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Abstract. In this paper we consider multivariate Lagrange mean-value interpolation problem,
where interpolation parameters are integrals over spheres. We have concentric spheres. Indeed,
we consider the problem in three variables when it is not correct.
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1. Introduction

The interpolation schemes considered so far have one important property in com-
mon: the dimension of the interpolation spaces coincides with the number of in-
terpolation conditions. A different approach has been taken by Kergin [3]. He
gives a linear projection from the space C™(R¥) (continuous differentiable functions
on R¥) onto the space of polynomials of degree not exceeding n. He constructed, for
given nodes o, ..., =, € R¥, an interpolation polynomial of degree not exceeding
n. This interpolant becomes unique because of additional interpolation constraints.
Mean Value Multivariate Lagrange Interpolation Problem MVLIP: Let

D:{AigRl‘:z’:l,...,N}

be a collection of N measurable subsets of R¥ with finite nonzero
mesures. The existence and uniqueness of a polynomial p € II*¥ such that
Jap(x)dz = ¢;;i = 1,...,N, where ¢;’s are arbitrary given numbers is called
MVLIP.

We denote this mean-value interpolation problem by (IT¢, D)™,
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The problem (Hf’L,ID))m'U' is called correct if for any numbers ¢;,2 = 1,..., N
there exists a unique polynomial p € II¥ satisfying the above conditions. Now let
us explain the general example of mean-value interpolation in arbitrary dimension.
More precisely, we have the following result,

THEOREM 1.1 (Kergin)For any set of n+ 1 points xg,...,r, € RF there is a
unique mapping

p: C"(RF) s 11}

with the property that for any f € C™(R¥), any constant coefficient homogeneous
differential operator q(D), q € TI¥, and any subset J C {0,...,k}, with #J =
degq + 1, there exists a point x in the convex hull [z(j) : j € J| such that

(¢ (D) Pr) (z) = (¢ (D) f) (x).

Due to the complexity of this condition it is not surprising that the main part
of [3] consists of showing the existence of the above interpolation operator which
was done in a nonconstructive way. He gives a proof by mean value theorem and
the above formula for exsintence and uniqueness of interpolation polynomials. This
issue was resolved constructively by Micchelli [8]. It turns out that Kergin interpo-
lation can actually be considered as an extension of the intersection points of hyper
planes. Also, Micchelli and Milman [7] give a proof of the existence of projection
analogous to Newton form of Hermite interpolation. Indeed, substitution of the
univariate Hermite-Genocchi formula

f[x()v:xk]:/[ }f(k)a fECk(R)7

which expresses the divided difference as a B-spline integral, into the Newton
formula allows us to represent the interpolation polynomial L f as

Lif(z Z/ (m—xn), rzeR

which can be rewritten in a way as

Lif (x Z/ Dy—sy---Dys, f, T€ER.
l’o, T

Now, the above formula already gives the Kergin interpolant p with the above
properties by simply replacing the qualifier z € R by = € R*.

THEOREM 1.2 (Micchelli [8]) The Kergin interpolation polynomial p is given as

Z/ CE xo"'DI—xjflf’ xeRk’
mUu oL

and the error of interpolation takes the form

(f_pf) (J)):/ }lefl'o"'Dx*(E]‘_l f?xeRk
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Another approach in this field was considered by Hakop Hakopian. On that case
he introduses the mean-value interpolation problem on lines [1].

2. Materials and Methods

Denote by Hi = [1,,(R3) the space of interpolation polynomials in three variables
of total degree not exceeding n:

3
H =43P (1:73/) Z) = Z a'ijq:zyjzk : /L-vj7 ke Z-‘r
n i+j+k<n

n+3
3
Let us fix the set of distinct points

Set N = dim ][> =

Xs = {(:Chyluzl)w R (x87ys;zs)} C Rg

as the set of nodes of interpolation.
The classic Lagrange pointwise interpolation problem(]_[i, Xs) is to find a unique
polynomial p € Hi such that

(xbylvzl):cla l:1727"'787 (1)

where ¢;, [ =1,2,...,s are real numbers.

DEFINITION 2.1 The Lagrange pointwise interpolation problem (Hi,xs) is called
correct, if for any real values ¢, 1 = 1,2,...,s there exists a unique polynomial
peE Hi satisfying the conditions (1).

In other words, the Lagrange interpolation problem is to find a unique polynomial

3
p($7yaz) = Z az]k‘rzyjzk € H
n

i+j+k<n

which the conditions (1) reduce to the following linear system

p(xbylvzl): Z Qijik x;yljzlk:cl ) l:1727"'15' (2)
it+jt+k<n

The correctness of interpolation means that the linear system (2) has a unique
solution for arbitrary right hand side values. A necessary condition for this is s=N.
Note that in this case the linear system (2) has a unique solution for arbitrary
values ¢js, I = 1,2,...,s, if and only if the corresponding homogeneous system
has only trivial solution. In other words we have

PROPOSITION 2.2 The interpolation problem (Hi, XN) is correct if and only if

3
pe]l pany,2)=01=12... N=p=

n
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Equivalently: The interpolation problem (wa Xn) is not correct if and only if

3
dp € H, p # 0 such that p (x;,y;,2) =0, 1 =1,2,...,N (3)

n

In this paper a mean-value interpolation problem is considered where interpo-
lation parameters are integrals over spheres. Here we are going to find a unique
polynomial p € Hi such that

el
—_ p(x,y,z)dedydz =¢, 1 =1,2,---, N, 4
ns(Si) JJ Js, ( ) @

where ¢;’s are arbitrary given numbers and S;’s are spheres and also p3(.S;) is the
area of .S;. We denote this mean-value interpolation problem by(Hf’l, S)m'v', where
S is the set of above spheres: S={S;:1=1, 2,...,N}.

Same as Definition 1.1 we call the problem (Hi, S)™" correct if, for any number
¢, 1=1,2,...,N, there exists a unique polynomial p € Hi satisfying (4).
Note that for a Lebesgue integrable function f it is convenient to use this interpo-
lation. (See, [1, p. 203])

An example of correct interpolation problem in dimension two is presented in
[4, 5]. To extend this problem in dimension three consider the following definition.

DEFINITION 2.3 The centroid of the region S is called the point with the coordi-
nates:

o Mfsrdedyde | [ffgydedyde | [[fzdudyds
p3(S) Y 13(S) ) 13(S) )

X

where u3(S) is an area of the region S.

Statement The problem in R? with d+1 arbitrary regions and n=1 is correct
if and only if the centroids of the regions are not laying on a hyperplane.

LEMMA 2.4 The problem in R® with four arbitrary regions and n=1 is correct if
and only if the centroids of the regions are not laying on a hyperplane.

Proof Let us show this problem. Let p € Hi and ffsz pdedydz=0,1=1,--- 4.
Let also the centroids are not collinear. Then

/// pdedydz =0= p(z*,y*,2")=0,l=1,--- . 4=p=0

Thus the problem is correct. This result follows from the statement: if Sis bounded
region with non-zero area and p € Hi’, p(z,y,2) = Ax + By + Cz+ D then
[ffgpdrdydz = p3(S). (Az*+ By*+C2* + D) if and only if there is
a hyperplane with equation p =0 passes through the centroid of S. |

Another special case is considered in [6]. To introduce it let us get a set A be a

measurable set in R? with finite non-zero measure. The following set we call A—
shift of A

A*:{y+A: y € Rd}.
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n§d> distinct nodes

A= {N:l=1,...,Ng} C R% The following set we call the set of A— shifts
of A

Let us fix a set of Ny = dimeL = (

A(A) :={A*: A e A}

THEOREM 2.5 Suppose that pg() # 0. Then the mean-value interpo-
lation ([Tp, A ()"

interpolation problem (Hi, A)is correct.

is correct if and only if the Lagrange pointwise

Consider an  arbitrary set of N  distinct balls of same
radiusr : B := {Bg,,:l=1,...,Ng}. Let A = {a; : | = 1,...,Ngq} be the
set of centers of the balls.

THEOREM 2.6 The mean-value interpolation (T

n’

B) is correct if and only if the
Lagrange pointwise interpolation (Hfl,A) is correct.

In the next section we consider the multivariate mean-value interpolation for
polynomials of arbitrary degree with regions which are concentric spheres. We
conclude that in this case the problem is not correct.

3. Results and Discussion

Let us consider a mean-value interpolation with polynomials of arbitrary de-
gree and the r%gg)ons are the above spheres, i.e, the mean-value interpolation
problem(]_[i, S) . Denote by [z] the greatest integer less than or equal to z.

m.v.

THEOREM 3.1 Suppose that among regions of interpolation problem (Hi,S)

there are  [§] 4 2 concentric spheres, where n > 1. Then the mean-value interpo-
. 3 MU
lation problem (IT,,S) is mot correct.

For proof of this theorem we need the following

LEMMA 3.2 Assume that Theorem 3.1 is wvalid for n = 2t then it is valid for
n=2t+1, too.

Proof We assume that the parameters related to the concentric spheres are linearly
dependent in the case n = 2t, i.e.,

t+2

3
ch/// pdexdydz =0, Vp € H,
=1 81 2t

Where not all S;’s are zero. Without loss of generality, assume that the center of
concentric spheres is the origin. Now for any p € Hgk 1We have

42 t+2
Z q /// p(z,y,z)derdydz = Z q /// a2t+170,0x2t+1 dxdydz+ - --
=1 51 =1 i

t+2 42

+ ch /// a070’2t+122t+1 dedydz + ch /// q(x,y,z)dxdydz
=1 St =1 st
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where g € [[5,. Hence

t+2 +2

[ i 0s S [ e
=1 S P s,

Therefore we have same linear dependence for H;k 1

i+2 t+2

Zcz/// p(z,y,z)dedydz —ch/// q(z,y,z)dedydz =0
=1 St = st

Proof [of Theorem 3.1] First consider the case n = 1. This case follows from
Lemma 2.4, since the center of two concentric spheres and the centers of other
spheres are on a hyperplane.
In view of Lemma 3.2 it is sufficient to assume that n = 2t, where n > 1.

To prove the mean-value interpolation is not correct, according to proposition
1.1 it is enough to show

3
E!pEH\{O},SuCh that /// p(z,y,z)dedydz=0,1=1,--- N (5)

where Sp’s, I = 1,...,t 4+ 2 are the concentric spheres with center (0,0, 0)
and radius r; and N — (¢ + 2) other regions are arbitrary given. If the degree of
monomials z or y or z are odd the integral of monomials on concentric spheres
will equal to zero. Thus we can consider only the even monomials.

One can compute the integral over concentric spheres

/// p(z,y,2)drdydz = ?“ig /// p(rz,my, rz)dedy dz
S s:x?4y?+22<1
=i /// > apr’yZF dedydz

i+j+k<n

= 7”13 /// Z aijkrfﬂ% /// xiyjzk dzdydz

i+j+k<n

Hence,

4 1
/// p(z,y,z)drdydz = T?g”[ao,o,m"? + 7"125(612,0,0 +ap2,0 + ao02)] + -
S

+ T‘l2t+2[a2t7070 /// :L“Qt(:c, y,z)dxdydz

+ azt—220 /// 22722 (2, y, 2) dedy dz + - - -

S1

a0,0,2t /// zZt(a:,y, z) dz dy dz]

Thus in view of the relation .
IS . p(z,y,z)dedydz = Zi+j+k<n @i fff:c’yjzk dexdydz=0,l=1,---,N and
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formula (6) we have the following homogeneous linear system:

ap,0,0 = 0,

a2,0,0 + ap2,0 + aoppz2 = 0,

°)

a2¢-2,0,0 /// 222 dx dydz + -+ ap,.2t—2 /// 2272 g dydz =0,
a2¢,0,0 /// 22 dx dydz + azt—2,0,0 /// x2t—2y2 dedydz+---
+ ao,0,2t /// 22 dx dy dz]

Next we add to this system the homogeneous conditions over the remaining we
add to this system the homogeneous conditions from (5) over the other arbitrary

regions:
/// p(z,y,z)dedydz =0, l=t+3,...,N.

Now the resulting system has N — 1 equations and N unknowns which are the
coefficients of p. Therefore it has a non-trivial solution. It is easily seen that the
polynomial with these coefficients satisfy (5). Hence the problem is not correct. B

4. Conclusion

In this research one can conclude that the corresponding interpolation polynomials
are not unique. Namely, if some the regions are concentric spheres on the space
then the interpolation problem is not poised.
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