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Abstract. In this paper, we consider the existence of a non-trivial weak solution to a quasi-
linear elliptic system involving critical Hardy exponents. The main issue of the paper is to
understand the behavior of these Palais-Smale sequences. Indeed, the principal difficulty here
is that there is an asymptotic competition between the energy functional carried by the crit-
ical nonlinearities. Then by the variational method, we obtain the existence non-trivial week
solution for the system.
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1. Introduction

In this paper, we consider the existence of a non-trivial week solution to the fol-
lowing quasilinear elliptic system with multiple critical exponents

: o |DulP"*Du [ulP?u _ a—2 ulp” (92 PN
—div ol — W0y = o u|*2|v|Pu + IR in RY, W
- [Dv[P~2Dv [P0 _ B al,|B—2 |ofp” ()2 . pN
—div e — Wparor = T ul \v\ﬁ v+ S in RV,
N—p * _ Np * _
Wh€1;$1<p<N,0<a< - ,agb,c<a+1,p(b)—iN_(aH_b)p,p(c)_
P
N—(a+1—c)p’
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(p*(b), p*(c) are critical Hardy exponents). 0 < pu < 1 := (W)p, a>1,8>
1, a+ B = p*(b), and [z is the best constant of the Hardy inequality:
P 1 DulP
/ de < / | Dyl dx, (2)
v 12100 S G o Tl

for any u € C§°(RY).
Let DaP(RN) be the completion of Cg°(RN) under the norm

lull pro(rvy = HIDulll Lo )=o),

where for all @ > 0, ¢ > 1, we define

|u’q %
u a(RN |g|—«) ‘= (/ 7d£[j) .
” HL (RN, |x|~=) . ‘.Z"O‘

For 0 < p < 7, it follow from the Hardy inequality (2) that

_ | Dul? |ul? v
Jullw == (/RN [ dx —p . W,dCU) )

is well-define on Dg?(RYN) and that [[-l,s is comparable to the norm [|.|| p1s(pny.-

From the Caffarrelli-Khon-Nirenberg inequality [4], there is a positive constant
Cq,s > 0 such that,

([ el Oy ©de) ™ < o [ el DU, (3)
RN RN
for all u € Dg?(RYN), where a < s < a+ 1, p*(s) = %. Inequality (3)

implies that the imbedding Dg?(RN) < LP")(RN | |z|~7"(5)%) is continuous. Now,
we define the product space

D := DYP(RYN) x DLP(RN),
with the norm

(s 0)[[P = fullf + ]l
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From (2) and (3), it follows that the energy functional of the problem (1),

J(u,v):1

/ |DulP [Dv[PJulP + [v]P
PJRr

e T T T e

1 |u|®|v]? 1 |u|P”(©) 1 [P (©)
— dx — dr — dz
p*(b) Jrx |z[" ) p*(c) Jpx |z|#" () p*(c) Jpx |z|P" ()
1 1 Jul*[v)”
— ol - s [
p p*(b) Jrv |z|
1 p(¢) p*(c)
B / |ul g L / |v] e,
p*(c) Jrv |z|P"(© p*(c) Jr || (@
is well-defined in D, and J € C'(D). Furthermore, the critical points of J are week
solutions to Eq. (1). Note that both ||.|| p1.r g~y and ||| o) (rN jz-r 1) are invari-

ant under the rotation transformation and the conformal one parameter transfor-
mation group

N—(at1)p

Y, : DPP(RY) = DYP(RNY, w(z) = Yo[u)(z) =7 »  u(rz),

the imbedding Dg” (RYN) < L") (RN |z|7P"(5)%) is not compact. The loss of com-
pactness here will make the direct method of variation invalid. In this sense, the
exponents p*(b) and p*(c) in the right hand side of (1) are critical. The solvability
of quasilinear (or semilinear) elliptic system with singular weights and one critical
exponent was recently studied by several authors, e.g.,[5, 6, 8, 11-13, 17, 18] and
the references therein studied the Dirichlet problem in a smooth bounded domain;
while [1, 7, 19] and the references therein studied the whole space case, they also
get some asymptotic properties of the week solution, which are essential to study
the bounded domain case.

The large references cite above dealt with one critical exponent and some other
subcritical exponents. The key step is to estimate the concentration of the solution
to the ”limit” equation in the whole space, then to bound the minimax energy level
of Mountain Pass type. The main issue of the paper is to understand the behavior
of these Palais Smale sequences. Indeed, the principal difficulty here is that there
is an asymptotic competition between the energy functional carried by the critical
nonlinearities.

In this paper, following the ideas in [9], we will study the problem (1). The
rest of this paper is organized as follows. In section 2, we get the existence of local
Palais-Smale sequences by verifying the geometric conditions of the Mountain Pass
Lemma due to Ambrosetti and Rabinowitz ([3] ,see also [15, 16]). In section 3, we
study the concentration properties of the Palais-Smale sequence of a zero weak
limit. In section 4, we first deduce by contradiction to eliminate the possibility
of a zero weak limit case. Then, applying the ideas modified from [10, 14] and a
monotonic inequality, we shall prove that the nontrivial weak limit of the Palais-
Smale sequence is indeed a weak solution to (1).

2. Existence of local Palais-Smale sequence
In this section, we will prove that the energy functional J satisfies the geometric

conditions of the Mountain Pass Lemma and that the minimax energy level of the
Mountain Pass type is bounded.
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In this paper, we suppose that B, = {(u,v) €D:|(u,v)] < p}.

LEMMA 2.1 For pu € [0,q), J satisfies

(i) J(0,0) = 0 and there exist p,T > 0, such that J|pp, > 7 > 0;

(i1) For any (u,v) € D\{(0,0)}, there exist t; > 0, such that J(tju,t1v) < 0, and
(1, t10)] > o

Proof Tt is obvious that J(0,0) = 0. From the young inequality, (2) and (3), we
have

[ul*[v]” o fulo+? 8 [o]*+#
S d
/RN |22 |~ (0) a+ 8 Jrn |z|r®) dr + a+ B Jgy |ztrr® z

o« lu p*(b) ot B v p*(b)

- o+ B RN |gj|bp*(b) o+ ﬁ RN |x|bp*(b)
a+p |u|P"(0) o] (®)

< o

S a+p [/RN |2z oP™ (0) dz + /RN |z |bp™ (b) da:}
Cub . .

< =% p*(b) p*(b)

< gy L@ o @]
Cap p*(b)

= 2 . 4
LR (4)

Also, by (3) and (4), one can get

1 C, . Cl, .o
T(u,0) = (= — 22) [, 0)[[P = =2 | (at, 0) [P ®) — =2, 0) 7" ()

p PR p*(b) p*(c)
1w Cap p5)—p _ Capb p*(c)—p P
=(-—-— - U,V — U, v U, v)||"-

Then, since p € [0, ) and p*(b), p*(c) > b, there exist p > 0 small enough such
that

J(u,v)|op, = 7> 0.

(ii) For any (u,v) € D\{(0,0)}, ¢ > 0, we have

p p*(b) o8B
T(tu,tv) = Sl u,v)|P — - / [ul*ll”
p R

p*(b) Jpx |aftr®
p*(c) p*(c) p*(c) p*(c)
ALl T
p*(c) Jrw |a|P"(© p*(c) Jrw |a|P"(©
— —00 as t— +oo. (5)

Therefore, there exist t; > 0 large enough, such that J(tju,t;v) < 0 and
[(tru, trv)]| > p. u

For p, 7, t1 given as in the Lemma 1, let I be the set of all passes which connect
(0,0) and (t1u,tiv), i.e.,

r= {7 e 0([0,1], D) : 4(0) = (0,0),v(1) = (tlu,tw)}.
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Now, we define

M, = inf sup J .
inf e (v(t))

From the first statement of Lemma 1, M, , is bounded from below by 7 > 0.
In order to bound M, , from above, let’s recall some results about the extremal
functions and best constants to the following inequality involving the Hardy
potential and critical Sobolev exponent (cf.[19]):

fRN <||D|up g ||(U|+p> )d‘r
. x|er x|(e+1)p
K, = inf ) (6)

’ ulr o)
(fRN T )
for a < s < a+ 1. Also, the authors in [19] had shown that the best con-

stant K, s in (6) is achievable, i.e., there exists U, s € Do’ (RN)\{0}, such that
HUa7s||Lp*(s)(RN7|a:|7p*(s)s) = 1, and

_ [DUas Ua,s|”
Ka,s - /RN ( ’[E‘ap _M’m‘(a+1)p)dl'.

Also, we define

| Dul? \Dv\” [ul?+]v|?
fRN ( [x]er |x\ap ~ P z[eEr dx
D
Ju|>|v]® |v\3 p*(s)
fRN 2|7 G = d

Then we have (it’s proof is the same as that of Theorem 5 in [2])

Ka,,@,a,s = ((%)Q%B + (g)%ﬂa)[(a,s-

LEMMA 2.2 For pu € [0, 1), there exists (u,v) € D\{(0,0)} such that

0< My, < M, := min{%l_blfﬁ, %HKG(“C“%}
Proof Without loss of generality, we assume that
a —1—;7— bKﬁ < a +;]— CKCEGJ{V 5
Let’s define functions f, u; and vy as
W =atUsp 0= BUss F() = oot B)Uaplll — ——af e ®
p p*(b)

then

F1(t) = 7" a + B) |Unp |2, — a5 g7 =1,
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ﬁ p*(:)—p
If /(1) = 0 then ¢ = tyyq, = @A IUeslld

a B —
(a? BP)r ®1=p

Since W < 1, so,

DU, U.. .
supf(t) _ (1 B 1 )((O‘ +8) fRN(l |z‘a;lb‘ - /‘x||<a+b1|>p)d$) pf(b()b_),,
>0 p*(b) (oﬁﬁg)#w

DU, U, .
< (1 1 ) [(0‘ fRN(I |;,;|a;%b| - H|x| <a¥b1>p)dx> pf(b()bi,,
S\p pr(b) (a5 B)7F®
DUa_b Ua b n*
+<ﬁ fRN(‘ [z]oP L Mxl|(a41|)p)d$) pf(b()b)p}
(a%ﬁg)%@)
1 1 o, _8_ B e 2O a4 1—b
<G G + QL™ = K
Therefore, from the definitions of J, f, u; and vy, we have
a+1—-0b
My < sup J(tu, tvr) <sup f(t) < TKaﬂ,a,b-

t>0 >0

Assume that the equalities hold in the above inequality, let ¢; and ' be the
maximum points of J(tui,tv;) and respectively, then

J(t’lul, tlgvl) = f(tlz).

From the definitions of J, f, u; and vy, it follows that

(0 |u|P"(©) p(©) [P (©)
! _ _ _ !
m”pruWM$W@Amwﬁ“m”

Then we have that f(¢'1) > f(t'2), which contradicts to the fact that t's is the
maximum point of f(¢). At last, we have that

atl-b oy
Ua,b = N O‘vﬁ7avb :
Therefore, the proof is completed. [ ]

PROPOSITION 2.3 For p € [0,q), there exists a local Palais-Smale sequence
{(uk,vk)} C D at energy level M, that is,

lim J'(ug,vg) =0, and lim J(ug,vg) = M, forsome M € (0, M,].

k—+o0 k—+o00

Proof From the Lemmas 1 and 2 the energy functional J satisfies the geometric
conditions of the Mountain Pass Lemma and that the minimax energy level of the
Mountain Pass lemma, and for (u,v) defined as in Lemma 2, the minimax level of
Mountain Pass type M, , is finite, thus the existence of local Palais-Smale sequence
is a direct consequence of the Mountain Pass lemma. |
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3. Palais-Smale sequence of zero weak limit

In this section, we shall study the concentration properties of the Palais-Smale
sequence of a zero weak limit. First, we prove the following lemmas.

LEMMA 3.1 Assume that a local Palais-Smale sequence {(ug,v)} C D is of a zero
weak limit, i.e., up — 0, vy — 0 in D}l’p(RN) as k — oo. Then for any compact
w CC RN\{(0,0)}, there exists a subsequence of {(ug,vy)}, such that

: g |* 03] . Jug ")
lim —————dzr = lim .
k—+oco J,, ‘x’bp (b) k—+oc0 J ’x‘cp (e)
p*(c)
= lim /’vk’ —dx
k—+oo J,, |z|P"(e)
o T e A
=l ), e =0 ®
and
Dup|P + | Dy |P
lim /| ugl” + | Dug| dx = 0. (9)
k—+oc0 J, ‘m|ap

Proof We split the proof of the following steps:
Step 1. For w cc RM\{(0,0)}, the following compact imbedding holds

D;’p(w) —— LY (w), forl<qg<p".

On the other hand, since C°(w) € C°(RN), and Dy?(RN) C DiP(w), the
convergence

up — 0 and v — 0 in DPP(RY)  as k — +oo.
Thus, we have
up — 0 and vy — 0 in LY(w), 1< q<p".

Note that |z|~! is bounded in w cC RM\{(0,0)}, there exists a positive constant
C, such that

|uk|p*(b)
o a7 ®

dr < C’/ lug|P”®,

|, [P ()

dr < C/ |uk|p*(c)7

w |x’0p*(0)

p*(c)
/ || ar<c [ o,
w |z
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and

aly, |8
/Md:c<0/\uk\a|vk|ﬁdx.

Since 1 < p and p*(b),p*(c) < p*, we have that (8) holds.

Step 2. Let n € C5°(RN\{(0,0)}) be a cut-off function, satisfying 0 < 1 < 1,
Nw = 1.

From J'(uy,vy,) — 0 in the dual space (Da?(RN)) of De?(RN) as k — +oo,
we have

o(V)||(nug, nu) || = < J' (uk, vr), (nug, nog) >

:/ |Duk|p_2Duk.D(77uk)—|— ]ka\p_Qka.D(nvk)
RN |z|2P

|uk|” + |vgl? nug|* vk’
‘“/RN i A Ol

n(\uk\”*“’ 1 \vk\mc))
N /R )

dx

z|er @ v
(10)
n(|Durl? + (D) n(Juel? + fowl?)
:/ - dxr — ) dx
supp(n) | [P supp(n) ||tap
k| ve|” n(luelP" @ + o @)
—/ o ) dx—/ ) dx
supp(m) 17| supp(n) ||
(uk|DukV’_2Duk + vk\ka\p_Qka> .Dn
—/ dz, (11)
RN |z|P

where supp(n) is the support of 1. The weak convergence of {(ug,vy)} implies
that {||(ug,vk)|} is bounded. From the Holder inequality, there exists a positive
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constant C such that

‘/ (uk|Duk|p_2Duk+vk]ka\p_2ka>.Dn
RN

P daz‘

dzx

[ (k| Duglr = + o Duglr1).| Dy
<
RN

x|

<C (uk\Duk\pfl + vk]ka\p*]L)dx
supp| D)

< C[ DU g oy 128 2 )

DO gy 98 L uppl o |

— 0, ask — +oc.

Thus, we have

dr =< J (ug, vg), (Nug, nug) > +o(1) = o(1).

n(1Dwrl? + | Dvy?)
e

|z|P

Then, is follows that

n(|Dwel? + | Dvy?)

(|Duk]7’ + |ka]”)
J.

dr < lim dxr =0,
|| P k—+oo Jpn || P
which completes the proof of the lemma. [ ]

For any § > 0, let,

Du.|P Duv..|P p p
a:= lim sup/ <| uj' +| k| —u'uk| + [V )da:,
Bs |LU‘ P

k—+o0 Faks || (at+D)p
. |ug|*lor]?
b '_kETooS“p/5< |7 ®) )i
p*(c) p*(c)
~v:= lim sup/ ((|uk| +*|Uk| ))dx
k—+oo Bs | |cp™(€)

Then, from Lemma 3, it follows that «, 8 and ~ are independent of §. Moreover,
the following lemma shows us a relationship among «, 5 and ~.

LEMMA 3.2 Assume that a local Palais-Smale sequence {(ux,vr)} C D is of a zero
weak limit. Then there holds

. K
(Z) aﬁabﬁl (b) < «,

(i) o< pr+7.

f}/r (c) <a

Proof (i) Without loss of generality, we only prove the second inequality in (1).
Let n € C§°(RY) be a cut-off function, satisfying 0 < n < 1, nB,0) = 1.
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We have

p* (c) p* () p*(c) p*(c)

(hal?) = (o) ™ < (e + ol?) =+ (el + o))
= [1(ut, )7 4[|, ) 7" = 2] (s, 0) 7.

From inequality (7) and the definition of K, . it follows that

p*(c)

P (o) P ’
w0k ([ iet) < ([, (G e )ie)

Then, we have

P*(c)

P’ () p*(e) p*(e) DulP P
Kol (/ [uff © + 1o dx)g(/ (’ L Jaz)
’ ry  fal(© re \ 2P ]ttt
Do el N
+(/RN ( |z|oP _“yg;\(aﬂ)p)dx)

DuP’ _|DoP 4 oy 3
< —
<2( [, (G * i~ o))

Then

K p*(c) p*(c) 2 Dul?  |DvlP P P
oc ([ WOARE v [ (DU Dbty
RY Ry N |z|P 2] |z|(e+1)p

21,%@) |x’0p*(0)

Also, we have

Ko </ ’nuk’p*(c)H’?Uk\p*“)dx)sz
7@ gy a7

< (ID(nUk)\pHD(nvk)l”_ IUUk\p+\nvklp>da:
= Jry |2:|aP || (a+1)p

- (lD(muc)lp + [D(ue) P [usl” + |77Uk|p)da:
B; | z|oP jz|(e+ 1P

+f (D + 1Dl sl + by,
supp(n)\Bs ||*P || (a+Dp '

Taking the supper limits at both sides and noting Lemma 3, we have

Ka,c
p

2p*(c)

P
yr*e < a.
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(i) From J'(ug,vx) — 0 in W’ as k — +o00, we have

o(V)|(mur, nor) || = (J' (uk, vk), (uk, nvr))

:/ | Dug|P~2 Dug.D(nuy,) + |ka|p_2ka.D(77vk)
RN |z[2P

dzx

n(Jusl? + fowl?) -
. / de — / I G
RN RN

|| (a+D)p |2z |op™ (B)

dx

0l @ + o)
_/RN

‘$|Cp*(c)

dzx

(1Duxl? + |Duglr) (luel? -+ or )
g wnf, )
B(; BJ

[l 2@+

aly, |8 Juge [P ) 4 Joy P ()
[y, ( ).
B Bs

e ® 2] (@

dx

[ (1Dukl? + |Duglr)
supp(n)\Bs | [P

(el + ) o 7
TH @iy 0 bp(b)
supp(n)\Bs 2] P supp(m)\Bs  1%|"P

/ n(\uk\p*(c) + ’Uk’p*(c))
supp(n)\ Bs

‘$|cp*(c)

dx

_/ | Dug [P~ ug. | D] + [Dog[P~ oy [ D]
supp| Dn|\ Bs | z|eP

Noting that supp(n)\Bs, supp|Dn|\Bs cC RN\{(0,0)}, and taking the upper
limits at both sides. We have a < 51 + 7. [ ]

PROPOSITION 3.3 Assume that {(u,v)} C D is a local Palais-Smale sequence of J
at some energy level M € (0, M,) and (ug,vg) — 0 in D as k — +o0o. Then there
exist a positive constant €9 > 0, such that one of the following two relation holds
(1) Pr=v=0;

(2) B1,7 = o,

for all § > 0.

Proof From the definition of energy functional J and the weak convergence
(ug,vk) — 0 as kK — +o00 one can get

1 1 |u|*Jvx]?
M+ o(1) = J(ug, vi) = ~|(ug, ve)||” - d
0( ) (uk Uk) p”(uk vk)” p*(b) /RN |x|bp*(b) L

1 .
=g N I v ooy (12)
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and

o(1) = (J' (ug, vg), (ug, vg))

Juge|*|vg|? .
= || (o) |17 /R a0 4 otk 0% o ooy (13)

Thus, we get

_ Loy _(1_ 1 | [or ]
M (1) = Tk, v0) = (7 (s 0), (e 1) = < - ) /. By

p  p*(b)
1 1 *
It follows that
i o] NM re) At
/RN T ® @S gy N ol s gy S R
and then
NM NM
<——— y<—/. 1
B1 arioy TSari—e (15)

On the other hand, from Lemma 4, one can get

_p_
Ka,,@,a,blglp @ <a< 61 + 7.

Therefore

p p*(b)—p

KopabBi " (1 — K b ) <.

From (15), and the domain of M € (0, M,), on can get

p*(b)—p NM p*(b)—p
—1 p* —1 —
1-— Ka,ﬁ,a,bﬁl ® >1- Ka,ﬁ,a,b(ia g b) o) > 0.

D

Then there exists 6; > 0, such that 87 < d1~. Similarly, there exists do > 0,

such that ’y#c) < 9251. Thus, there exists €9 > 0, such that either ;1 =~y =0 or
B1,7 = €o. [

4. Existence of nontrivial weak solution

In this section, by the ideas modified from [10, 14] and a monotonic inequality,
we shall prove that the nontrivial weak limit of the Palais-Smale sequence of J is
indeed a week solution to problem (1).
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LEMMA 4.1 Assume that {(ug,vi)} C D is the local Palais-Smale sequence as in
Proposition 1 then

al, |8 p*(c) p*(c)
min{lim sup / de, lim sup / <(|uk| +*|Uk| ))dﬂs} > 0.
htoo v |z[P7(®) k—-+o00 J RN ||ep” ()

Proof We deduce by contradiction. Without loss of generality, suppose that

0. |8
lim sup / de =0.
k—+oco J RN |x‘bp ®)

From (13) and (14), up to a subsequence

||(uk7 Uk;)Hp — H(Uk;7 Uk)HZE/;(*C()C)(RN’kd—cp*(c)) + 0(]_)7 (16)
and
NM .
arizap oW = N I o ooy a7

Combining (16) and (7) with s = ¢, we have

Ka,CH(ulwUk)Hip*(c)(RN7|m|fcp*<c)) < ”(uka”k)”Izp(*i)c)(RNJxrcp*(c)) +o(1),

that is,

1t 0o ooy (B = 1 0 0 o)) < 01 (18)
From (15) and the domain of M € (0, M,), we get

NM p*(c)—p

Kae = 1 v) 15,505 B oo o) > K = (m) ">

Therefore, (18) contradicts (17), which implies that the conclusion of lemma is
true. n
N—(a+1)p

For any sequence of positive numbers {r;}, let a(z) := r, ” wup(rpz) and
N—(at+1)p

Op(z) =7, 7  wp(rpo).

If the sequence {(ux, vk)} C D is a Palais-Smale sequence of J at energy level M,
then {(ug,vr)} is also Palais-Smale sequence of J at the same energy level. since
I and ||| o= (R | —er= o))
are invariant under the conformal transformation, it suffices to show that

J'(ﬂk(x),{ik(az)) —0in D" as k — +oo.

—(N—(a+1)p)

In fact, let y = ripz, Ug(y) := up(rex), Vi(y) := vk(rpz), (ﬁ(y) =r, 7 o(L)
y

—(N—(a+1)p)

and (y) ==, 7 (L) for (¢,9) € D.
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A direct calculation yields that ||(¢,)|p = ||(¢, )|/ p, and

N-(at+D)p N—ap
Dy p(x) =7, " Dyup(rpz) =7, " Dyur(y),
N—(at+1)p N-—ap

Dy op(x) =7, "  Dpuvp(rpz) =1, " Dyvr(y),

N—(atl)p ~ N—ap
D$,¢(x) = rk ? D$1¢(y) = rk Dyi(ﬁ(y)v
N—(at+1)p N—ap

Thus
< (@ B8, (6,00) >=< T (g v3), (6, 8) >= |7 (w08 |0/ 11(6, ) |,
that is,
1" (g, %) | o = | (uey 0k) 1 -

Then from J'(ug,vg) — 0 in D' as k — +oo, we have J'(ax, vx) — 0 in D" as
k — +o0.

LEMMA 4.2 Assume that {(uk,vr)} C D is the local Palais-Smale sequence as in
Proposition 1 then there exists a positive e1 € (0, %] (g0 is given in Proposition 1 ),
such that for any € € (0,e1) there exists a subsequence, still denoted by {(ug, vk)},
and a sequence for positive number {ry}, such that the scaled sequence {(ty,0x)}
satisfies

| *|ox”

Proof We only prove (19). Set p = limsupy,_, o [z~ %dm From the Lemma
5, we know that p > 0. Let e; = min{<%, p}, € € (0,£1). From the absolute conti-
nuity of integration, there exists a

subsequence by {(ug,vr)}, and a sequence of positive number {ry}, such that

ug| ol
/;T de—s, VkEN

By scaling, we have (19). [ |

THEOREM 4.3 For p € [0,f1). there exists a nontrivial week solution to problem

(1).

Proof Suppose that {(ug,vg)} C D is the local Palais-Smale sequence obtained in
Proposition 1.

Step 1. {(uk,v)} is bounded in D.

Without loss of generality, assume that b < ¢, then p*(b) > p*(c). From the
Holder inequality, (12) and (13), we have
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M + o(1) + o(1)]| (ug, vi) }|

= J(ug, v) — p*l(c) (J' (ug, vi), (ug, vg))

ug| o |?
= = W = G = ) o o
1
p*(c

1 Ly Cap 0
= (= Uk, U — | (ug, v ¥ (0) (RN || ~bp* ()
<p ))H{( k k)}H ( (b) p*(c))p*(b)ll( k k)HL () (RN |z| ®)
Since p < p*(c), it follows that {(ug,vk)} is bounded in D.

Step 2. Various of convergence.
From the boundedness of {(ug, vx)}, there exists {(ug,v9)} C D, such that up to
subsequence, there holds

up — Uy, Vp — vg weakly in D}L’p(RN).

For any w CC R¥\{0}, the compact imbedding Da?(w) << Li(w), 1 < ¢ < p*
implies that

up — ug, v — vy strongly a.e.in RN,

Furthermore, the boundedness of {(ux,vx)} in D implies that

{IDwr=2Dui}, {1Dve 2D}, {unl2uc, {lon 2o},
{\Uk\a_Quk|Uk|ﬁ}, {|Uk|a|vk|ﬁ_20k}a {|“k|p*(0)_2uk} and {|Uk|p*(c)_2vk}7

N .
are bounded in (Lp'(RN, \x]fap)> , LY <RN’ |x’—(a+1)p)7 p* (0 (RN, ]x\*bp*(b)>
and LP"(© <RN , \ac]*cf’*(c)) respectively. Thus, for some mq,mo €

/ N
(Lp (RN, ]m|_ap)) we have the following week convergence

, N
{’Duk’p—2Duk} — my, {‘ka‘p—Qka} — mg, in (Lp (RN, ’x‘—ap)> 7

and

{’Uk’pi%f«k} — {|uo\p72U0}, {’Uk’pizvk} — {|v0\p’2v0}

in LP (RN, ||~ (+DP),

{lunlo2uplon)? b = {uol*2uolvol”}, {Jusl*vglorl?=2} = {Juo|*voluol’~2 |

in LP" ®) (RN , !x\*b”*(”)> and
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{yukyp*@*?uk} N {|u0\p*<fﬁ>*2uo}, {yvkyp*@*%k} ~ {|UO

p*(C)*2UO}

in 27" (RY, Jo| " @),

Step 3. (up,vo) # 0.

We deduce by contradiction, assuming that (ug,vo) = (0,0), then {(ux,vi)}
satisfies all the assumptions in Lemma 6. Thus, there exists a sequence {rj},
such that up to a subsequence, {(ax, )} still is a local Palais-Smale sequence of
zero weak limit. Hence (19) holds. Note that (19) contradict the conclusions in
Proposition 2. Thus (ug,vg) # 0.

Step 4. (up,vp) is a week solution to (1) .
From the convergence J'(u,v;) — 0 in D! as k — 400, one can get

o(1) = < J'(ug, i), (0,%) >

:/ |Du’f’p2D“k'D¢+’ka\pQDUk-ledx_u/ kPP urg + Jog [P 2opep
RN .

of [ T

_ O‘|Uk|a_zuk|vk|5¢+B|uk|a|vk|ﬁ_2vk¢dx
RN |gj|bp*(b)

_/ (|Uk|p*(c)_2uk¢+Ukp*(c)_%kw)da?
RN

’;L-‘CP*(C)

For any (¢,1) € D. From the medium convergence obtained in Step 2, we can
easily pass the limit in the last three terms in (20). Then, it suffices to show that

p—2 P2
/ | Duy| Duk.D¢dx_>/ | Duo DUO'D¢dx, as k — 400, (21)
RN RY

[P | [P

xz, ask— +oo. (22)

Du.[P~2Dv,..D Duvg|P~2Dvy.D
/ | Duy| Vg ¢d _>/ | Do Vo wd
RN |z|oP RN |z|oP

To prove, it suffices to show that Duy — Dug and Dvy, — Duvg a.e. in RY. We
shall modify the ideas in [10, 14] to be appropriate to our case. First, note that for
any X #Y € R", there holds

(|X|p—2X VP X - Y) > 0.
We have

(|Duk|p_2Duk _ |Du0\P—2Duo) D(ug — ug) =0, (23)

(|ka|p_2ka - |Dvo|p_2Dv0> D(vy, — vo) =0, (24)

and the equality holds if and only if Dug = Dug and Dvi = Duvg. For a given
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e >0, 0 € R, we define a truncation function ¢. and . by

6e(0) = te(0) = {Z; iflo] <e.

m, lf ‘0" 2 g,

and oV := ¢n(0) = ¥n(o) for N > 1. For an increasing sequence {R;} with
Rj — 400 as j — 400, Bgr, is an open ball with radius R;, and {Bg,} is an
exhaustion of RY. Let n € C§°(RYN) be a cut-off function, satisfying 0 < n < 1,
n) Br, = 1, supp(n) C Bg,,,. We shall prove that for any n large enough, there
holds

dx

{/ (\Duk|p_2Duk - |Du0|p_2Du0>.D (nqSeo(uk — uo)">
RN

lim sup B

k—4o00

/. (1D~ — [Deop D). D (zofe — )" dz] < o(1),(25)

jz|oP

as € — 0. In fact, since up — ug and vy — vg a.e. Br,,,, for any 6 > 0, it follows
from Egoroff’s Theorem that there exists . C Bg,,, such that |Br_, \FEjs|, and
(ug, v) converges uniformly to (ug,vg) in Es. Then for a sufficiently large k, we
have |ug(z)—up(x)| < € and |vg(x)—vo(z)| < € for all x € Es, and thus ¢.o( (ug(x)—
up(2))") = (ur(z) — uo(x))" and Peo((vi(x) — vo(2))") = (vk(z) — vo(x))" for all
x € E5. We now define

(| Dug |[P~2 Duy, — | Duo|P~2Dug).D(ng-0(us, — up)™)

A= dx,
RN |z|oP
B .- (| Dvg[P~2Dvy, — |Dvg|P~2Dug). D (nepeo(vy, — Uo)n)dx
' N x|aP ’
R |z|

and since ¢o((u —up)™) and Y.0((vy —vo)") is bounded in Da®(RYN), we can get

A+ B
— /R ) [k ]” _ZUkWTZT((fﬁ()? —w0@)") gy /R i !vk!”‘%knwa';(((:}fl(i) —w(@)")
‘o /RN \Uk\a_Quk\Uk\ﬁ?ie’lzi((gk(fﬂ) —uo(2))") .
o \uk\”‘vklvklﬁ%?'@j’ﬁg%k(x) —w@)")
+/RN(|Uk|”*(C)_2|ukl77¢50((w($) - UO@))ZC;JSIC|p*(c)_2|vk|77¢50((vk($) — vo(m))”))dx +o(1)

= L1+ Ly + L3 + o(1),

where
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,_ |ug [P~ *upndeo((ur(x) — uo(x))") ok [P vEnpeo((vg(2) — vo(@))")
Li:= /RN I dx+,u/RN @t p dz,

Ly— a/ [l * g ve|ngeo( (ur(w) — uo(@))")
RN ‘x|bp*(b)

|| vk ve [P 2 pbe0((vi () — vo(2))™)

7 oy ® o
Faim [ (O ()= ) O ol () = vl
= s EERg |

Here, one can get

k[P~ | peo((ur () — uo(2))™)| + [vr[P~ n|tpe0((vr(2) — vo(2))™)
L1 < H/RN ( |x|’(a+1)p )dm
upPIn|ug(z) — ug(z vpPIn|ug(z) — vo(z
gﬂ/& (\ kP m|ug () 0(‘:U)||(::1\);\ nlvk(x) — vo( )|)dx

up [P~ + o [Pt
ﬂw/ (’ : (+|1>k| )
Brj,,\Es |z|latLp

on Es, (ug, vg) converges uniformly to (uo, vo); while in Bg,, \ Es, from the absolute
continuity of integration, we have that for a large enough k& and a small enough ¢
that L; can be as small as desired. Similarly, Lo and L3 also can be as small as
desired. That is (25) is true.

On the other hand, we have

dzx

(|Duk|p_2Du;C - |Du0|p_2Du0> D(ug — ug)"
J.

| z|oP

<|ka|p_2ka - |Dv0]p_2Dvo) D (v — vp)"
+/ dx
Es

||

<|Duk|p_2Duk - \Du0|p—2puo) D (oo (uy, — up)™)
< dx
J oE

dz.

/ <|ka|p_2ka - !Dvo|p_2Dvo)-D(77¢50((Uk —vo)")
+
RN

||oP
It follow that
(|Duk|p’2Duk _ |Duo\p*2puo) D(ug —uo) — 0, in L (Es, |z|~%),

(|ka]p*2ka — |Dv0\p*2Dvo>.D(vk —v) — 0, in Ll(Eg, |z| P,

and thus, up to a subsequence, also a.e. in Ejs. Hence, we have, Dup — Duyg
and Dvp — Duvg a.e. in Ej. Since § is arbitrary, this implies that Dui — Dug
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and Dv, — Dvg a.e. in B, ,. By the diagonal process of Cantor, we have that

Duy — Dug and Dvj, — Duvg a.e. in RY. Thus, (21) and (22) are hold, which
completes the proof of Step 4 and that of Theorem 4.3. [ |

5. Conclusions

The existence of a non-trivial weak solution to quasilinear elliptic system involving
critical Hardy exponents by variational methods is an important issue in the area
of partial differential equation. In this manuscript by using variational method, we
have proved the existence of a non-trivial weak solution to a quasilinear elliptic
system involving critical Hardy exponents.
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