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Abstract.In this paper, a method for finding an approximate solution of a class of two-
dimensional nonlinear Volterra integral equations of the first-kind is proposed. This problem
is transformed to a nonlinear two-dimensional Volterra integral equation of the second-kind.
The properties of the bivariate shifted Legendre functions are presented. The operational
matrices of integration together with the product operational matrix are utilized to reduce the
solution of the second-kind equation to the solution of a system of linear algebraic equations.
Finally, a system of nonlinear algebraic equations is obtained to give an approximate solution
of the main problem. Also, numerical examples are included to demonstrate the validity and
applicability of the method.
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1. Introduction

In this paper, we present a numerical method for the solution of nonlinear two-
dimensional Volterra integral equation (2D-VIE) of the first-kind in the form

/0 /Ow k(x,t,y, z)uP(y, z)dydz = f(z,t), (x,t) € Q:=][0,1] x [0,T], (1)
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where p is a positive integer number and f and K are smooth functions. Also, we
require that

f(z,0) =0, forallz c]|0,l], (2)
f(0,t) =0, forallt € [0,T], (3)
k(xz,t,z,t) #0, forall(z,t)e€ . (4)

Integral equations of the first-kind are inherently ill-posed problems, meaning
that the solution is generally unstable, and small changes to the problem can
make very large changes to the answers obtained [8, 13]. This ill-posedness makes
numerical solutions very difficult, a small error may leads to an unbounded error.
To overcome the ill-posedness, we transform equation (1) with conditions (2)-(4)
to a nonlinear 2D-VIE of the second-kind.

By differentiating (1) with respect to ¢ and x, we get the following nonlinear
2D-VIE of the second-kind

uP(a,t) =[5 [ kit y, 2)ul(y, 2)dydz + [T ka(z,t, y)u? (y, t)dy
(5)
+ fg ks(x,t, 2)uP(x, z)dz + F(x,t),
where

2

0xot

kl(;v? t? y? Z) = - k(x7 t? y’ z)/k(x’ t? '1‘7 t)?

ko(z,t,y) = —({%k(x, t,y,t)/k(x,t,z,t),

ks(x,t,z) = —%k‘(:ﬁ, t,x,z)/k(x,t,x,t),

_0f
9ot

F(x,t) Jk(z,t,x,t).
Since (2) and (3) hold, integrating (5) in z and ¢ yields equation (1). Thus (1) and
(5) are equivalent.

There are many works on developing and analyzing numerical methods for solving
2D-VIEs of the second-kind (see for example [2, 3, 6, 9-11, 17, 18]). But little work
has been done to solve the first-kind cases. The numerical solution of equations of
the type (1) have been considered in [4, 5, 15]. Maleknejad et. al [14] considered
the numerical solution of equation (1) using 2D block-pulse functions.

In this work, we extend the method introduced in [16] to solve equation (1) with
conditions (2)-(4). The bivariate shifted Legendre orthogonal functions are used to
solve the considered problem. The main characteristic of this technique is that it
reduces the main problem to those of solving two systems of algebraic equations
thus greatly simplifies the problem. In [16] a similar method have been applied to
solve a class of 2D nonlinear Volterra integral equations of the second-kind.
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The paper is organized as follows: In Section 2, we discuss how to approximate
functions in terms of the bivariate shifted Legendre orthogonal functions and also,
the operational matrices of integration and the product operational matrix are
introduced. In Section 3, we give an approximate solution for problem (1)—(4)
using the bivariate shifted Legendre functions. Numerical examples are given in
Section 4 to illustrate the accuracy of our method and conclusions are presented
in Section 5.

2. Basic Concepts

2.1 Definition and Function Approximation

The bivariate shifted Legendre functions are defined on ) as

2 2
Umn (2, 1) :Lm(jm—l)Ln(Tt—l), m,n=20,1,2,...,

and are orthogonal with respect to the weight function w(x,t) = 1 such that

L t=mand j =n,

T pl l
/ / W (@, ) Yn (2, )i (v, t)dodt = { (2m+1) (2n+1)
0 0

0, otherwise.

Here, L,, and L, are the well-known Legendre polynomials of order m and n
respectively, which are defined on the interval [—1, 1] and can be determined with
the aid of the following recursive formula [1]

L(](af) = 1,
Ll(ﬂj’) =&,
Lins1(z) = S5 wLm(2) — 507 Lin—1(2), m=1,2,3,---.

We note that {ymn(z,t)},— are total orthogonal basis for the space L?(Q)
[12]. The inner product in this space is defined by

T l
(F(a ), gl 1)) = /0 /0 f(, g (e, t)dadt, (6)

and the norm is as follows:

N =

T 3
1@t = (F(a,t), Fla.t)F = ( /0 /0 ) Pddt)

For every f(x,t) € L*(Q) we have
f(xv t) = Z Z Cmn¢mn(x7 t)a (7)
m=0n=0

where

Cmn =

<f(x’ t)? wmn(xv t))
[Vmn(z, )15
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Let IIpr,n(€2) be the space of all polynomials of degree less than or equal to M
in variable x and degree less than or equal to IV in variable ¢t. Then the functions
{Umn(z,t)}, m = 0,1,...,M, n = 0,1,..., N, form an orthogonal basis for the
space Iz N (£2).

If the infinite series in equation (7) is truncated, then it can be written as

M N
f(l',t) = fM,N(xat) = Z Zcmnwmn(l'at) = CT?ﬁ(fU,t),
m=0n=0
where C' and ¢ (z,t) are (M + 1)(NN + 1) x 1 vectors, respectively given by

[ (8)

C:[00076017'~7CON76103-~761N7-~7CM07'-‘7CMN

1,[1(1}, t) = [¢00($,t>,1/}01(l‘,t), e ,1[JON(:Zi,t),1[}10(l‘,t), - ,¢1N(l‘, t), - (9)
,1/}M0(.I',t), N ,wMN(x,t)]T.

The function fas n(x,t) is the orthogonal projection of f(z,t) onto the polynomial
space 7 n(€2) with respect to the inner product (6) and is the best approximation
to f(z,t) (see [12]).

Similarly, any functions ki in L?(QxQ), ko in L2(2x[0,1]) and k3 in L2(Q2x[0, T)
can be expanded in terms of the bivariate shifted Legendre functions respectively
as

k1($7t7 Y, Z) = wT(mvt)Klw(yaz)a
kQ(x7t7 y) = wT(‘Tvt)KQw(y?t)?

ka(w,t,2) = 7 (2, ) Kat(x, 2),
where K7, Ko and K3 are block matrices of the form

Ky = K@M o, q=1,2,3,

2,m=0
in which
K(m) = k) oy m =0,1,..., M, ¢=1,2,3,
and Legendre coefficients k:gjmn, q=1,2,3 are given by
k t ii(x, T
kiljmn _ << l(xa 7yvz)7¢2mn(yvz)>7w232(xa ))7 i,m — O, 17 o ,M, j,n — 0’ 1’ . ,N,
[ (2, )31 4Pmn (g, 2)12

K2 — <<k2(‘”’t’y)’wm”(y’t»’w"j(x’t», iom=0,1,...,M, jn=0,1,...,N,

. i (2, D)3 ][ bmn (y, 113

kS — <<k3($,t72)7wmn($7z)>7wlj($,t)>? i7m:O,1,.--,M7 j7n:0717”‘7N.

v [4bi5 (2, )31 mn (2, 2) 13
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2.2 Operational Matrices

The integration of the vector 1 (z,t) defined by (9) can be approximately obtained
as:

t T
/ / (2! )da'dt’ ~ Q1v(x,t), (10)
0o Jo
/Ox Yo' t)dr' ~ Qotp(x,t), (11)
t
| vtatrar = Quota) (12)

where z € [0,1], t € [0,T] and Q1, Q2 and Q3 are the (M +1)(N+1)x (M+1)(N+1)
operational matrices of integration which have been introduced in [16], respectively
as

Q1:P1®P2)
(I IO-- 0] 0] O
l %Og 0] 0] 0]
Qo= : - : : )
2 O 00 —1 0] L
T oM-—1 ! OM—1
000 O o O]
P,O O--- 0]
O PO---0
Qs = O O P---0 :
| O 0 O - P

such that, I and O are the identity and zero matrix of order N + 1, respectively
and P; and P, are the operational matrices of 1D shifted Legendre polynomials,
respectively defined on [0,(] and [0, 7] as follows [7]:

(110 0 0 0

, F0i 0o 0 0
Pr=c1: : Co

2 000 L0 1
2M—1 1 2M—1
_0 0 0 2M+1 0 J
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(110 0 0 0
- o4 0o 0 0
oL
21000 50 0
2N—-1 1 2N—-1
[ 000+ 0 5345 0

The following property of the product of two vectors ¥(x,t) and ¥7 (z,t) will
also be used:

O(z, )T (2, t)C ~ Co(x, t), (13)

where C' is defined by (8) and C is an (M + 1)(N + 1) x (M + 1)(N + 1) matrix
as follows [16]

C =[CUD); j=on....0 (14)

such that in equation (14), C) 1,7 =0,1,..., M are given by
. M
" 27 +1
o) == l Z Wi jm Am,
m=0
in which w; j, , is defined as

l
2 2 2
Wi km = / Ll(jx — 1)Lk(7x — 1)Lm(7x — 1)dxz,
0

and A, m=0,1,...,M are (N + 1) x (N + 1) matrices as
N

Zw;c,h,nfmna k;h = 0, 1, .. .,]\77

n=0

2h +1
[Am]kh - T

where

/ . T 2 2 2
Dipn = | Li(Zt = DIn(t = DIn(5t = Ddt.

Finally, for an (M + 1)(N + 1) x (M 4 1)(N + 1) matrix K = [K9)], 4,5 =
0,1,..., M, in which
K@) = [kimin] N i,j=0,1,..., M,

m,n=0>

we have
VT (x, ) Kip(x,t) ~ Kop(,t), (15)

where K is a 1 x (M + 1)(N + 1) vector as

K = Koo, ...,Kon, K10, .., Kin, ..., Kpo, - .-, Ky,
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in which K, m =0,1,...,M,n=0,1,..., N have been introduced in [16] as

(2m+1 )20+ 1) oh e e
Kipn = ZZZwamsznW«S,m:(),l,...,M,n:(),l,...,N.
=0 j7=0 r=0 s=0

3. Method of Solution

In this section, we present a numerical method to find an approximate solution to
problem (1)—(4), which corresponds with equation (5). We assume that the known
functions in equation (1) satisfy the conditions that this equation has a unique
solution. Using the way mentioned in the previous section, the functions u?(zx,t),
F(x,t), k1(z,t,y, 2), ka(x,t,y) and k3(x,t, z) can be approximated by the bivariate
shifted Legendre functions as:

uP(z,t) ~ CTo(x,t) = T (x,1)C, (16)
F(z,t) ~ FTup(x, 1), (17)
ki(z,t,y, 2) = 97 (2, 1) K1v(y, 2), (18)
ka(x,t,y) = o7 (2, 0) Kot (y, 1), (19)
ky(z,t, 2) = 7 (z,t) Kab(x, 2). (20)

Substituting equations (16)-(20) into equation (5) yields:

t x x
CT (. 1) = 07 (2, 1)K / / Wy, )67 (y, 2)CdydzT (2,0 K / Oy, 9 (y, 1)Cay
0 0 0

HT a0 [ 0l 07 @, )00 + P
0
Using equations (10)—(13), we obtain
(. t) = 7 (@, ) K1CQu(w, )+4" (2, 1) Ko CQuth (2, )+ (2, ) KsCQst(w, )+ F T (a, 1).
We assume that

A = K1CQy,
Ay = K9CQs,

Az = K30Q3.
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Then, by applying (15) we have
CT:A1+A2+A3+FT

which corresponds with a system of linear algebraic equations in terms of the
unknown elements of the vector C' and can be solved easily using direct methods.

The unknown function u(x,t) can be approximated in terms of the bivariate
shifted Legendre functions as

u(z,t) ~ ATw(x,t), (21)

such that, the entries of the vector A are unknown. Using equation (13) and (21)
it is easily obtained that

uP (z,t) ~ AT AP~y (x, t). (22)
Finally, using equations (16) and (22), we get
AT Ar=1 = T, (23)

Equation (23) forms a system of (M + 1)(N + 1) nonlinear equations which can be
solved for the elements of A using numerical methods such as Newton’s iterative
method.

4. Numerical Examples

In this section, we give some computational results of numerical experiments using
the method presented in Section 4. In order to demonstrate the error of the method,
we introduce the notation:

eM,N(‘T’t) = |u($7t) - UM7N($,7§)|, (l‘,t) € Q,

where u(z,t) is the exact solution and uy n(z,t) is the computed result with A
and N.

To solve the examples, we consider M = N and the Newton’s iterative method
is used to solve the nonlinear system. The initial guess in Newton’s method for
these examples is considered to be A©) = C, but the number of iterations can be
reduced by choosing a more closed A(?) to the exact solution.

Example 1. As the first example, consider the following nonlinear 2D-VIE
t x 6
/ / O By, 2)dyds = at(2243t(242)+2(34+3042)),  (w8) € [0,1]x(0, 1],
0 0 1 + Yy 4+ z

The exact solution is u(z,t) = z+t+ 1. We apply the numerical method presented
in this paper with M = 1 and obtain the linear system in terms of the unknown
coefficients of the function u?(x,t) as:

coo—9=0
31

Col — 5 =
31 __

€10 —F =
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and get

1 31
coo=19, cop=—, c10=—, c11 =3.
00 01 5 0= 11
Substituting obtained values for ¢;;, ¢,7 = 0,1 into the equation

AT A2 = T,

the following nonlinear system in terms of the unknown coefficients of the function
u(zx,t) yields:

3. 2 2 2 1 2 _
apo” + 5a01610011 + apoao1” + agoaio” + zappair” —9 =0
3 2 1 3 9 2 1 2 31 _ 0
apo”ap1 + 3a01° + 2a00a10a11 + A01a10° + 3001411 5 =

2 2 13,1 2 31 _
3ago“aio + ao1“a10 + 2apoao1a11 + 3a10° + ga10011” — 5 =0

2 2 2 1.3 _o_
[ 6agoaoiaio + 3agp“ail + agi“a1n + ao”ain + gann® —3 =0.

Solving this system of nonlinear equations using Newton’s iterative method with
initial guess A(®) = C, eight iterations and precision 1076, we obtain

ago = 1.998890, ap; = 0.503593, ajo = 0.503593, a;; = —0.003328,

therefore, we have
u,1(z,t) = 0.988376 + 1.013842(x + t) — 0.013312x¢,
and
e11(z,t) =0.011624 — 0.013842(x + t) 4+ 0.0133122¢| < 0.052620.

Also, with M = 2 we get

aoo = 2, ap1 = 0.9, aip = 0.5, apz = a11 = a12 = azy = a1 = azz =0,
SO

ug2(z,t) =z +t+1,

which is the exact solution.

Example 2. Consider the following nonlinear 2D integral equation [14]
t T 1
/ / 2€x+tu3(y’ z)dydz — §(e$+t _ eac—f—?t _ e4ac—|—t + e4w+7t)’ (ZL‘,t) c [O, 1] % [0, 1]7
0 JO

which has the exact solution u(x,t) = e*+2!. Numerical results are given in Table 1
and Figure 1. Table 1 shows the error ey a(x,t) with M = 2,4, 8 at some selected
grid points using the presented method together with the results obtained by the
method of [14] using 2D block-pulse functions (2D-BPFs) with m = 64.
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Table 1. Numerical results for Example 2.

(z,t) =(27",27") Method of [14] Present Method Present Method Present Method

with m = 64 with M =2 with M =14 with M =8
i=1 1.0 x 1071 1.9 x 1071 29x 1073 2.6 x 1076
i=2 4.6 x 1072 1.4 x 1071 6.2 x 1074 4.6 x 106
i=3 2.9 x 1072 6.6 x 1072 3.5 x 1073 6.3 x 1077
i=4 2.3 x 1072 2.1 x 1071 2.1x 1073 1.2 x 107°
i=5 2.0 x 1072 2.8 x 1071 3.1x107° 3.8 x 1076
i=6 3.1x 1072 3.3x 1071 1.4 x 1073 9.0x 1076

egg(x, 1)
e 12(x. 1)

Figure 1. Plot of the eps ar(x,t) for Example 2; left: M = 8, right: M = 12.

Example 3. Consider a 2D integral equation of the form [14]
t T 1
/ / u?(y, 2)dydz = th(9$4 + 102%t% 4 9t), (z,t) € [0,1] x [0,1].
0o Jo

The exact solution is u(z,t) = 22 +t2. Figure 2 shows the numerical result for this
example with M = 1. With M = 2, we find the exact solution of this equation.

epi(x. 1)

Figure 2. Plot of the eq,1(z,t) for Example 3.

Example 4. Consider the following linear 2D Volterra integral equation of the
first-kind [14, 15]

/0 /02 (sin(t +y) + sin(x + 2) + 3)u(y, z)dydz = f(z,1), (x,t) € [0,3] x [0, 3],
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where f(x,t) is selected so that the exact solution is u(x,t) = cos(x + t). Table 2
presents the numerical results with M = 2,4 using the presented method together

with the results obtained in [15] and [14], respectively using Euler’s method and
2D-BPF's method.

Table 2. Numerical results for Example 4.

(z,t) Euler’'s Method [15] 2D-BPFs Method[14] Present Method Present Method

with A = 0.05 with m = 32 with M =2 with M =4
(1,1) 4.06 x 102 6.08 x 102 3.70 x 1072 4.96 x 107
(1,2) 1.23 x 1072 4.00 x 1073 6.70 x 102 5.98 x 1076
(2,1) 1.23 x 1072 4.00 x 1073 6.70 x 1072 5.98 x 1076
(2,2) 4.06 x 1072 4.74 x 1072 4.86 x 1072 1.22 x 107°

5. Conclusions

In the present method, problem (1)—(4) has been transformed to a nonlinear 2D-
VIE of the second-kind. The bivariate shifted Legendre functions operational ma-
trices Q1, Q2 and Qs3, together with the product operational matrix C' and product
vector K have been used to solve this problem. This approach transformed the non-
linear 2D-VIE of the second-kind to a linear system of algebraic equations with
unknown coefficients which can be easily solved by direct methods. Finally, a sys-
tem of nonlinear algebraic equations with unknown coefficients of the solution of
the main problem has been obtained which can be solved using the Newton’s itera-
tive method. Applicability and accuracy of the method have been checked on some
examples. Examples 2 and 4 show that the present method gives more accurate
results than the methods presented in [14, 15] even when we use a small number
of basis functions.

The method can be applied to the first-kind integral equations of the form

/0 /0 " ke, t,y, 2)Guly, 2))dydz = f(z.t),

where G is a polynomial function of the solution. Also, we believe that it will not
difficult to extend this approach to nonlinear integral equations of different forms.
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