T1 < O = wo
5r1 + 12 < 85 = w3
>

z2,y3 = 0

The optimal solution of LM P is equal to 430.67 (obtained with Lingo) at the point
(z1,x2,2) = (1,21.66,0). Therfore new upper bound is U Bye, = 430.67.

LB = —-235,UB = 430.67 UB — LB =430.67 4+ 235 = 665.67 £ 0 = ¢

The optimality condition is not satisfied and the current LM P produce the first
cut. The optimal solution of Pj is finite and the constraint —%xtH r—(b—E2)v+
af — & < 0 is not satisfied, so optimality cut provide. Let (wy, wa, ws) is the value
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of dual variables associated with LM P then we write LM P problem as following:

max I1Tg — 7wy — bwy — 8bws + 20
S.t. —x9+ 10w + dbwy + bwg =1
— 1+ 3w + w3z = —20
wi of any sign, wo,ws >0

The optimal solution is equal to 452.33 at the point (z1,z2,w;, wa,w3) =
(0,0,—6.67,13.53,0) then we have:

wy = —6.67, ws = 13.53, w3 = 0

In this problem the value of dual gap is equal to a = 21.66. By attention to dual
values, we product B
—%xth —(b— E2)v + aff — £ <0 cut as following:

05 . 75 — 8z
(z129) & Y) = (wi,wa,ws) | 542 | —a+af—€<0
50 x2
85 — 2z

= 129 + 18.162 +432.33 + 20 — 21.66 — £ <0
= 122 + 18.162 +430.67 — £ <0

This cut is added to the new RM P is produced:

RMP:
min F3(§) =¢
S.t. -M<ESM
x122 + 18.162 +430.67 — £ <0
z€{0,1}
M =235

The resolution of the RM P gives a new lower bound LBy, = 430.67. Comparison
of the U B and the new LB satisfy the RM P optimality condition of the algorithm
which it is € = 0. The optimal solution of the problem is the point (x1,z2) =
(1,21.67) , z = 0. In this example, the upper bound of slack variables is M = 85
and it has solution for values M > 85 but may be infeasible for values M < 85.
An complication in this class of problems is that first level objective function is
nonlinear and it product the dual gap; therefore, by writing the dual problem we
find the gap value and add or deduce it to the given cut.

5. Conclusions

In this paper, an algorithm for solving of the mixed integer linear multiplicative-
linear bilevel problem was presented. The algorithm is based on Benders decom-
position method and, can be considered as a reformulation algorithm. After de-
composing the initial problem, the bilevel problem was solved using from K KT
optimality conditions. The presented algorithm decomposes the initial problem to
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two subprolem that are named slave problems (SP) and the restricted master prob-
lem (RMP). The RM P is a relaxation of the initial problem, so it provides a lower
bound for the algorithm in the case of minimization. The SP represents a restric-
tion of the initial problem because they are resulted from the initial problem by
fixing the integer variables. Thus, the solution of the SP in each iteration provides
an upper bound in the case of minimization. The RM P results the optimal solution
after the addition of cuts produced from the SP. The convergence condition of the
algorithm is satisfied when the difference between the upper and lower bound of
the algorithm is less than an arbitrary tolerance.
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