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Abstract. In this paper, we will discuss the concept of almost sure convergence for specific
groups of fuzzy random variables. For this purpose, we use the type of generalized Chebyshev
inequalities. Moreover, we show the concept of almost sure convergence of weighted average
pairwise NQD of fuzzy random variables.
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1. Introduction

Zadeh in 1965 introduced the concept of fuzzy set by extending the characteristic
function [11]. The occurrence of fuzzy random variable makes the combination of
randomness and fuzziness more persuasive, since the probability theory can be used
to model uncertainty and the fuzzy sets theory can be used to model imprecision
Deiri et al. [3]. Fuzzy random variables are useful in several applied fields. The con-
cept of negative quadrant dependent random variables was introduced by Lehmann
[8]. A stronger notion of negative dependent of the theory of multi-variant proba-
bility inequality, Dev and Proschan [4], Szeki [10] is that of negative association.
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2. Preliminaries

Definition 2.1 The sequence {X,, n > 1} is said to converge almost surely to X
(and this denoted as X,*3 X as n — oo) if

P({weQ:lim, 00Xy (w) = X (w)}) (2.1)
Definition 2.2 (Chebyshev inequality)

Let X be a random variable with finite expected value p and finite non-zero
variance 2. Then for any real number k£ > 0 ,

1
Pr(|X —p| > ko) < e (2.2)
Lemma 2.3 (Borel-Cantelli Lemma)
Suppose A, € Aand > P(A,;) < oo . Then,
n=1
P (A, , infinitely often) = 0 (2.3)

In this section, we describe some basic concepts of fuzzy numbers and fuzzy
random variables.

Definition 2.4 Let E be a universal set, then a fuzzy set of E is defined by its
membership function A:E—0,1], Where A (z) is the membership grade of z to
A.

Definition 2.5 A, is called the a — level (cut) set of A, defined by A, =
{:L' €cE:A (x) > a}. According to the decomposition theorem of fuzzy sets, we
have, A (z) = sep {alg ca €0, 1]} Where I3 is the indicator function of ordi-
nary set ﬁa.

Definition 2.6 A mapping X : Q — S (R) is said to be a fuzzy random variable
associated with (€, z) if and only if

{(Q,x):me)?a(w)}eAxB. (2.4)

Where B denote o — field of Borel set in R.
For a fuzzy random variable X and w € €, let X (w) be a fuzzy set with the

membership functionX (w) ().
Definition 2.7 Let D : S (R) x I (R) — [0, 00)

D +1—-q (A = By)[fda | 1<p<oo

Dy (A.B) - /‘q

sup |q (AL —BY)+(1—¢q) (A, —B;)| p=o

0<a<1

The analytical properties of D), , depend on the first parameter p, while the second
parameter g of D, , characterizing the subjective weight attributed to the sides of
the fuzzy numbers
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Definition 2.8 A pair of fuzzy random variables ()A(: , 37) is called negatively quad-
rant dependent (NQD) if

PIXO <270 < y] <p [)N(y < 1:} P [1709) < y} Va € [0,1],Vz,y € R (2.5)

Definition 2.9 A set of fuzzy random variables is called NQD for all pairs ()NC , ?)
in the sets X and Y satisfied in (2.5).

Definition 2.10 A pair of fuzzy random variables ()? , 17) are said to be negatively
associated (N A) if

«

Cov {f ()A(/)(') . g (?)i)} <0Vae[0,1] . (2.6)

n
Theorem 2.1 Let {wy},~; be a non-negative sequence and W,, = > w; such that
= i=1
Wy, — oo, and 37 — 0 when n — oo.

n

Let {f(n in > 1} be a sequence of negatively quadrant dependence of non-
negative fuzzy random variables. Put §n =@, (wi ® )~(n> If

L i;ql)E [Dqu ()?Z,Gﬂ < 00

IIZ

Then asn—>oofor1<p<2wehave

2Dvaur( ) < 0

Dy (%ﬂ ES,) g

Proof Let a > 1 and for each k > 1 put,
Nk :inf{n W, > ak}

Since M‘;V — 0 as n — oo it follows that W,, ~ a* for all large k. Therefore, for

some ¢ > 0 and every ¢ = 1,2, ... by the Theorem 1 in [6],
{k:np>i} C{k: W, >W;}C {k‘:cak>Wi} (2.7)

By Chebyshev inequality and by Theorem 1 in [5],

o< nk w?Dvar ()?Z) 00 wgDvar ()NQ)

S { i Daa (S B8) 2 p <Y T <Y ST

k=1 k=1 1=1 k=1
(2.8)
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For every € > 0 since Cov (X() x! )> 0 ;¢ # j. Thus, by the Borel-Cantelli

wa ?

lemma as k — oo,

WLDM (§nE§n> ) (2.9)

Nk

Now, given positive integers n and a, for ny < n < ngyq,

L b, (§n E§nk_> <

Nk

Dig (S S, ) wZZW Dy (80,01 BS0,) as

wnk+1 Nk wnk

By the monotonicity of S, it follows (2.9) and (2.10) and (I) so that for 1 < p < 2,
: 1 ~ 1 ~ _~
lim suanooWnDp’q <Sn,ESn> < WnDz’q <Sn,ESn>
<sup;>y B [ng (f(z,ﬁ)} (—1) a.s

For every a > 1 wich concludes the proof. [ |

3. Main Result

n
Theorem 3.1 Let {W,}, -, be a non-negative sequence and W,, = " w; such that
= i=1

Wy, = 00, ;"V"ﬂ — 0 when n — co.
Let {)Z'n n > 1} be a sequence of negatively quadrant dependence of fuzzy
random variables. Put §n =®d, (wi ® )?n> If

I SzL>1£)E [Dlyq ()ZZ,EXJ] < 00

IIZ

Then asn—>0for1<p<2wehave

vaar( ) < 00

Dyg (iﬂ ES,) g

Proof 1t is enough to show that 2%20. First, note that lei 1<lisa
pairwise sequence of NQD fuzzy random variables w; > 0. An equivalent condition

cor{ (1 () (o (7))} <+

for all non-decreasing (non- increasing) function such that the covariance exists.
Hence the fuzzy random variables X; G)HEXZ ,1 > 1 are pairwise NQD and

for ¢ > 1 assume EX = EX+G)HEX_ = 0 . We consider the sequence

{w,- ® )?f 11> 1} and its corresponding sum 5,’; = @i w; © X';r for real num-

Ds,4(Sn,ESn) a.s
W,

bers, but clearly it is a non-decreasing function. Thus, according to (2.8) we have
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(xOYT o (xONT - T : R §
Cov |wi| X)) ,wj Xja <0, ie, qw; ®X;" 14 > 1¢ is a non-positively se

quence of correlated non-negative fuzzy random variables. Assumptions (I) and
(IT) together with the Theorem 2.11 imply that as n — 0,

MZDQ,C, (§;§, E§;;) 230 (3.1)

A similar consideration for negative parts, say 5;* =@ wi © )N(i_, and the fact
that £SO ES;* = 0 completes the proof. |

Now we consider the almost sure convergence of weighted average for pairwise
NQ@D fuzzy random variables as an application of the Theorem 3.1.

Theorem 3.2 Let {)?n 'n > 1} be a sequence of pairwise NQD fuzzy random

variables with finite second moments and let gn = @?:1)@. Assume
L supE [DLq (f( E)?)] < 00
i>1
& Dvar()?i)
11. Z; m < 0

Then for 1 < p <2 we have D, , (gn, E§n> Bon—o00.

Proof Let EN/n = m ® )N(n and w, = F [Dl,q ()N(n,ﬁ)} and use Theorem

2.11, then {17” :n > 1} is a sequence of pairwise NQD fuzzy random variables.
Thus, by Theorem 3.1 we have,

o wp oy o P [Du (%a0)] L s
;WDVSI (Y) —n:1 iE2 [qu ()}mﬁ)} x D var D%q ()}n,ﬁ) o X,

|
Theorem 3.3 Let {)?n in > 1} be a sequence of pairwise NQD fuzzy random

variables with finite second moments and let S, = @?:1)21-. Assume

L sup E [DLq (f( E)?)] < 00
1>1

S Dvar()N(i)
II. — —— < 00 .8
P I ER) P ER)

Then for 1 < p <2 as n — oo we have

1 -
o [0, (3.0)] "\ 2 o (50)] N B [y (500))

converges to zero almost surely.
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E[D1 4(X..,0)]

PTOOf Let i;n = - 1_ @ Xn and Wn, = m

EDra (%)) Clearly

{17” in > 1} is a sequence of pairwise NQD fuzzy random variables and W,, ~
log E [Dl,q <§H,6>] a.s. . Hence by Theorem 3.1 part (II) we have,

ZDvar 1(~‘ N)} G))NQ' !

(logE [Dl,q (gl,ﬁﬂ )2
© Dvar (wi ® 171) X 1172

9% _
= = —Y D var (E) < 0
2w L

Let T, = o, (wi ® }71) Since

1 ~
oo (58]

Tn == @?:1 (Wi ®© }7;) == @zn:l

and

- 1 _
Yn - — @ Xn
E [Dlvq (Xn, o)}

then by (3.1) and Theorem 3.1 we have W%q (Dqu fn,ETn> — 0 a.s. as n — o0.
]

4. Conclusion

In this paper, we discussed the concept of almost sure convergence for specific
groups of fuzzy random variables. For this purpose, we used the type of generalized
Chebyshev inequalities. Also, generalized some results of N@QD random variables

with real value, to/N@Q Drandom variables with fuzzy value. For this purpose, proved

Dy o(Sn.ES,)
Wn

the sequence is convergent almost sure to zero, asn — oco.
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