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Abstract. It is attempted to extend a two-step without memory method to its with mem-
ory. Then, a new two-step derivative free class of without memory methods, requiring three
function evaluations per step, is suggested by using a convenient weight function for solv-
ing nonlinear equations. Eventually, we obtain a new class of methods by employing a self-
accelerating parameter calculated in each iterative step applying only information from the
current and the previous iterations, defining a with memory class.

Although these improvements are achieved without any additional function evaluations, the
R-order of convergence are boosted from 4 to 5.24 and 6, respectively, and it is demonstrated
that the proposed with memory classes provide a very high computational efficiency.
Numerical examples are put forward and the performances are compared with the basic two-
step without memory methods.
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1. Introduction

Finding the roots of nonlinear equations has significant applications in various
fields of science and engineering. The main goal in constructing iterative methods
for solving nonlinear equations is to attained as high as possible order of conver-
gence with the lowest computational costs. Since 1960s’, many methods have been
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constructed for solving nonlinear equations. Newton’s method is the most famous
one [4]

Tyl = T — J{,((x")), n=0,1,2,.. (1)

In

Due to avoid computing the derivative, Steffensen in [8] presents a derivative-free
method as follows

Tptl = Tp — ——, 2
n—+ n f[xna wn] ( )
where w, =z, + f(z,),n=0,1,2,....
Recently, many high order derivative-free methods have been built based on
Steffensen-type methods inwhich they have an advantage over kinds of methods
while derivatives are complicated to compute.

For the first time multi-step methods are appeared in Ostrowski’s book [5] with
the purpose of higher order convergence and efficiency. Ostrowski proposed the
first two-step method as given by

— f(@n) n—
Yn = Tn f,(xn)7 0,1,2,..., (3)

It =T ) = 2f () [ ()

A family of fourth-order methods free from any derivatives, satisfying Kung and
Traub’s conjecture, are established by Ren-Wu-Bi [6]

f(zn)

flon, wy ’
| | f(yn) @

xruyn] + f[yn; wn] - f[xnvwn] + a(yn - xn)(yn - wn),

Yn = Tn —

Tn4+1 = Yn — f[

where w, = z,, + f(z),n=0,1,2,... and « € R.

A variant of Steffensen’s method of fourth-order convergence for solving nonlinear
equations is suggested by Liu et al. [3]

Yn = Ty — f(@n)
T [l w] (5)
Trpl = Y — fl@n, ynl = flyn, wn] + flan, wn] F(yn)
2, yn]? ’

wherein w,, = x,, + f(z,),n =0,1,2, ....
In the case of without memory methods, eventually the two-step class of methods
are proposed by Soleymani [7]

_fm7 U}n:xn_/@f(xn)a BER—{O}’

v = g — (HE =L Wl H el i, )0 ),
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where ¢t = 1 (yn) Y= 1 (yn) ,n=0,1,2,..., and H(t) and G(y) are two real valued

flen)" ™ f(wn)

weight functions that satisfy the conditions

G(0) =1,G'(0) = 0,|G"(0)| < 0o, H(0) = 1, H'(0) = 0,|H"(0)| < 00.  (7)

Moreover, its error equation is given by

1
€nil = Tpyl — Q= @02(—1 + c1B8)(—2¢ci1e3(—=1 + c18)
1

+ (=44 G"(0) + 1 B2+ (=2 + 1 f)G"(0)) + H"(0)))en, +O(er),  (8)

9 (a)
4!
In the following of this paper, in Section 2 an extension of the family of two-step

without memory methods (6) to its with memory is exhibited and then, we present

a new optimal fourth-order family with a convenient weight function, deduce its

error equation in Section 3, based on this family and by choosing the appropriate

values of a self-accelerating parameter, we suggest a new two-step class of with
memory methods in Section 4. As the main contribution of this paper, we estab-
lish that the R-order (By R-order we mean any real convergence order.) of both
corresponding classes of with memory methods are increased from 4 to 5.24 and

6, respectively, using Newton’s interpolatory polynomials of third degree. The new

methods use only three evaluations of the functions per step, hence possess a very

high computational efficiency. In Section 5 numerical examples and comparisons
with existing methods are given to confirm the theoretical results.

wherein ¢; = ,j=1ande, =x,— .

2. Development of the Methods

We develop the class of two-step with memory methods relied on the two-step
1

methods (6) using parameter § = [, by an approximation to m applying
@

available data as follows

ynzntm? wn:xnfﬁnf(xn)v BnER*{O}, (9)
Toil = Y — ( [$n7 yn] - ;[[i:: Z:L]]Q‘i‘ f[l'ng ’LUn} f(yn)>G(tn)H((Pn)7

f(yn) _ f(yn) n
F@n) 7" Flwn)
According to the error equation (8), we find out that if the order of convergence
of methods (6) wants to rise up, the coefficient of e in (8) should be equal to zero.
Due to this reason, we force (—1 4 ¢18) = 0, where ¢; = f'(a).
However, since « is unknown, we have no information on the exact f'(«), thus,
we approximate f’(«) with Ni(x,). Although there are multifarious fashions to
approximate f’(«), it seems that N§(x,,) is the prime one. For converting methods
(6) to with memory class, we consider

where t,, = =0,1,2,....
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1 1
= @) T Nyl 1o

where N3(t) = Ns(t; Tpn, Yn—1, Wn—1, Tn—1) is Newton’s interpolatory polynomial of
third degree, set through four available approximations (Zy, Yn—1, Wn—1, Tn—1)-
The derivative Nj(t) at ¢ = x,, is calculated by using the following formula:

Né((l)n) = [%N?)(t)] e = f[:Envyn—l] + f[xnaynflaxnfl]($n - ynfl)
+ f[xna Yn—1,Tn-1, wn—l](ﬂfn - yn—l)(xn - xn—l)- (11)

Due to this development, we present following theorem:

THEOREM 2.1 If an initial approximation xg is sufficiently close to the zero of
f(z) and the parameter By, in the iterative scheme (9) is recursively calculated by
the formula given in (10), then, the R-order of convergence of the method (9) is at
least 5.24.

Proof.

Let {x,} be a sequence of approximations generated by an iterative with memory
method. If this sequence converges to the zero « of f with the R-order r, then we
can write

ent+1 ~ Dpel, e, =z, —a, (12)

where D,, tends to the asymptotic error constant D of iterative method as k — oo.
Thus

ent1~ Dn(Dn_1e, )" = DnD:z—le:f—l‘ (13)
Moreover, we have
enw = (1 + 5f/(0‘))en + O(ei), (14)
€ny = 02(1 + ﬁf/(a))e?m + O(ei)’ (15)
ent1 = As(1+ Bf'(a))e, + O(e). (16)

Considering the error relations (14)-(16) and (8) with the self-accelerating param-
eter § = (B, we can write the corresponding error relations for the with memory
method (9)

En,w (1 + ﬁnf/(a))ena (17)
En,y ™~ 62(]— + an,(a))ﬁ’%’ (18)
ent1 ~ Ag(1+ Bof(a))el, (19)

where Ay(a) = L[720103(71+015) +E(—4+G"(0)+c1 B2+ (—2+c18)G"(0)) +

26?
H"(0))].
In addition, we have [9]

1+ an/(a) ~ C4€p—1€n—1,5yn—1,w- (20)
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Assume that the iterative sequences {y,} and {z,} have the R-orders p and g,
respectively.
In a similar way of (12), we can write

Eny "~ Enezrol ) Cnw ™~ Fne?l
Then, we obtain
eny ~ Eneh ~ En(Dpre, )" = E,Dy_je,) (21)
Enw ™~ Fne% ~ Fn(anle:z—l)q = Fan—lezq—l' (22)

Considering (12), (18), (20) and (21), we have

En,y ™ 62(1 + 5nf,(a))6721 ~ CQ(C4€n716n71,y€n71,w)ei

D q r 2
~ cacpen_1En_r1e, Fn_1e] (Dyn_1e;,_1)

2r4p+g+l (23)

2
~ cycoEn 1 Fy 1Dy g€, |

In the same way, by combining (12), (17), (20) and (22), we get

Enw (1 + ﬁnf/(a))en ~ (C4en—16n—1,yen—1,w)€n

D
n—1

~ C4En_1Fn_1Dn_16;t€+q+1. (24)

q T
~cgen1En 16, (Fnoie, (Dp 1€, 4

Similarly, from (12), (19) and (20)-(22), we have

En+1l A4<1 + anl(a))ei ~ A4(C4en—1en—1,yen—1,w)ei

p q T 4
~ A4C4en71Enflen_1anlen_1 (anlen_l)

~ AgcyEp 1 Fy_ D} elrtptatt (25)

n—1%n—1

Comparing the exponents of e,_; on the right hand sides of (21) - (23), (22) - (24),
and (13) - (25), we form the system of three equations in p, ¢ and r

r2—dr—p—qg=1,
rp—2r—p-—q=1,
rq—r—p—q=1.

Non-trivial solution of this system is p = 1 + NGRS 3.24, q = V5 ~ 2.24 and
r = 3+ /5 ~ 5.24 . Eventually, the R-order of the with memory methods (9),
when 3, is calculated by (10), is at least 5.24. [
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3. New Derivative Free Two-Step Methods

Based on the following two-step optimal method (5)

i
Yn = Tn f[xn7 wn] 5
Tn+l = Yn = f[x”’ yn] — ;[[2227 ZZL]]2+ f[xm wn] f(yn)a

where w, = z,, + f(x,),n =0,1,2,... and its error equation

2 _
entl = (1+cr)ea(2+ 616)362 a(l+ 01)03)(3% + O(ei), (26)
1

we present a new class of forth-order methods by using backward approximation
with a free parameter and a suitable two-valued weight function.
Therefore, we suggest

Tn
m=n= S w == Bf(), BER- (),
ny n 27)
f[xmyn] - f[ynawn] + f[xna wn] (
In = Yn — n H tn, ©n),
1= — ( TSNE F(yn)) H (tn, n)
where H(t,p) is a real two-valued weight function with ¢, = J{Eg"% and ¢, =
]{((y))n =0,1,2,...

THEOREM 3.1 Let f : D — R be a sufficiently differentiable function with a simple
root « € D and D C R be an open interval. Then the new class of derivative-free
methods (27) is fourth-order convergence when H(0,0) = 1, H¢(0,0) = H,(0,0) =
0, H:(0,0) = Hyy,(0,0) = 2, Hy,(0,0) = 0 and has the following error equation

ent1 = —ca(1+ Bf' () (cs + BBf (a))ep, + O(€d), (28)

where e, =xp, —a, n=20,1,2, ...
Proof.
Let e, = x,, — a. Introduce the abbreviations:

f(j)(a) ‘
ey =yn—0a, m=pf(a), w,=z,—Lf(zn), cj:j!f’(a) (1 =2,3,...).

Now we want to derive the error equation (28) of the class of two-step methods
(27).
Using the Taylor expansion and taking into account f(a) = 0, we have

f(xn) = f'(a)(en + c2e + csel + caepy) + O(e)), (29)
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and
J(w) = f(zn = BF(@n) = (@) (1 = m)en + e(1 = 3m + m?)e?

+ (2c3m(=1 +m) + c3(1 — 4m + 12m? — m3))ed
+ (3m® — caesm(—1 — 5m + 3m?) + ¢4(1 — bm
—5m? + 6m® — 4m* + m5))ei> +O(ed). (30)

Then, we find

_ [
ey =Yn — Q= ey Tl wn]

= co(1 —m)e2 + (e3(2 = 3m +m?) — (2 — 2m + m?))ed
+ (ca(3 — 6m — 4m? — m?) + c3(4 — 5m + 3m? — m?)
+ coc3(=T7 + 10m — Tm? + 2m3))el + O(ed). (31)

By (31) we get
Fa) = £/(0) (el = m)e? + (e3(2 = 8m +m?) = (2 = 2m +m?)el

+ (ca(3 — 6m +4m? —m?) + c3(5 — Tm + 4m? — m?)

+ coc3(=7 + 10m — Tm? + 2m3))ei> + 0(ed). (32)

Therefore, we can write a two-valued function H occurring in (27) by Taylor’s
series about (0,0) in the form

H H(0,0
(tn, on) =H(0,0) + Hy(0,0)t, + Hy(0,0)pn + “(Q)ti
H,,(0,0
+ Hyp(0,0)tn 0, + wé)gpgv (33)

then by considering the conditions H(0,0) = 1, H;(0,0) = H,(0,0) = 0, H;(0,0) =
H,,(0,0) = 2,Hy,(0,0) = 0 for H(tp,¢n), ultimately, we gain the error relation
as

ent1 = —ca(1+ Bf'())*(cs + BB (@))ey, + O(e}). O

Some derived methods form our suggested forms of the functions H are given
below:
Hi(t,p) = 1+* + ¢

Yn = Tp — f[{;(jgny Wp = Tp — Bf(xn)y B # 0,
Tn4+1 = Yn — f[mn7yn]7ﬁz:§:l]]2+f[xmwn] f(yn)) (34)

x (14 (B)” + (423)°).

Hy(t,o) =14 (t +¢)?
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( f(l‘n) Wn = Tp — Bf(xn)7 B #0,

n Tnion) 1= Flymson] & Flows ]
( Tn, Yn| — [|Yn, Wn| + J|Tn, Wn, f(yn))

X<1+ (f(yn) n f(?)];gw;’ijnp

In+1 = Yn —

Yn = Tn — f[!iingn]y Wn :xn_ﬁf(xn)a 57507
Tn4+1 = Yn — (f[xm yn] — ;E;Z:ZZ]E—F f[wm wn] f(yn))
x(l—l— (f(In) — f(wn))2>.

t2
Hy(t,p) =1+ — + ¢?

2
' n = Tp — f[{;(x )] Wn = Tp — ﬁf(lin) B#Oa
Tnt1 = Yn — ( Dt = i:;”ﬁ] + L, tn) f(yn))

( 2 (f(wn))2>

f(@n) Wy, = xn — Bf(Tn), B #0,

Yn = Tp —
flan ,w K Lo fl ]

Tn,Yn| — ny Wn Ly y Wn,
Tn+l = Yn — ( y zn Z)n]g f(yn))

( (Yn )
X(()>

w

—

&H

n T o = sl + s ]
( Tn, Yn Yn, Wn Tp, Wn f(yn))

Tt = e flan, yn)?
1— (f(yn))2
x( J(@n) >
n 2 :
L= (7))

f(xn) Wn = Tp — ﬁf(']:n)’ B 7& 0,

(35)

(37)

(38)

(39)
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4. A New Class of Two-Step Methods with Memory

It is obvious from (28) that the order of convergence of the class (27) is four when
B # 7 (a), if 8 = , then, the order of the class would enhance. By considering

B = B, we have

Yn = Tn — f{:ciaign], Wy = Tn — Bnf(xn), Bn#0,

x w L, W (40)
Tn+l = Yn — (f[ ] f[[g;y:}}—i_f = "']f(yn)>H(tn,<pn),

flyn)  flyn)

Jlea) 7w
approximating f/(«):

where ¢ =

= 0,1,2,.... As before, we consider Nj(x,) for

/Bn = - = (41)

where N3(t) = Ns(t;Tpn, Yn—1, Wn—1,Zn—1) is Newton’s interpolatory polynomial
of third degree, set through four available approximations (zy, Yn—1, Wn—1, Tn—1)-
That Nj(xy) is calculated as (11).

According to this modifications, we bring forward a theorem underneath:

THEOREM 4.1 Let the varying parameter (B, in methods (40) is calculated by
(41). If an initial approzimation xq is sufficiently close to the zero o of f, then,
the R-order of convergence of the with memory class (40) is at least 6.

Proof.

In a similar way of the Theorem 2.1, let
enw = (L+ Bf (a))en + O(e2), (42)
eny = c2(1+ Bf'())es, + O(e}), (43)
€nt+1 = A4(1 + Bf (O‘))Qei + O(eg)a (44)

C2
where Ay = —2—C§(20163 +c2(—1+c1B)).
Corresponding error relations for the with memory method (40) are

enw ~ (L4 Buf'(@))en, (45)
En,y 62(1 + 5nf/<a>)e%; (46)
ent1 ~ As(14 Buf' () ey, (47)

Let the iterative sequences {y,} and {z,} have the R-orders p and g, respectively,
then we have

eny ~ Enel , enw ~ Fnel
Therefore, we obtain

eny ~ Enel ~ Ey(Dyp_1e, )V = E,DV_ e |, (48)
enaw ~ Fnel ~ F,(Dy_1e],_1)? = F,D! e (49)

n—1-
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Using (12), (20), (46) and (48), we have

En,y ™~ 02(1 + an/(&))ei ~ 62(C4€n—1€n—1,y€n—1,w)672—b
~ cacren 1En 1€l | Fo 1€l (D€ 1)

2 2r+ptg+l
~ cycoEn 1 F,_1D;_qe, T (50)

In the same way, according to (12), (20), (45) and (49), we get

Enw ™ (1 + an,(a))en ~ (C4€n716n71,y6n71,w)6n

p q T
~ C4€n—1En—1enlen—lenlen—lenf1

~ c4Ep 1Fy 1Dy qel T (51)

From (12), (20) and (47)-(49), the error relation is achieved as follows

En+1 A4(]— + ﬁnf/(a))Qei ~ A4(C4en716n71,y6n71,w)26i
~ A40121€%—1(En—le£—1)2(Fn—le%—l)Q(Dn—le:L—l)A‘

2 12 2 4 4r+2p+2q+2
~ A4C4En71Fn71anlen—1 . (52)

Contrast the exponents of e,_; on the right hand sides of (48) and (50), (49) and
(51), and then (13) and (52), we organize the system of three equations in p, ¢ and
r

2 —dr —2p—2q =2,
p—2r—p—-g=1,
rq—r—p—q=1.
Non-trivial solution of this system is p = 3, ¢ = 2 and r = 6 . Ultimately, the

R-order of the with memory method (40), when /3, is calculated by (41), is at least
6. [

5. Performances and Comparisons

Now we show the convergence behavior of the with memory methods (9) and (40).
All computations are performed using the programming package Mathematica.
We calculate the computational order of convergence (1) [9], using the formula

- log | f(zn)/f(zn-1)| ‘
‘ log | f(zn-1)/f(zn-2)]

(53)
For demonstration, we use the following example:
f(z) = et e cosz—l g oy g log(z sinz +1),a = 0,29 = 0.6, 5y = —0.1

The errors |z, — « for the first three iterations are given in Table 1 where the
denotation A(—h) means A x 107",
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Table 1. Numerical results

Methods |z1 — af |z2 — af |z3 — af re

Gi(t) =1+12, Hi(p) = 1+ ¢?

Soleymani’s methods (6) 1.27(—2)  3.68(—10) 1.93(—40) 4.000
Development of Soleymani’s methods (9) 1.80(—1)  2.41(—5) 2.43(—28) 6.000
Ga(t) =1+ 12 + 13, Ha(p) =1+ > + 3

Soleymani’s methods (6) 2.25(—2)  5.45(—9)  9.34(—36) 4.000
Development of Soleymani’s methods (9) 2.08(—1) 3.95(—5)  5.03(—28) 5.966
Gs(t) = (1+12)/(1 — £2), Hz(0) = (1+9?)/(1 - %)

Soleymani’s methods (6) 5.18(—2) 1.80(6) 1.81(—24) 4.017
Development of Soleymani’s methods (9) 7.07(—2) 8.53(—6) 5.33(—26) 5.003

Table 2. Numerical results

Methods |1 — «f |z2 — «f |zs — af re

Hi(t,0) = 1+ 4 ¢?
New without memory methods (27)  1.22(—2) 3.10(—10)  9.75(—41)  4.012
New with memory methods (40) 1.85(—1)  2.53(—5) 3.31(—28)  6.038

Ha(t,p) = 1+ (t+¢)?
New without memory methods (27)  3.92(—3) 8.63(—12)  2.10(—46)  4.000
New with memory methods (40) 1.19(-1)  3.39(-5) 4.23(—-27)  6.000

H3(t,p) =1+ (t — ¢)?
New without memory methods (27)  2.83(—2)  5.66(—8) 6.08(—31)  4.021
New with memory methods (40) 2.51(—1)  1.28(—4) 5.22(—24)  6.072

+2
Ha(t,p) =14 5 +¢?
New without memory methods (27)  1.08(—2)  1.54(—10)  4.95(—42) 4.011

New with memory methods (40) 2.03(—1)  2.43(-5) 3.21(—28)  6.000
1+t

Hs(t, ) = 1——

New without memory methods (27)  1.81(—2)  1.69(—9) 8.67(—38)  4.020

New with memory methods (40) 1.75(-1)  2.91(-5) 5.92(—28)  6.000
1—t2

Hg(t, ) = -2

New without memory methods (27)  1.13(—2) 7.20(—11)  8.09(—44) 4.016

New with memory methods (40) 2.57(—1)  4.21(-5)  5.263(—27) 6.000

Note that in a real situation, « is not available, so one should consider the errors
|Zp41 — x| instead of |z, — a.

When £, is calculated by (10) to comparison with basic class (6) the results are
shown in Table 1 and the weight functions in this table are selected from [7]. In
Table 2, we introduce some proper two-valued weight functions then by applying
them in these methods and observing results, afterwards comparing them with the
basic without memory class (27) when 3, is computed by (41), the R-order of
convergence of the with memory methods (40) are confirmed.

According to the results presented in Table 1 and a number of numerical exam-
ples, we can conclude that the convergence behavior of the two-step with memory
methods (4), based on the self-acclerating parameter 3, is considerably better than
the other (1) without memory.
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6. Conclusion

Per iteration the developed methods (9) and (40) require evaluations of only three
functions. Consider the efficiency index (e.g [1, 5, 9]) defined as pi, where p is
the order of the method and w is the number of function evaluations per iteration
by the method. The efficiency index of the with memory methods (9) and (40)
are (5.24)§ ~ 1.73961 and 65 ~ 1.81712, respectively, which are better than those
without memory (6) and (27) (43 ~ 1.5874).

By the theoretical analysis and numerical experiments, we confirm that the new

with memory methods achieve higher order of convergence and without any addi-
tional function evaluations, the R-order of convergence is boosted at least 50 per
cent. It is observed that the new methods have better performances.
It is worth mentioning that the developed methods do not work for multiple root(s)
efficiently and likely they have linear behaviour. So, one can consider it as a new
research problem. In other words, the proposed methods must be modified in such
a way that attain as high as possible convergence order or efficiency index.
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