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Abstract. In this paper, we present several numerical radius and norm inequalities for sum
of Hilbert space operators. These inequalities improve some earlier related inequalities. For
A,B ∈ B (H), we prove that

ω (B∗A) ≤
√

1

2
∥A∥2∥B∥2 +

1

2
ω
(
|B|2|A|2

)
≤ 4ω (A)ω (B) .
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1. Introduction

Let (H, ⟨., .⟩) be a complex Hilbert space. The numerical range of an operator A is
the subset of the complex numbers C given by:

W (A) = {⟨Ax, x⟩ : x ∈ H, ∥x∥ = 1} .

For A ∈ B(H), let

∥A∥ = sup{∥Ax∥ : ∥x∥ = 1},

ω(A) = sup{|⟨Ax, x⟩| : ∥x∥ = 1},
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denote the usual operator and the numerical radius of A, respectively. It is well
known that ω (.) is a norm on the Banach algebra B (H) of all bounded linear
operators A:H → H. This norm is equivalent with the operator norm. In fact, the
following more precise result holds:

1

2
∥A∥ ≤ ω (A) ≤ ∥A∥ . (1)

Kittaneh has shown in [14], that if A ∈ B (H),

ω2 (A) ≤ 1

2

∥∥∥|A|2 + |A∗|2
∥∥∥ , (2)

where |A| = (A∗A)1/2 . Obviously, the inequality (1.2) is sharper than the second
inequality in (1.1). This can be seen by using the fact that

1

2

∥∥∥|A|2 + |A∗|2
∥∥∥ ≤ 1

2

∥∥∥|A|2
∥∥∥+ 1

2

∥∥∥|A∗|2
∥∥∥ = ∥A∥2.

In [10], El-Haddad and Kittaneh proved that for any 0 ≤ t ≤ 1, r ≥ 1

ω2r (A) ≤ 1

2

∥∥∥(1− t) |A|2r + t|A∗|2r
∥∥∥ ,

and

ωr (A) ≤ 1

2

∥∥∥|A∗|2r(1−t) + |A|2rt
∥∥∥ .

In fact, this is a generalization of the inequality (1.2). For some recent and in-
teresting results concerning inequalities for the numerical radius, see [2, 3, 4, 5,
12].
In this paper, we introduce new norm and numerical radius inequalities for opera-

tors some of them are related to the inequalities (1.1). Among these inequalities, we
obtain a considerable improvement of the triangle inequality for the usual operator
norm.

2. Results

Remark 2.1 It has been shown in [10] that

ω (AB) ≤ 1

2
∥AA∗ +B∗B∥ .
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Let A = U |A| be the polar decomposition of A. Hence,

ω (A) = ω (U |A|)

= ω
(
U |A|1−t|A|t

)
≤ 1

2

∥∥∥(U |A|1−t
)(

U |A|1−t
)∗

+ |A|t|A|t
∥∥∥

=
1

2

∥∥∥U |A|2(1−t)U∗ + |A|2t
∥∥∥

=
1

2

∥∥∥|A∗|2(1−t) + |A|2t
∥∥∥ .

It can be considered as an alternative proof of [7, Theorem 1].

In order to achieve the goal of this section, we need the following lemmas.

Lemma 2.2 (Buzano’s inequality [2]) If a, b, x are vectors in an inner product
space, then

|⟨a, x⟩| |⟨x, b⟩| ≤ ∥a∥ ∥b∥+ |⟨a, b⟩|
2

∥x∥2.

Lemma 2.3 ([8]) If a, b are positive real numbers, then for any 0 ≤ t ≤ 1 and
r ≥ 1

a1−tbt ≤ (1− t) a+ tb ≤ ((1− t) ar + tbr)
1

r .

Lemma 2.4 ([10]) Let A ∈ B (H) and let x, y ∈ H be any vectors. If 0 ≤ t ≤ 1,

|⟨Ax, y⟩|2 ≤
〈
|A|2(1−t)x, x

〉〈
|A∗|2ty, y

〉
.

Our first result reads as follows.

Theorem 2.5 Let A,B ∈ B (H). Then for any 0 ≤ t ≤ 1

∥A+B∥ ≤ 1√
2

(
ω
(
|A|2(1−t) + i|B|2(1−t)

)
+ ω

(
|A∗|2t + i|B∗|2t

))
.

In particular,

∥A+B∥ ≤ 1√
2
(ω (|A|+ i |B|) + ω (|A∗|+ i |B∗|)) .
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Proof For any unit vectors x, y ∈ H, we have

|⟨(A+B)x, y⟩|

≤ |⟨Ax, y⟩|+ |⟨Bx, y⟩|

(by the triangle inequality)

≤
√〈

|A|2(1−t)x, x
〉〈

|A∗|2ty, y
〉
+

√〈
|B|2(1−t)x, x

〉〈
|B∗|2ty, y

〉
(by Lemma 2.4)

≤ 1

2

(〈
|A|2(1−t)x, x

〉
+
〈
|A∗|2ty, y

〉
+
〈
|B|2(1−t)x, x

〉
+
〈
|B∗|2ty, y

〉)
(by Lemma 2.3)

=

√
2

2

(∣∣∣〈(|A|2(1−t) + i|B|2(1−t)
)
x, x

〉∣∣∣+ ∣∣∣〈(|A∗|2t + i|B∗|2t
)
y, y
〉∣∣∣) .

Thus

|⟨(A+B)x, y⟩| ≤ 1√
2

( ∣∣∣〈(|A|2(1−t) + i|B|2(1−t)
)
x, x

〉∣∣∣
+
∣∣∣〈(|A∗|2t + i|B∗|2t

)
y, y
〉∣∣∣ ).

Now taking the supremum over x, y ∈ H with ∥x∥ = ∥y∥ = 1 in the above inequal-
ity produces

∥A+B∥ ≤ 1√
2

(
ω
(
|A|2(1−t) + i|B|2(1−t)

)
+ ω

(
|A∗|2t + i|B∗|2t

))
,

as required. ■

As a consequence of Theorem 2.5, we have the following result.

Corollary 2.6 Let A,B ∈ B (H) be two positive operator. Then

∥A+B∥ ≤ 2√
2
ω (A+ iB) .

Remark 2.7 The inequality in Corollary 2.6 has recently been proved by a dif-
ferent way in [12, Corollary 2.2].

The next theorem, gives a result about the triangle inequality for the numerical
radius.

Theorem 2.8 Let A,B ∈ B (H). Then

ω2 (A+B) ≤ ω
(
|A∗|2t|A|2(1−t)

)
+ω

(
|B∗|2t|B|2(1−t)

)
+

1

2

∥∥∥|A|4(1−t) + |A∗|4t + |B|4(1−t) + |B∗|4t
∥∥∥ .
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Proof Let a = |A|2(1−t)x, b = |A∗|2tx, and ∥x∥ = 1 in Lemma 2.2. Then

|⟨Ax, x⟩|2 ≤
〈
|A|2(1−t)x, x

〉〈
|A∗|2tx, x

〉
≤ 1

2

(∥∥∥|A|2(1−t)x
∥∥∥∥∥∥|A∗|2tx

∥∥∥+ ∣∣∣〈|A|2(1−t)x, |A∗|2tx
〉∣∣∣)

=
1

2

(√〈
|A|4(1−t)x, x

〉〈
|A∗|4tx, x

〉
+
∣∣∣〈|A∗|2t|A|2(1−t)x, x

〉∣∣∣)

≤ 1

2

∣∣∣〈|A∗|2t|A|2(1−t)x, x
〉∣∣∣+ 1

4

〈(
|A|4(1−t) + |A∗|4t

)
x, x

〉
(by Lemma 2.3) .

Thus,

|⟨Ax, x⟩| ≤ 1

2

√
2
∣∣∣〈|A∗|2t|A|2(1−t)x, x

〉∣∣∣+ 〈(|A|4(1−t) + |A∗|4t
)
x, x

〉
.

We have, by this inequality,

(|⟨Ax, x⟩|+ |⟨Bx, x⟩|)2

≤



√
2
∣∣∣〈|A∗|2t|A|2(1−t)x, x

〉∣∣∣+ 〈(
|A|4(1−t) + |A∗|4t

)
x, x

〉
+

√
2
∣∣∣〈|B∗|2t|B|2(1−t)x, x

〉∣∣∣+ 〈(
|B|4(1−t) + |B∗|4t

)
x, x

〉
2



2

≤

2
∣∣∣〈|A∗|2t|A|2(1−t)

x, x
〉∣∣∣+ 〈(|A|4(1−t)

+ |A∗|4t
)
x, x

〉
+2
∣∣∣〈|B∗|2t|B|2(1−t)

x, x
〉∣∣∣

+
〈(

|B|4(1−t)
+ |B∗|4t

)
x, x

〉
2(

by the convexity of the function f (t) = t2
)

=
∣∣∣〈|A∗|2t|A|2(1−t)x, x

〉∣∣∣+ ∣∣∣〈|B∗|2t|B|2(1−t)x, x
〉∣∣∣+1

2

(〈(
|A|4(1−t) + |A∗|4t

)
x, x

〉
+
〈(

|B|4(1−t) + |B∗|4t
)
x, x

〉)
.

Whence,

|⟨(A+B)x, x⟩|2 ≤
∣∣∣〈|A∗|2t|A|2(1−t)x, x

〉∣∣∣+ ∣∣∣〈|B∗|2t|B|2(1−t)x, x
〉∣∣∣

+
1

2

〈(
|A|4(1−t) + |A∗|4t + |B|4(1−t) + |B∗|4t

)
x, x

〉
.

Now taking the supremum over x ∈ H with ∥x∥ = 1 in the above inequality
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produces

ω2 (A+B) ≤ ω
(
|A∗|2t|A|2(1−t)

)
+ω

(
|B∗|2t|B|2(1−t)

)
+

1

2

∥∥∥|A|4(1−t) + |A∗|4t + |B|4(1−t) + |B∗|4t
∥∥∥ ,

as required. ■

The case A = B = T , implies that:

Corollary 2.9 Let T ∈ B (H). Then for any 0 ≤ t ≤ 1,

ω2 (T ) ≤ 1

2
ω
(
|T ∗|2t|T |2(1−t)

)
+

1

4

∥∥∥|T |4(1−t) + |T ∗|4t
∥∥∥ .

Corollary 2.10 Let T ∈ B (H) and 0 ≤ t ≤ 1. Then, for any r ≥ 1

ω2r (T ) ≤ 1

2
ωr
(
|T ∗|2t|T |2(1−t)

)
+

1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥ .

Proof We have by [1, Theorem 2.3].

ω2r (T ) ≤
(
1

2
ω
(
|T ∗|2t|T |2(1−t)

)
+

1

4

∥∥∥|T |4(1−t) + |T ∗|4t
∥∥∥)r

≤ 1

2

(
ωr
(
|T ∗|2t|T |2(1−t)

)
+

(
1

2

∥∥∥|T |4(1−t) + |T ∗|4t
∥∥∥)r)

≤ 1

2
ωr
(
|T ∗|2t|T |2(1−t)

)
+

1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥ .

■

Remark 2.11. Note that the inequality in Corollary 2.10 improves on the existing
inequality

ω2r (T ) ≤ 1

2
∥T∥2r + 1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥ .

obtained by Sattary et al. [15]. To show this,

ω2r (T ) ≤ 1

2
ωr
(
|T ∗|2t|T |2(1−t)

)
+

1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥

≤ 1

2

∥∥∥|T ∗|2t|T |2(1−t)
∥∥∥r + 1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥

≤ 1

2

∥∥∥|T ∗|2t
∥∥∥r∥∥∥|T |2(1−t)

∥∥∥r + 1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥

=
1

2
∥|T ∗|∥2rt∥|T |∥2r(1−t) +

1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥

=
1

2
∥T∥2r + 1

4

∥∥∥|T |4r(1−t) + |T ∗|4rt
∥∥∥ .

Our next result reads as follows.
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Theorem 2.11 Let A,B ∈ B (H). Then for any r ≥ 2

ωr (B∗A) ≤ 1

2
(∥A∥r∥B∥r + ω (|B|r|A|r)) .

Proof From the Buzano’s inequaity

|⟨a, x⟩| |⟨b, x⟩| ≤ ∥a∥ ∥b∥+ |⟨a, b⟩|
2

∥x∥2.

Put x = y, a = |A|rx, and b = |B|rx with ∥x∥ = 1 in the above inequality, to get

⟨|A|rx, x⟩ ⟨|B|rx, x⟩ ≤ ∥|A|rx∥ ∥|B|rx∥+ |⟨|A|rx, |B|rx⟩|
2

.

For any unit vector x, we have

|⟨B∗Ax, x⟩|r = |⟨Ax,Bx⟩|r

≤ ∥Ax∥r∥Bx∥r

= ⟨Ax,Ax⟩
r

2 ⟨Bx,Bx⟩
r

2

= ⟨A∗Ax, x⟩
r

2 ⟨B∗Bx, x⟩
r

2

=
〈
|A|2x, x

〉 r

2
〈
|B|2x, x

〉 r

2

≤
〈
|A|

2r

2 x, x
〉〈

|B|
2r

2 x, x
〉

= ⟨|A|rx, x⟩ ⟨|B|rx, x⟩ .

Then

|⟨B∗Ax, x⟩|r ≤ ∥|A|rx∥ ∥|B|rx∥+ |⟨|A|rx, |B|rx⟩|
2

=
∥|A|rx∥ ∥|B|rx∥+ |⟨|B|r|A|rx, x⟩|

2
.

Now, taking the supremum over x ∈ H with ∥x∥ = 1, we obtain the desired
inequality. ■

Remark 2.12 For any A,B ∈ B (H),

|⟨B∗Ax, x⟩|r ≤ ∥|A|rx∥ ∥|B|rx∥+ |⟨|B|r|A|rx, x⟩|
2

.

Therefore,

∥|A|rx∥ ∥|B|rx∥+ |⟨|B|r|A|rx, x⟩|
2

=

√〈
|A|2rx, x

〉〈
|B|2rx, x

〉
+ |⟨|B|r|A|rx, x⟩|

2

≤ 1

4

〈(
|A|2r + |B|2r

)
x, x

〉
+

1

2
|⟨|B|r|A|rx, x⟩| .
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This implies

|⟨B∗Ax, x⟩|r ≤ 1

4

〈(
|A|2r + |B|2r

)
x, x

〉
+

1

2
|⟨|B|r|A|rx, x⟩| .

So, we find that

ωr (B∗A) ≤ 1

4

∥∥∥|A|2r + |B|2r
∥∥∥+ 1

2
ω (|B|r|A|r) .

Theorem 2.13 For any A,B ∈ B (H),

ω (B∗A) ≤
√

1

2
∥A∥2∥B∥2 + 1

2
ω
(
|B|2|A|2

)
≤ 4ω (A)ω (B) .

Proof Since for any S, T ∈ B (H),

1

2
∥T∥2 ≤ 2ω2 (T ) and ∥S∥2 ≤ 4ω2 (S) ,

we have by Theorem 2.12,

ω (B∗A) ≤
√

1

2
∥A∥2∥B∥2 + 1

2
ω
(
|B|2|A|2

)
≤
√
8ω2 (A)ω2 (B) +

1

2
ω
(
|B|2|A|2

)
≤
√
8ω2 (A)ω2 (B) +

1

2

∥∥∥|B|2|A|2
∥∥∥

≤
√

8ω2 (A)ω2 (B) +
1

2
∥A∥2∥B∥2

≤ 4ω (A)ω (B) .

■
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