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New Inclusion Sets for the Eigenvalues of Stochastic Tensors
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Abstract. The purpose of this paper is to locate and estimate the eigenvalues of stochastic
tensors. We present several estimation theorems about the eigenvalues of stochastic tensors.
Meanwhile, we obtain the distribution theorem for the eigenvalues of tensor product of two
stochastic tensors. We will conclude the paper with the distribution for the eigenvalues of
generalized stochastic tensors.
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1. Introduction

Tensors have numerous applications in many branches of mathematics and physics.
In late studies of numerical multilinear algebra eigenvalue problems for tensors have
been brought to special attention. The concept of eigenvalues for tensors was first
introduced and studied by Qi [6] and Lim [5] independently in 2005, and initiated
the rapid developments of the spectral theory of tensors. Eigenvalue localization
has been a hot topic in tensor theory and its applications. More references about
this concept can be found in [2—4, 7, 10]. This article discusses location, distribution
and estimate of the eigenvalues for stochastic tensor. In continue we introduce the
concepts of generalized stochastic tensor and discuss the eigenvalue distribution
for generalized stochastic tensors.
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We first add a comment on the notation that is used. Vectors are written as
(z,y,...), matrices correspond to (A, B, ...) and tensors are written as (A, B, ...).
The entry with row index i and column index j in a matrix A4, i.e. (4), ; 1s symbolized
by a;; (also (A); ;. . = aii,.i,)- R and C represents the real and complex field,

respectively. For each nonnegative integer n, denote [n] = {1,2,...,n}. R} (R ,)
denotes the cone {x e R" : z; > (>) 0, i=1,...,n}.

2. Preliminaries

In this section, we will cover some fundamental notions and properties on tensors.
A tensor can be regarded as a higher order generalization of a matrix, which takes
the form

A= (ai17-~~7i7n) s Qi i, € §R’ 1< ilv cee 7'L.m < n,

where R is the real field. Such a multi-array A is said to be an mth order n-
dimensional square real tensor with n™ entries a;, .. ; . In this regard, a vector is
a first order tensor and a matrix is a second order tensor. Tensors of order more
than two are called higher order tensors. An mth order n-dimensional tensor A is
called nonnegative if a;,4,. ;.. = 0. We denote the set of all nonnegative mth order

n-dimensional tensors by %[J:n’n]. For a vector x = (z1,... ,:cn)T, let Az ! be a
vector in R™ whose ith component is defined as the following;:

n

(Axm_l)i = Z Qg iy Lig + + + Ly s (1)

i2yeryim=1

and let zI™ = ().,

Definition 2.1 [6] A pair (A\,z) € C x (C™\ {0}) is called an eigenvalue and an
eigenvector of A € R if they satisfy

Azt = gl (2)

Definition 2.2 [8] Let A (and B) be an order m > 2 (and order k£ > 1), dimension
n tensor, respectively. The product AB is defined to be the following tensor C of
order (m — 1) (k — 1) + 1 and dimension n:

n

Cioyotm 1 = E iy Disory + -+ Vi 1

127"'77/771:1

where (i € [n], a1, ..., m_1 € [n]F71).

It is easy to check from the definition that I,A = A = Al,, where [, is the
identity matrix of order n. When k =1 and B = x € C" is a vector of dimension n,
then (m —1)(k—1) 4+ 1= 1. Thus AB = Az is still a vector of dimension n, and
we have
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thus we have Az™ ! = Az. So the first application of the tensor product defined
above is that now Az™~! can be simply written as Az.

Definition 2.3 [5] A tensor A € RI™" is called reducible, if there exists a
nonempty proper index subset I C {1,...,n} such that

ailv-"v

=0, Viyel, Via,... im¢l,

Tm

if A is not reducible, then we call A irreducible.

3. Main results

Definition 3.1 [9] A nonnegative tensor A of order m dimension n is called
stochastic provided that

n

E Qiiy..iy = 1, 1=1,2,...,n.

i2yim=1

Obviously, when A is stochastic, 1 is the spectral radius of A and e is an eigenvector
corresponding to 1, where e is an all ones vector; if, further, A is irreducible, then
e is the unique positive eigenvector corresponding to 1.

Theorem 3.2 Suppose A € %T’n] s a stochastic tensor and
M =min{a; ; : 1=1,2,...,n},
then
c(A)CGA)={z:|z—M|<1-M},

where o (A) is denoted the whole eigenvalues of tensor A, G (A) is the Gerschgorin
disc of tensor A.

Proof Let A € o (A) be arbitrary, thus there exists = (z1,...,%,)’ # 0 such
that Az = Azl™1. Set y; = 7 where t; (i = 1,...,n) is positive number such that

|ts| = [ax |t;], and |ys| = [ax lys|. Az = Azl™=1 implies that

n

Z Qiiy..ip Yis iy - - Yip i, = Ay?_lt?l_17

Bayeeyim=1

n

m—1,m—1 m—1,m—1
Ays (8 = E Usiy..ip Yistis - - Yip biy, T Uss..sYs (8 .
dayesim=1

(32 evslm ) Z(SyerryS)
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Multiply right each item of the above equation with (y*)™ !, then

n
-1
Z Asiy..im yiztiz - Y, tim (y;)m
insesim=1
—1 —1 (i27"'yi"'L)7é(S7"'78)
)\t;n - ass...stzgn = 2(m—1)
|ys|
By using trigonal inequality,
n
At;n_l - ass...st;n_ll < Z |asi2...imtig cen tim |a
igsernrim=1
(92, sfm ) F(Sy..s8)
thus
n n
|)\ - ass...s| < Z |asi2...im| = Z Asiy..ipy — 1—ag. s
i27-'~7im:1 7;27--'7i'rn:1
(i27"'7i7n)3é(s7"'78) (i27"’7i7n)3é(57'“73)
Therefore
p‘ - M| = ‘)\ — Qss..s T Qss..s — M|

< |>\ - ass...s‘ + |ass...s - M|

<1 —ags.s +ags..s — M

=1-M
Thus the proof is completed. [ |

Definition 3.3 [8] Let A and B be two order k tensors with dimension n and m,
respectively. Define the direct product A ® B to be the following tensor of order k
and dimension nm (the set of subscripts is taken as [n] x [m] in the lexicographic
order):

(AOB) (i, 1), (1) o) = Biria-nis Vi
Theorem 3.4 [8] Let A and B be two order k tensors with dimension n and m,

respectively. Suppose that we have AuF~t = MlF=1 and Boh—1 = ,tw[k_l], and we
also write w = u ® v. Then we have:

(A@B)w[k_l] = (A\p) wlF—1,
Theorem 3.5 Let A,B € %T’n] are stochastic tensors and
My =min{a;; ;:i=1,2,...,n}, My =min{b;; ;:i=1,2,...,n},
then
c(ARB)CGA®B)={z:]z— M| <1—-M}.{z:]|z— Mz <1— M},

where o (A ® B) is denoted the whole eigenvalues of tensor product for tensor A and
tensor B, G (A ® B) is the oval region of the product for elements of Gerschgorin
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disc whose center is My and radius is 1 — My and Gerschgorin disc whose center
1s Mo and radius is 1 — M.

Proof From Theorem (3.2), we have

{ZI‘Z—Ml‘Sl—Ml},

{Z:|Z—M2‘§1—M2},

and by Theorem (3.4) we are done. Therefore, the eigenvalues of tensor product
for tensor A and tensor B are located in the oval region G (A ® B). [ ]

Theorem 3.6 Suppose A € %T’n] s a stochastic tensor and

M; = max{a;,. 4, : 1 <io,...,im < n},
then
o(8) c G(8) = J{z: 12— anal < Vim =1 (0= DM (1= i) }.
1=1

Proof Let A € o (A) be arbitrary, thus there exists = = (z1,...,2,)’ # 0 such

n
that Az = Azl Set |zs| = max |z;| Thus > asi,. i, Tiy .- T, =A™
Isisn i2yeesim=1
1 n
80 (A = ass..5) Ty = > Asiy.. i -
L2, tm=1
(i27“'7i’m)7£(87“'75)
From Schwarz inequality and trigonal inequality, we have the following result:

L . . xym—1
Z Asio...igy Lig + Ly, (CCS)
12 5eeey im=1
A — g | = | G2 E (o)
- Ss s| —
2(m—1
|2 ( )
n 2 n 2 ek (2 2) % |2
< Tig Ts Ligm Ts
< > |@sis...ip | > == T T
i, =1 Cdoyenim =1 Ls Ts Zs Ts
(i2,..., im ) (S, s) (i2,..-, Im ) (S, s)
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. 2
where F, = > |@siy.. i,

i2yeim=1

(i250emyim ) £ (5,0..8)

,s=1,2,...,n. And since

n 2

F, = Z |asi2...z’m

12,0im=1

(i27~'~7im)?é(57”'7s)

n

M E ’asiz...im
Goserrim=1

(’L’27.,,,’L'm)§£(37...75)
=+/ Mg (1 - ass..,s)y

IN

for s = 1,2,...,n. Thus |A — ass 5| < +/(m—1) (n —1) M (1 — ass._.s). Because A
is an arbitrary eigenvalue of tensor A, the theorem is proved. [ |

Lemma 3.7 [1] Assume that a1 < ag < --- < a, < k. Fach of the ovals
|z —ai| |z —aj| < (k—a)(k—aj), (i,7=1,2,...,n;i<}) (3)
is either identical with the oval
|2 —a1] [z — az| < (k —a1) (k — ag) (4)

or lies in the interior of (4). The point z = k is the only common point of the
boundaries of two different ovals (3).

Theorem 3.8 Let a;;..; and ajj.. ;j be the smallest elements of the main diagonal
[m,n]

of a stochastic tensor A € R, " . Then all the eigenvalues lie in the interior or on
the boundary of the oval
{2z —aiiil |z —ajj. 5| < (1 —ai.q) (1 —ajj.;)} (5)

Proof Let A € o (A) be arbitrary, thus there exists = (z1,...,%,)’ # 0 such
that Az = Azl™~1. Thus

n
Z Quig.iy Ty - - - T, = AT (6)
7;27"'77;77;:1
Let x, and x5 be two of these n numbers {z1,...,x,} which have the greatest

absolute value and assume that |z, | > |zs|. We consider the r-th and the s-th of
the equations (6)

n

()\ - ass..,s) x';n—l = Z Asiy..ip Lig » o Liyy s (7)
inyim=1

(7:27---77;771)¢(57"'7S)
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n

()\ - arr...r) x;n—l = Z Arig.. .5y Lig «+» Loy, » (8)
inyrim=1

(i25eyion ) (7 onnrt)

If 5 = 0 then also z; = 0 for every ¢t # r. It follows from the equation (7) that
A = apr. . since x, # 0. This proves our theorem if x; = 0. Now assume that
xs # 0. By multiplying the equations (7), (8) we obtain

n
()\ - ass“.s) ()\ - arr...r) x;n—ll,;n—l = Z Agig..ipgy Liog «+ - Li,

G2yeeym =1

(32 vnslm ) Z(SyereyS)

n

E a’f‘lglmxlg s xlm )

i25enyim=1

(i27~--7im)5£(rv"'7r)

hence

n
A= ass...s| |A— arr.r| }xgnil‘ ’5577?71‘ < ‘517172171‘ Z Asiy...ipm

Bayeeyim=1

(125eeeyirm )7 (85--4,8)

n

m—1
NEa > rigrii | 5

B2yeeyim=1

(iz,.‘.,im)?ﬁ(h...#)

therefore

’A - ass...s| ’)\ - arr...r’ < (1 - ass‘..s) (1 - arr...r) . (9)

It follows that each eigenvalue lies in the interior or on the boundary of at least
one of the ovals (9), where s,r = 1,2,...,n and s # r. But all these ovals lie in (5)
by Lemma (3.7) for k = 1. [ |

Definition 3.9 (i) A nonnegative tensor A of order m and dimension n is called
first generalized stochastic if

n

E Qiiy. i, =k, 1=1,2,...,n.

227"'77/771:1

(ii) A tensor A of order m and dimension n is called second generalized stochastic
if

n

> i, =1, i=1,2,...,n.

i2yeim=1

(iii) A tensor A of order m and dimension n is called third generalized stochastic
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n

Z \Giiy..i| =k, i=1,2,...,n.

inyeesim=1
Theorem 3.10 Suppose A, B € %Kn’n] are first generalized stochastic tensors, then

c(A®B)CGA®B) ={2: |z —a.i| |z —ajj.;| < (k—ai.i) (k—ajj.;)}
Az |z = bl |2 = bjj. il < (k= bii.q) (k= bjj..5)}-
Proof The proof is similar to Theorem (3.8). [ ]
Theorem 3.11 Suppose A € R s third generalized stochastic tensor, and
M =min{|ay. 4| :i=1,2,...,n}, then
c(A)CGA)={z:|z—M|<k+M}.

Proof Let A is arbitrary and |zs| = max |z;|. Thus
1<i<n

n

’A - ass...s| < Z ’asig...im
(127’7’771):1

(%2yeesim ) FZ(Sy-ery8)

=k — ’ass...s’ y

therefore

A= M| =\~ ass..s + ass..s — M|
<IN — ass..s| + |ass..s — M|
<k —|ass...s| + |ass..s| + M
=k + M.

Theorem 3.12 Let A, B € RI™" be third generalized stochastic tensors,
M1 = mln{\aull 1= 1, 2, N ,n} and M2 = mln{‘me’ 1= 1, 2, N ,n}, then

c(AB)CGARB)={z:|z— M| <k+M}.{z:]z— M| <k+ Ms}.

Proof The method is the same as Theorem (3.5), which is omitted. [ |

Theorem 3.13 Let aj;..; and aj;..; be the smallest elements of the main diagonal
of a third generalized stochastic tensor A € R"™™ . Then

o (A) CG(A)={z: |z —aiil [z = ajj4| < (k+laii_il) (k +lajj 50)} -
Theorem 3.14 Let A,B € %T’n] are first generalized stochastic tensors, then

o (A ® B) c G (A & B) = {Z : |Z — CL”Z| ’Z — ajj,,,j| < (k + auz) (k‘ + ajjmj)}
Az ]z =il |2 = bjj. 5] < (k+biii) (k+bj;..5)}.
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Example 3.15 Let A = (a;;;) € RB2 for 1 < i, 4, k < 2 such that:

lif i=j=k
Gijk = 0o.w

Thus A is a first generalized stochastic tensor, and suppose B = (b;j;) for 1 <
1,7,k < 2 such that:

{1if i=1,j=k=2
bijr =

0o.w

Then by theorem 2.14, we have

c(A®B)C{z:|z—1><4}.{z: 2> <1}

where (A ® B) € R4 has 81 entries.

4.

Conclusion

In this paper, we estimated of the eigenvalues for stochastic tensor. The purpose
of this research was to location, distribution and estimate of the eigenvalues for
stochastic tensor and introduce the concepts of generalized stochastic tensor and
discuss the eigenvalue distribution for generalized stochastic tensors.
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