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1. Introduction and Preliminaries

Integral transforms and their inverses are widely used solve various in calculus, me-
chanics, mathemtical, physics, and computational mathematics (see, e.g.,[7, 9, 10]).

In [4], we proved theorem related the Bessel transform and (k,~y)-Bessel
Lipschitz functions. In this paper, we prove a generalization of this theorem for
this transform in the space Lgo(R™1). For this purpose, we use a generalized
translation operator.

Assume that Loy = Loo(RT), a > —%, is the Hilbert space of measurable

functions f(z) on RT with the finite norm

) 1/2
I fll2,a = </0 \f(x)\2x2°‘+1dac> )
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Let

_d* (2a+1)d

B=— A
dt? + t dt’

be the Bessel differential operator.

For a > —%, we introduce the Bessel normalized function of the first kind j,

defined by

o} 1" (2 2n
o) = o+ 1) 30 LI

n=0

where I'(z) is the gamma-function (see [6]).

LEMMA 1.1 [1] The following inequalities are valid for Bessel function jo

(1) lja(z)| <1
(2) 1—jo(z) =0(z?); 0<z < 1.

LEMMA 1.2 The following inequality is true

1= Jal2)] = ¢,

with x > 1, where ¢ > 0 is a certain constant.
Proof Analog of Lemma 2.9 in [3] [ |

The Bessel transform of a function f € Lo, is defined (see [5, 6, 8]) by the
formula

FO) = /0 h f®)ja N2t XN e RT.

The inverse Bessel transform is given by the formula

70 = 2T+ 1) [ Fonia(wxtin

From [5], we have the Parseval’s identity

[ fll2.0 = 2°T(a + 1) fll2,a-

In Ly 4, consider the generalized translation operator T}, defined by

Trf(t) = ca / F(V/12 4 h2 — 2th cos @) sin? pdp,
0

where
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-1
i Ma+1)
2a
Ca = sin d =
() s ae) D(1/2)0(a + )
From [2], we have

o — —~

(Taf)(X) = Ja(AR) f(A)

We note the important property of the Bessel transform: If f € Lo, then

~

Bf(A) = (=A%) F(N).

The finite differences of the first and higher orders are defined as follows

Apf(z) =Trf(z) — f(z) = (Th — E2,0) f(2),

Ajf (@) = Ap(AL T (2)) = (T — Ena)* f(2) = Z(—l)k_i(f) nf(2),

where T9f(2) = f(z), Thf(x) = Tp(Th ' f(2)i = 1,2, kik = 1,2, ...

Es o is a unit operator in Lg 4.
Let W'ia be the Sobolev space constructed by the Bessel operator B, i.e.,

WIQC,O[ = {f € L2,a7 B]f € L2,a; ] == 1,2, ,k}
In [4], we have the following result

THEOREM 1.3 Let f € Lo . Then the following are equivalents

(1) f € Lip(k,,2), 0<k <1, v>0,
(2) [ 1PN N = O(r=?*(logr)?7) as r — oo,

where

LZp(ka'Yv 2) - {f € L2,a7 HThf(t) - f(t)”Z,a =0 ((log’:D'y

The main aim of this paper is to establish a generalization of Theorem 1.3

2. Main Results

) as h — 0}.

19

In this section we present the main result of this paper. We first need to define the

(6,7, 2)-Bessel Lipschitz class.



20 M. El Homma & R. Daher/ IIJM?C, 04 - 01 (2014) 17-23.

DEFINITION 2.1 Let0<d<1,v=20andr =0,1,....k. A function f € W’ia 18
said to be in the (9,7, 2)-Bessel Lipschitz class, denoted by Lip(d,~,2); if

IARB" f (x)

h6
2=0|—5=] as h—0.
(log )7

LEMMA 2.2 Let f € Wé’a. Then

1

IABF@) B = Grpragy |, AT In OB

where r =0,1,..... k

Proof From formula (2), we have

— ~

Brf(A) = (=1)"X"F(\) (4)

By formulas (1) and (4), we conclude that

— ~

T B7 f(A) = (1)t 55, (th) f(A), 1 <i < k. (5)

From formulas (3) and (5) follows that the Bessel transform of A¥B"f(z) is

(=1)7X" (ja(AR) = DEF(N).
By Parseval’s identity we have the result. [ |

THEOREM 2.3 Let f € Wg’a. Then the followings are equivalents

(1) f € Lip(4,7,2),

(2) fsoo )\4T|f(}\)‘2>\2a+1d)\ =0 (%) as s —» +00.

Proof 1) = 2) Assume that f € Lip(d,~,2). Then we have from Lemma 2.2

1 o0 , N .
|ALBT f(2)3,, = / NI7|1— o (AR) 2 FON) [2A2+ T aA,

(2°T(a+1))* Jo

If X € [1, 2] then Ak > 1 and Lemma 1.2 implies that

1< Ja(AR)[,

it~

Then
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2/h R 1 2/h R
/ ATIFOOPA N < e [ AL ja AT PN
1/h c 1/h

1

< —
Sk

h26
o <<10g m) |

AL = a(AR)PFF () PA% A

We have
2s PN 22041 8726
AT T dA < Cr—,
JRNI! o
where C' is a positive constant.
So that
%) N 2s 4s 8s R
/ MV PA2aTgy = [/ +/ +/ +} | FOV)PA2T N
s s 2s 4s
<o 8726 N (23)725 N (43)725
= 7 (log )27 (log 2s)%Y (log4s)> = 777
s 26 252 2513
CW(1+2_ +(27)2 4 (27 4 )
8726
< CCs——5-,
 (log 5)27

where Cs = (1 —272)~! since 2720 < 1.
This proves that

—26

o0 - ~ o S
/s M FN AN = 0 (W) as s — +00

2) = 1) Suppose now that

00 s N 8—26
/S )\4 ‘f(A)’Q)\z +1d)\ = O <(10g3)27) as s — +0o0

We write

| AT G PIF P A = Ty Ty
0

where
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1/h R
h—/ N7IL = o (AR)PF FON) [2A20 A,
0

and

I, = // NTIL = o (AR)| 2| FON)PAZH LA,
1/h

Estimate the summands Iy and Iy from above. It follows from the formula
|7a(AR)| < 1 that

b==//A“H—JJAMPWﬂMFAM+WA
1/h

g 4k/ )\47’|f()\)’2)\2a+1d>\
1/h

h26
=0 ((log }1)27)

To estimate I;, we use the inequality (2) of Lemma 1.1
Set

wle) = [ XIFORA A

Using integration by parts, we obtain

1/h
I, < —C A% / 4R (t)dt
0

1 1/h
< Clw(h)+401kh4k/0 t*R =Ly (t)dt

1/h
< Cyhtk / =120 (log t) " 2Vdt
0

where C1,Cy and C3 are positive constants and this ends the proof. [ |

COROLLARY 2.4 Let f € Wk . and let

2,a7

f € Lip(6,7,2)

Then
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—20—4r

o0 ~ o S
/S IFV A2 ay = 0 <W> as s — 400

Conclusion

In this work we have succeded to generalise the theorem 5 in [4] for the Bessel trans-
form in the Sobolev space W’ia constructed by the Bessel operator B. We proved

that f € Lip(3,7,2) if and only if [ A|F(A)[2A2+Ld) = O (m) as § —s

+00.
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