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Abstract. The modeling of uncertainty resources is very important in insurance pricing. In
this paper, fuzzy set theory is implemented to model interest rates as an uncertainty resource
for calculating the price of enhanced annuities. In this regard, the single fuzzy premium for
a fixed annuity payouts is calculated using adjusted mortality probabilities for an insured
with health problems and the results are compared with standard status. As the adjustment
multiplier increases, which means that the health problems of the insured are worse, the
life expectancy of the person decreases. In addition, as adjustment multiplier increases, the
insurance premium decreases, which is due to the adjustment of survival and mortality prob-
abilities based on the individual’s health status. Also, to show the validity of the proposed
fuzzy method, the random interest rate has been used. The results of the fuzzy and random
models are close to each other which indicates the validation of proposed method.

Received: 02 October 2022, Revised: 30 November 2022, Accepted: 15 December 2022.

Keywords: Adjustment multiplier; Interest rate; Enhanced annuities; Single premium;
Fuzzy set theory.

AMS Subject Classification: 03E72, 97M30.

Index to information contained in this paper

1 Introduction

2 Basic concepts

3 Fuzzy pricing approach

4 Numerical test results

5 Conclusions

1. Introduction

Traditionally, the same price has been considered for all insureds of the same age.
In other words, the health status of all the insured has been assumed standard. This
is despite the fact that the insured may have some health problems and, as a result,
have a lower life expectancy than the standard health status. Therefore, under the
assumption of paying the same annuities by insurance company compared to the
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standard status, lower premium should be paid. This is considered a sales advantage
for annuity products, and recently researchers have focused on the pricing problem
of these types of products, which are called enhanced or substandard annuities in
the literature (see e.g. [7–9, 12, 17]). In order to issue an enhanced annuity policy, a
person’s health status must be examined by a medical underwriter and the survival
and mortality probabilities for this person should be adjusted based on the medical
underwriter’s opinion (see e.g. [3, 4, 10, 13]).
In addition, uncertainty factors such as interest rate, future lifetime and insured

health factors are important issues in the pricing of life insurance products, which
are recently modeled using fuzzy random variables. The future lifetime has been
considered as a fuzzy random variable in [18]. The present value of life insurance
liabilities using the fuzzy random variable of interest rate is calculated in [14]. The
life insurance and annuity evaluation framework presented in [11, 16] has been
developed using symmetric triangular fuzzy numbers in [15] to price life insurance
liabilities. Fuzzy random variables are used in [20] to estimate the discount function
related to the generalized interest rate and future lifetime to calculate the life
insurance premium. The Fuzzy pricing of substandard annuities that are issued
based on medical underwriting is considered in [17]. It has proposed two approaches
based on Fuzzy Set Theory tools to address imprecise or vague information about
the insured health status and lifestyle. For example, the information such as high
blood pressure or overweight is hard to define precisely. Therefore, fuzzy variables
can be very suitable to model this kind of information.
Interest rates fluctuate over time due to changes in monetary, fiscal and foreign

exchange policies, and this fluctuation can affect the determination of premiums,
reserves and liabilities of insurance companies. This is especially important for
life insurance products due to their long-term nature and the possibility of higher
interest rate fluctuations during the policy period. Therefore, it is necessary to
consider the interest rate risk and uncertainty in life insurance products by the
regulator and insurance companies. In this regard, using the fuzzy interest rate, the
permitted range for the interest rate can be considered that insurance companies,
taking into account their risk aversion, to determine the amount of premium in
the desired period. The pricing of insurance products with a fuzzy interest rate is
considered in [1, 14, 16].
In this article, we implement a fuzzy interest rate for pricing enhanced annuities.

According to our latest information from the research works, it is believed that
the pricing of this kind of annuity products based on proposed fuzzy variables
has been investigated for the first time in this paper. The difference between this
article and researches [11, 14–16] is that in these researches, the annuity pricing for
people with standard health status have been calculated, while in this article, the
pricing of enhanced annuity products for people with health problems is considered
and based on the insured health status, the mortality probabilities have also been
adjusted.
The remainder of this article is organized as follows.The definitions and basic

concepts such as the single premium of annuity, the adjustment multiplier for the
survival and mortality probabilities and life expectancy based on health status
of insured are described in section 2. Fuzzy pricing approaches for standard and
adjusted premiums are proposed in section 3. Numerical test results for pricing
enhanced annuities using fuzzy interest rates are given in section 4. Finally, our
conclusions are given in section 5.
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2. Basic concepts

In this section, we provide the definitions and basic concepts. Annuity contracts
offer a regular series of payments. Life annuity is an annuity that depends on
the survival of the recipient. The individual that receives annuity is called an
annuitant. Here, we consider a deferred m year life annuity due of 1 monetary unit
with payments within n years for an insured aged x which is a term life annuity.
For the whole life annuities, n = ϖ −m + 1 where ϖ is the maximum attainable
age in the considered mortality table. The present value of 1 m.u. payments to an
annuitant for this policy is m|näx and it is defined with the following values and
their probabilities based on [16], where m+r−1|qx is the probability that the insured
aged x dies the rth year and m+n−1px is the probability that the insured survives
m+ n− 1 years.

m|näx
Outcomes Probabilities

0 mqx∑m+r−1
t=m d̃t m+r−1|qx r = 1, · · · , n− 1∑m+n−1
t=m d̃t m+n−1px

Based on [1, 5, 14], the single premium (SP) of life annuity is the expectation of

m|näx and is calculated as follows:

SP = E(m|näx) =

m+n−2∑
s=m

s∑
t=m

dts|qx +

m+n−1∑
t=m

dtm+n−1px =

m+n−1∑
t=m

dttpx.

In calculating the conventional premium of annuity products, it is assumed
that the insured has a standard health status according to his age. If a person
has health problems, the mortality and survival probabilities should be calculated
using the adjustment multiplier, according to his health condition. The more
health problems a person has, the higher the adjustment multiplier. Consider that
the adjustment multiplier β = 1 indicates the standard state.
Calculating the adjustment multiplier is discussed in a few researches. In [13], the
adjustment multiplier is calculated as follows:

β = 1 +
m∑
j=1

ρj ,

where coefficient ρj supposes as a measure of negative factors for the lifestyle of
the insured or positive factors based on the medical diagnosis which effected the
insured mortality probabilities as explained in [6, 13, 21]. Therefore, the adjusted
mortality probability q∗x which is considered as a linear function of the standard
probability qx is calculated as follows:

q∗x = βqx = (1 +

m∑
j=1

ρj)qx. (1)
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Since 0 ⩽ q∗x ⩽ 1, the following inequality should be satisfied:

−1 <
m∑
j=1

ρj <
1

qx
− 1.

For this aim, Xu in [21] proposes the following formula:

q∗x+t = min{1, (1 +
m∑
j=1

ρj)qx}, t = 1, 2, · · · , ω − x.

The adjusted probability that the insured of age x survives k years can be calculated
as follows using the mortality probabilities q∗x+t , t = 1, 2, , ω − x:

kp
∗
x =

k−1∏
t=0

(1− q∗x+t), (2)

and

k|q
∗
x =k−1 p

∗
x × q∗x+k−1. (3)

Therefore, the life expectancy of the insured is:

e∗x =

ω−x∑
k=1

kp
∗
x =

ω−x∑
k=1

k−1∏
t=0

(1− q∗x+t).

3. Fuzzy pricing approach

In the real world, uncertainty can arise due to randomness, ambiguity, and inac-
curacy. Due to the long-term nature of life annuity contracts, the interest rate is
one of the sources of uncertainty in the pricing of these products. Due to the ex-
treme fluctuations of the economic components, it is not possible to determine the
interest rate exactly in practice. Using fuzzy numbers for interest rates makes it
possible to have a range including all possible values for annuity premium instead
of considering a crisp premium. In this paper, we calculate the single net premiums
of the enhanced annuities using fuzzy interest rates presented in [1, 14] Assume
that the interest rate is a fuzzy number with the α cuts, rα = [rα, rα]. Therefore,
the fuzzy discount rate d̃t is defined as d̃tα = [dtα, dtα] for 1 monetary unit payable
in t years, with α cuts for each α ∈ [0, 1]. Since, the discount rate is a decreasing
function of interest rate, it is obvious that:

d̃tα = [dtα, dtα] = [(1 + rα)
−t, (1 + rα)

−t]. (4)

The fuzzy random variable of present value of 1 m.u. payments to an annuitant for
this policy is m|n˜̈a

∗
x and is defined with the following values and their probabilities:

where the mortality and survival probabilities m+r−1|q
∗
x and m+r−1p

∗
x are calculated

using Equations (2) and (3) for insured with health problems1. So ∀α ∈ [0, 1], we
have:

1The symbol ∗ means the calculations are related to the insured with health problems instead of insured
with standard health condition
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m|n˜̈a
∗
x

Outcomes Probabilities
0 mq∗x∑m+r−1

t=m d̃t m+r−1|q
∗
x r = 1, · · · , n− 1∑m+n−1

t=m d̃t m+n−1p
∗
x

m|nä
∗
x
α

m|nä∗xα
Outcomes Probabilities Outcomes Probabilities

0 mqx 0 mq∗x∑m+r−1
t=m drα m+r−1|q

∗
x

∑m+r−1
t=m drα m+r−1|q

∗
x∑m+n−1

t=m dnα m+n−1p
∗
x

∑m+n−1
t=m dnα m+n−1p

∗
x

The fuzzy single premium of enhanced annuity is:

SP ∗ = E(m|n˜̈a
∗
x)α = [E(m|n˜̈a

∗
x)

α
, E(m|n˜̈a

∗
x)α], (5)

where the expectation is calculated using the mentioned outcomes and probabil-
ities. Considering that all the components are positive, based on the monotone
convergence theorem (see [19]), one can show that the expectation indeed satisfies
countable additivity for non-negative random variables. Therefore, we have:

E(m|n˜̈a
∗
x)

α
= E(m|nä

∗
x
α
) =

m+n−2∑
s=m

s∑
t=m

dtαs|q
∗
x+

m+n−1∑
t=m

dtαm+n−1p
∗
x =

m+n−1∑
t=m

dtαtp
∗
x,

E(m|n˜̈a
∗
x)α = E(m|nä∗xα) =

m+n−2∑
s=m

s∑
t=m

dtαs|q
∗
x+

m+n−1∑
t=m

dtαm+n−1p
∗
x =

m+n−1∑
t=m

dtαtp
∗
x.

4. Numerical test results

In this section, the numerical test results will be analyzed for different insurance
policies. Insurance products in Iran insurance industry are planned based on
Regulation No. 68 and its amendments. Therefore, based on this regulation, the
following specific criteria are set to price enhanced annuity products. we use
Iranian life table and the technical interest rate is set on the maximum amount
which is 16 percent for the first 2 years of the policy, 13 percent for the next 2
years and 10 percent for the periods more than 4 years. So, for each α ∈ [0, 1], the
fuzzy interest rate is considered as follows:

iα1
= [0.15 + 0.01α, 0.17− 0.01α], t ⩽ 2;

iα2
= [0.115 + 0.015α, 0.145− 0.015α], 2 < t ⩽ 4;

iα3
= [0.085 + 0.015α, 0.115− 0.015α], t > 4.
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Figure 1. Example of a two-part figure with individual sub-captions showing that all lines
of figure captions range left.

Therefore, the fuzzy discount rate specified in Equation (4) is calculated as follows:

drα =


(1.17− 0.01α)−t, if t ⩽ 2;

(1.17− 0.01α)−2(1.145− 0.015α)−(t−2), if 2 < t ⩽ 4;

(1.17− 0.01α)−2(1.145− 0.015α)−2(1.115− 0.015α)−(t−4), if t > 4,

drα =


(1.15 + 0.01α)−t, if t ⩽ 2;

(1.15 + 0.01α)−2(1.115 + 0.015α)−(t−2), if 2 < t ⩽ 4;

(1.15 + 0.01α)−2(1.115 + 0.015α)−2(1.085 + 0.015α)−(t−4), if t > 4.

Furthermore, the results have been analyzed for an insured with standard health
conditions and an insured who has cancer. The standard mortality probabilities
and the adjusted mortality probabilities are calculated using Iranian life table.
Suppose a 65-year-old person is going to buy a deferred 3 years life annuity due of
1 m.u. with payments within 10 years.
It is expected that the life expectancy will decrease with the increase of the β

coefficient, which is caused by the worse health condition of the person compared
to the standard condition. This issue is shown in Figure 1 for 60, 65 and 70 year
olds. It is obvious that β = 1 means the standard state. Therefore, it is possible to
compare standard and adjusted premiums in Figure 1.
Also, the effect of increasing the beta coefficient on the single premium of the

annuity product has been investigated assuming that the annuity payout is fixed 1
monetary unit. As it is shown in Figure 2, with the increase of the beta coefficient,
according to the Equation (2), the probability of survival decreases and therefore
the single premium calculated using the Equation (5) will decrease.
In order to show validity of the proposed fuzzy method, the numerical results

are compared with the random methods. It means that we compared the research
findings with the random interest rate with normal distribution used in [5]. In this
article, using the interest rates announced in the supplement of Regulation No. 68,
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Figure 2. Example of a two-part figure with individual sub-captions showing that all lines
of figure captions range left.

we used the normal distribution with the following characteristics:

r1 ∼ N(0.16, 0.010), t ⩽ 2;

r2 ∼ N(0.13, 0.015), 2 < t ⩽ 4;

r3 ∼ N(0.10, 0.015), t > 4.

After simulating the technical interest rate for 5000 samples, we obtained a 95%
confidence interval for the single premium and we reflect its results in Figure 2 to
compare with the fuzzy method. The comparison of the two methods shows that
the fuzzy single premium requires fewer assumptions than the random method,
and its calculations are simpler due to the absence of the need to generate random
numbers. Also, the comparison of the results of the fuzzy method with the random
method in Figure 2 indicates the validity of the findings of the article.
Now, the single premium for a person with standard health condition is compared

to a person with health problems. To do this, the standard mortality and survival
probabilities are calculated using the standard Iranian life table and the standard
fuzzy premiums are shown in Table 1.
Also, we consider for example a person who has regional colon cancer, which,

according to the American Cancer Society, has a 5-year relative survival rate of
72%, [2]. It means that the survival probability of this person is 72% of what is
calculated based on the standard life table. Our findings can be generalized for
other cancers or diseases. Therefore, based on Iranian life table 5P65 = 0.9040,
the factor (ρ) is obtained by solving

∏4
t=0[1 − (1 + ρ)q65+t] = 0.72 × 0.9040. So,

ρ = 3.12.
Therefore, the estimation of multiplier β in Equation (1) will be equal to 3.12+1 =
4.12. In this way, the multiplier β, adjusted life expectancies and α-cuts of single
premium are calculated for localized colon cancer with a 5-year relative survival rate
of 90% for ages 60 and 65 and the results are shown in Table 2. The life expectancy
for a 60-year-old insured with standard health status is 20.09, while it is 12.58 and
7.65 for insureds with localized and regional colon cancers. Furthermore, all the
possible values of the fuzzy premium (0-cuts) for standard status is [3.65, 4.28]
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Table 1. Standard fuzzy premiums of annuities.

x ex α SP (α) SP (α)

1 3.95 3.95
0.9 3.92 3.98
0.8 3.89 4.01
0.7 3.86 4.04
0.6 3.83 4.07

60 20.09 0.5 3.80 4.11
0.4 3.77 4.14
0.3 3.74 4.17
0.2 3.71 4.21
0.1 3.68 4.24
0 3.65 4.28
1 3.71 3.71
0.9 3.68 3.74
0.8 3.65 3.77
0.7 3.63 3.80
0.6 3.60 3.83

65 16.21 0.5 3.57 3.86
0.4 3.54 3.89
0.3 3.52 3.92
0.2 3.49 3.95
0.1 3.47 3.98
0 3.44 4.01

and for adjusted status with β = 2.70 for localized and regional colon cancer is
[3.12, 3.63] and with β = 6.19 for regional colon cancer is [2.30, 2.64]. Also, the fair
annuity price in the most feasible scenario (1-cut) is 3.36 for localized cancer and
2.46 for regional cancer, while it is 3.95 for standard health status. The results
indicates that as β increases, th premium decreases.

5. Conclusions

Considering the importance of annuity insurances as a supplement for financing
the elderly and retirees and considering the change of the country’s demographic
pyramid towards aging, the need to provide new products in the field of annuity
insurance is felt more than in the past. Enhanced annuity products that are pro-
vided for people with health problems, require a lower premium than the standard
state for fixed payouts, which is a positive aspect and a competitive advantage for
insurance companies providing these products.
For pricing of these products, the adjustment multiplier of survival and mortal-

ity probabilities should be determined based on the individual’s health status. In
addition, due to the long-term nature of these products, it is better to consider
sources of uncertainty such as interest rates in the modeling. In this article, the
fuzzy interest rate is used for the pricing of increased annuities and the results
are compared in the standard status and in the adjusted status which indicates
adjusted premiums are lower than standard premiums. Due to the fact that the
fuzzy interest rate is considered, the fuzzy insurance premium is a range of possi-
ble states that the actuary can determine the appropriate premium amount from
the target range with his deep understanding of the market. In this article, it was
assumed that the insured has some type of cancer and the adjustment factor was
obtained using the 5-year survival probability based on the reports published by
the American Cancer Society in [2]. Meanwhile, no comprehensive information was
found for the survival probability of insureds with cancer or other diseases in Iran.
Also, considering that the lifestyle like being a smoker also affects the health status
of a person, investigating the impact of this health risk factor on enhanced annuity
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Table 2. Fuzzy premiums of enhanced annuities.

x Cancer Stage 5Px β e∗x α SP (α) SP (α)

1 3.36 3.36
0.9 3.34 3.39
0.8 3.31 3.42
0.7 3.29 3.44
0.6 3.26 3.47

60 Localized 0.90 2.70 12.58 0.5 3.24 3.49
0.4 3.22 3.52
0.3 3.19 3.55
0.2 3.17 3.58
0.1 3.14 3.60
0 3.12 3.63
1 2.46 2.46
0.9 2.44 2.48
0.8 2.43 2.50
0.7 2.41 2.51
0.6 2.39 2.53

60 Regional 0.72 6.19 7.65 0.5 2.38 2.55
0.4 2.36 2.57
0.3 2.35 2.58
0.2 2.33 2.60
0.1 2.32 2.62
0 2.30 2.64
1 3.17 3.17
0.9 3.15 3.20
0.8 3.13 3.22
0.7 3.10 3.25
0.6 3.08 3.27

65 Localized 0.90 2.02 11.24 0.5 3.06 3.29
0.4 3.04 3.32
0.3 3.02 3.34
0.2 2.99 3.37
0.1 2.97 3.40
0 2.95 3.42
1 2.34 2.34
0.9 2.32 2.35
0.8 2.30 2.37
0.7 2.29 2.38
0.6 2.27 2.40

65 Regional 0.72 4.12 7.19 0.5 2.26 2.42
0.4 2.24 2.43
0.3 2.23 2.45
0.2 2.21 2.47
0.1 2.20 2.48
0 2.19 2.50

premium is one of the fields of future research which can be modelled using Fuzzy
Set Theory tools.

References

[1] M. Aalaei, Pricing life insurance products in Iran using fuzzy interest rates, Iranian Journal of
Insurance Research, 37 (1) (2022) 43–78.

[2] American Cancer Society, Early Detection, Diagnosis, and Staging, (2022), Available online:
https://www.cancer.org/content/dam/CRC/PDF/Public/8825.00.pdf (accessed on 10 September
2022).

[3] P. L. Brockett, S. L. Chuang, Y. Deng and R. D. MacMinn, Incorporating longevity risk and medical
information into life settlement pricing, Journal of Risk and Insurance, 80 (3) (2013) 799–826.

[4] V. Dedes, How to determine fair value for life insurance policies in a secondary market, (2011).
[5] D. C. M. Dickson, M. R. Hardy and H. R. Waters, Actuarial Mathematics for Life Contingent Risks,

International Series on Actuarial Science, Cambridge University Press, (2013).
[6] V. F. Dolan, Advantages of a Life Expectancy Using Life Insurance Underwrit-

ing and Life Settlement Methods in the Legal Setting, (2020), Available online:
https://www.experts.com/content/articles/Vera-Dolan-Life-Expectancy.pdf.

[7] M. Drinkwater, J. E. Montminy, E. T. Sondergeld, C. G. Raham and C. R. Runchey, Substandard
annuities, Technical Report, LIMRA International Inc. and the Society of Actuaries, in Collaboration



274 M. Aalaei/ IJM2C, 12 - 04 (2022) 265-274.

with Ernst & Young LLP, (2006), Available online: https://www.Soa.org/Files/Research/007289-
Substandard-annuities-full-rpt-REV-8-21.pdf (accessed on 10 January 2022).

[8] N. Gatzert, G. Hoermann and H. Schmeiser, Optimal risk classification with an application to
substandard annuities, North American Actuarial Journal, 16 (4) (2012) 462–486.

[9] N. Gatzert and U. Klotzki, Enhanced annuities: Drivers of and barriers to supply and demand, The
Geneva Papers on Risk and Insurance-Issues and Practice, 41 (1) (2016) 53–77.

[10] G. Hoermann and R. Ruß, Enhanced annuities and the impact of individual underwriting on an
insurers profit situation, Insurance: Mathematics and Economics, 43 (1)(2008) 150–157.

[11] J. A. Sanches, Fuzzy claim reserving in non-life insurance, Computer Science and Information Sys-
tems, 11 (2) (2014) 825–838.

[12] J. A. Sanches and L. G. Puchades, Enhanced annuities as a complement to the public retirement
pension: analysis of their implementation in Spain, Revista Galega de Economı́a, 29 (3) (2020) 1–19,
(In Spain).

[13] J. A. Sanches and L. G. Puchades, Life settlements: descriptive analysis and quantitative aspects,
Management Letters, 21 (2) (2021) 19–34.

[14] J. A. Sanches and L. G. Puchades, Some computational results for the fuzzy random value of life
actuarial liabilities, Iranian Journal of Fuzzy Systems, 14 (4) (2017) 1–25.

[15] J. A. Sanches and L. G. Puchades, The valuation of life contingencies: A symmetrical triangular
fuzzy approximation, Insurance: Mathematics and Economics 72 (2017) 83–94.

[16] J. A. Sanches and L. G. Puchades, Using fuzzy random variables in life annuities pricing, Fuzzy Sets
and Systems, 188 (2012) 27–44.

[17] J. A. Sanches, L. G. Puchades and A. Zhang, Incorporating Fuzzy Information in Pricing Substan-
dard Annuities, Computers & Industrial Engineering, 145 (2020) 1–10.

[18] A. F. Shapiro, Modeling future lifetime as a fuzzy random variable, Insurance: Mathematics and
Economics, 53 (2013) 864–870.

[19] B. S. Thomson, Monotone convergence theorem for the Riemann integral,The American Mathemat-
ical Monthly, 117 (6) (2010) 547–550.

[20] D. Wang, A net premium model for life insurance under a sort of generalized uncertain interest
rates, In: S. Destercke, T. Denoeux, M. Gil, P. Grzegorzewski and O. Hryniewicz (eds), Uncertainty
Modelling in Data Science, SMPS 2018, Advances in Intelligent Systems and Computing, Springer,
Cham, 832 (2019) 224–232.

[21] J. Xu, Dating death: An empirical comparison of medical underwriters in the US life settlements
market, North American Actuarial Journal, 24 (1) (2020) 36–56.


