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Analysis of a Three Age Group Preys with Control Measures of
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Abstract. In this paper we study the covid-19 disease with treatment and control to spread
it with different measures. The model equations are analysed from the general MC Kendrick
equations for age structured populations. The existence,positiveness,boundedness and sta-
bility of equilibria are studied as they depend on the prey’s natural carrying capacity. The
main result of this paper is the three age group population, how to control and avoid to
infect the disease from predator with local,global stability and Hopf bifurcation method also
utilised.Finally the result of this model prey predator where numerical examples using maple
software of Rossler type.
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1. Introduction

Mathematical modelling is one way to explain many of the ideas and concepts in the
sciences discussed [14]. Predator-prey interaction and competition are often viewed
as the two main building blocks in mathematical population models [13]. Catering
to the necessities and comforts of human beings invariably robs the ecological
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structure of the nature [8]. Mathematical models have been used to explain the
dynamics of diseases use a similar underlying methodology based on theaged group
population. Cushing investigated many equations derived from the Mc Kendrick
model for age-structured populations [1].

Having pointed out the three prey populations with different age group as

i) First prey population age from infant to 14 years.
ii) Second prey population age from 15 to 39 years.
iii) Third prey population age from 40 and above.

In the first and second prey population the infection of disease will be less because
of the high level of immunity and take some remedial measures as mentioned below
in constant U. In the case of third prey population age group 40 and above, they
need adequate nutrient is another important way to help reduce the risk and impact
of virus infections, as well as to build a more resilient immune system. We consider
the constant 7 as strengthining the immunity power either by natural medicine or
vaccination given by the government.

The model we consider in this paper is an improved model by the inclusion
of time dependent control parameters(social distance, facemask,hand wash, elbow
cough,self quarantine) and with the assumptions that the covid-19 individuals can
also transmit the disease recklessly [3]. Our main goal are: We investigate the model
under the assumption that the control measures are constants (social distance,
facemask, hand wash, elbow cough, self quarantine) avoid to infect and spread the
disease. We denote the constant 7 as vaccination or natural medicine to boost the
immunity level of prey population those who are under aged persons like 40 and
above.

Based on the seminal work of Lotka and Volterra, different prey models are be-
ing developed, describing various physical interaction between prey and predator
species [12]. Here we are applying the control strategies for third prey and preda-
tor population and carrying capacities for all the three preys [4]. We analyse the
direction and stability of the Hopf-bifurcation arising the boundary equilibrium
point [10]. In this paper the system are obtained and criteria for local stability and
global stability of the system derived [2]. We present results from the exploration of
three preys interact with one predator model including vaccination and treatment
options like natural medicine under varying rates for incidence and disease related
death [3]. Finally, we present the results of numerical simulations for each model
under various parameter values.

2. Method for selection of parameter values

The model subdivides the total human population at time ¢, [9] denoted by N(¢)
into the following sub-populations of three prey population Ny (t), N2(t), N3(t) and
one predator population Ny(t). We consider the 4D model system given below, ob-
tained by coupling the RM model with the Leslie-Gower model, which is schemat-
ically. Let us consider the following three prey one predator model given by

dzl\tfl =aN; ( — &> —aN1Ny

k1
A2 = bN, (1 - 42) — BNN, 1)
%:CN:; 1—% —7N3N4—6N3+U7’N3

425 — ) NyNy 4 6 NoNy + pu N3Ny — Ny — Ut Ny
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with initial densities
N1(0) > 0, Na(0) > 0, N3(0) > 0, Ny4(0) > 0. (2)

Here, N(t), N2(t), N3(t) and N 4(t) denote the first prey, second prey, third prey
and predator respectively and parameters are all positive.
Model parameters are described below:
a,b,c are the intrinsic growth rate of first, second, third prey respectively.
k1, ko, ks are the carrying capacities of first, second, third prey respectively.
«, 3, are the interaction of three preys (N1, N2, N3) respectively by the predator.
e is the natural death of third prey population.
U denotes the control measures given in the above Figure 1.
T denotes the rise of immunity power either by vaccination or take natural
medicine.
1,0, o are the conversion coefficient of predator from three preys population.
f is the natural death of predator.
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Figure 1. Control measure for Corona virus.

This model involves certain assumptions which consist of the followings:

(1) The first, second and third prey population the interaction take place by
the predator.

(2) First and second prey population is recovered after the interaction taken
place by the predator because of high immunity power from age group
infant to 39 years.

(3) Lesslie-Gower model applied in the three prey population with intrinsic
growth rate as a,b,c and carrying capacities as ki, ko, k3 and there is no
interaction among these three prey populations.

(4) Only the third prey population is affected by the virus because of the
less immunity power, attained natural death. Also we raise the immunity
power by introduce some constants Ut as control measure U (Figure 1)
and vaccination or natural medicine as 7.

T = pepper, turmeric, cuminseeds, ginger, cardamon

(5) In third prey population after we applied the control measure as Ut then
the affected prey become recovered due to raise the immunity power.
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(6) Predator weakens in the first and second prey population but not in the
third prey.
(7) A Lotka-Volterra functional response is taken to represent the interaction
between prey and predator.
3. Positiveness and boundedness of theorem
In this section, we intend to establish the conditions to get positive as well as
bounded solutions of the system.

3.1 Positivity

Theorem 3.1 Every solution of system (1) with initial conditions (2) exists in
the interval [0,00) and Ni(t) > 0, Na(t) > 0, N3(t) > 0, Ny(t) > 0, for allt >0

Proof Since the right hand side of system (1) is completely continuous and
locally Lipschitzian on C, the conditions (2) exists and is unique on [0, &), where
0 < & < +o0 [11]. From system (1) with initial conditions (2), we have

¢
N
Ni(t) = Ny (0) exp[/ o1~ %)~ aNa}dr] > 0
1
Na(t) = Na(0) exp / {b(1 = 32) - BNJa] >
N3
N3(t) = N3(0) exp] {6(1 — 1)~ yNa—e+Ur}di] >0
0 3
t
Na(t) = N4(0) exp[/ {nN1+ N2+ puN3 — f —Ut}dt] >0
0
which completes the proof. [ |
3.2 Boundedness

Theorem 3.2 Three preys are always bounded above for a > 0,k > 0.
Proof IfNy =0 then the result is trivial, if N; (O) > 0 then Ny (¢) > 0 for all ¢ on

adding equation (1) we obtain dtl < aNl( 1). Hence, tlim (sup N1(t)) < ki,
kr —00
similarly, dd— bNa(1 — ) and dN3 < ceN3(1 - %) Hence, tlim (sup Na(t)) < ko
3 —00
and lim (sup N3(t)) < k:g. [ |
t—00

Theorem 3.3 Predator are always bounded above.

Proof If N4(0) = 0, the result is obvious. We obtain the equation (1). If N4(0) > 0,
then dt4 < 0if dy Ny > 1. Thus, 11m (supNg( ) < d%. [ |

Theorem 3.4 The trajectories of system (1) are bounded.
Proof Define the function N = Ny + Ny + N3 + Ny and take its time derivative
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along the solution of (1).

dN dNiy dN2 dN3 dNy

dt — dt +(ﬁ_%dt+ dt -

Now

dN Ny Ny N3
— N =alN:(1 — — bN9(1 — — N3z(1 — —
o TN = ali( h)+ 2( M)+63( @)
—eN3 — fNy+ pN1 + pNa + pN3 + pNy

aN{ bN3 cN3

+c
= (p+ a)Ny + (p+ BNz + E=Ng + (p = )Ny -
e k1 ko ks

where p is a positive constant for p > f given € > 0 there exists to such that ¢ on
t >t

dN ) +c
E +pN Sm+tem= mln{(p+a)7(p+b)7(L)a(p_f)}7
hence,
d t
Z(Ne™) < (m+ e = N(t) < N(to)e 77" + m:a _ eplt=to)y,

Letting t — 0 then letting € — 0,

lim (sup N(t)) <

t—o00

SE

On the initial conditions, the system (1) are bounded.

4. Existence and stability analysis of equilibrium points

In this section we will study the existence and stability behaviour of the system (1)
at equilibrium points [11].

e The trivial equilibrium point £1(0,0,0,0) is saddlepoint.

e The axial equilibrium points E3(k1,0,0,0) and E6(0, k2,0, 0) are saddle point.

e The planar equilibrium points FE2(0,0,0:,02), FE4(03,0,04,05),
E9<0, @10, @11, @12) and ElO(@lg, @14, 0, @15) are unstable.

e The planar equilibrium of E5(©g,0,0,07), E7(k1,k2,0,0),andE8(0, ©g, 0, Oy)
are locally asymptotically stable.
We will analyze the equilibrium point E5, E7, E8 and interior equilibrium point
FE11.
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The jacobian matrix of the system (1) at equilibrium point E =
(Nl(t),Nz(t),N3(t),N4(t)) is given by

mi1 0 0 —Nloz
0 moo 0 —NQ,B

Jll = )
0 m3z m33 —N3y
Nyn Nyd Napp may
where mn:a—2a—Nl—aN4, m22:b—2%—,3N4, mggz—k ma3z —

C_ch YNy —e+Ut, myg = —UT+ INo + 1Ny + uN3 — f.

Based on the nature of eigen values, the dynamical system (1) gets stable when
all four eigen values are negative in case of real roots or negative real parts in
case of complex roots of the characteristic equation for the above jacobian matrix.
otherwise the dynamical system is unstable.

Theorem 4.1 The dynamical system (1) is locally asymptotically stable at equilib-
rium point E5{N; = Og, No = 0, N3 = 0, Ny = O7} provided that \y < 0, A2 < 0
with the conditions afnk, > UaBT + abnk; + aBf,

anyky + aneky > Uanjk, + Uayt + ancky + afy and A3, Ay have negative real
parts.

Proof The jacobian matrix is

a(Ut+f) a(Ur—nki+f) _ (Ur+f)aT
a 2 ks + ks 0 0 n
aB (Ur—nki+f)
. 0 b+ “BUT=nbits) 0 0
0 0 c+1WUabtl) _chrur 0
_a(U‘rfnlirf) _a(U'rfnkan)é _a(U'rfnkmLf)p, 0
L ak: ank, ank, J

Now the eigenvalues are

A _ UaB1— a,Bnkﬁ—abnkﬁ—aﬁf
1= ank;

A Uantki+Uayt—anykit+acnki— aenkﬁ-af’y
2= ank;

A3 =1/2 =Uerfetyon -, — g UertietyOn

where

O = AU%an7%ky — AU an* 1k ? + U%a®7? + 8Uanfrki—4an? fki® + 2Ua fr
+ danf2ky + o’ f?,

hence, the above equilibrium point is locally asymptotically stable if afnk; >
UafBt + abnky + aff,anvks + aneky > Uanjk; + Uayt + ancky + afvy and A3, A\g
have negative real parts. [ |

Theorem 4.2 The dynamical system (1) is locally asymptotically stable at equilib-
rium point ET{Ny = ki, No = ko, N3 = 0, Ny = 0} provided that A1, \a have nega-
tive real parts and A3 < 0, g4 < 0 with the conditions cky + eks > UTtks + cks,
Ur+ f > dke +nky.
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Proof The jacobian matrix is

—a 0 0 —kloz
0 —b 0 —kof3
E7T=
0 0 c—2—e+Ur 0
[0 0 0 ~UT+0ky+nki — f |
Now the eigenvalues are \; = —a < 0, \g = —b < 0, A3 = YT krd“,j*c’“rek% Ay =

—UTr+ 0 ko+nki — f. Hence, the above equilibrium point is locally ésymptotically
stable if A1, A9 have negative real parts and A3 < 0, Ay < O satisfies cko + ek3 >
Utks + cks, Ut + f > dko + nky. |

Theorem 4.3 The dynamical system (1) is locally asymptotically stable at equilib-
rium point E8 { N1 = 0, Ny = Og, N3 = 0, Ny = Og} provided that \y < 0, Aa < 0
with the conditions adbky > Uabt + Bdaks + abf, UBTcks + dybkaks + ekaks 50 +
cfkof > UkoksB0T+UbksyT+ckaBdks+bfksy and A3, A4 have negative real parts.

Proof The jacobian matrix is

ab(Ur—8 ka+f)

0 b—2 b(l?;:ﬁf) + b<UT*5F2+f) 0 _ (UT}fﬂg
E8 — 2 2
0 0 c— At | MUEPht)) _erur 0
 b(Ur—dkat)n  b(Ur—bkatf)  b(Ur—bka+ ) 0
Bk, k23 Bk

Now the eigenvalues are
A\ = Uabr+aBdks—abdks+abf
1= Boks )

Ny = UB8Tksks +Ubyrhs —UBerka —bSyksks-+Bed kaks —Bdeksks +bfrks —Befks
o Bkaks )

—U’Tb—b @12 U’Tb b @12
Ag = 1/2UmbobIeVOL )\ jUrhebl e

where

O12 = AUb67%ky — AUbS*Tha? + Ub? 1% + 8UBS f ko —4b5? fo? + 2Ub* fr
+ 4b6 f? ko + b2 f2,
Hence, the above equilibrium point is locally asymptotically stable if adbks >

Uabr + Bdaka+abf, UBTcke+6vbkaks + Bdekaks+ Befke > UpBoTkaks +Ubyrks +
Bockoks + bfvks and A3, A4 have negative real parts. [ |

Theorem 4.4 The interior equilibrium point (N7 = Ny, No = N3, N3 = N3,
Ny = N} ) is locally asymptotically stable.

Proof The variation of the Jacobian matrix is

mii1 0 0 —Nfa

0 mo2 0 —Ngﬂ
JE11 = .

0 mg2 m33 —N3v

Nin Njo Njp mag
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alV bNJ Niec
where mi1; = a — 2 kl k2 : ﬂ’L32:—k33,

mag = ¢ — 2 f—e+Ur, and myy = —UT + I Nj +nNf + uNi — f. The
characteristic equation is A(X) = A* + A3A3 + A2)? + A1\ + Aj where

— alNj, ma =

Az = —(m11 + maz + m33 + mug) = 41 — (my1 + maz + m33 + mas),

As = 5I? — (3ma1 + 3mag + 3mgz + 3mas)] + mosmss + magmag + Mmazmag +
mi1mMa2 + m11maz + miimaa — N3 Njpy + Ny Njna,

Ay =4I — (3ma1 + 3maa + 3mas + 3mas) I? + (2maamas + 2maoomas + 2mazmas +
2mogmi1 + 2masmir + 2maamin + 2N N3yp + 2N{Njan + NyNj6B)[ —
(moamasmas + moamszmii + mogmaamin + mazmaami; + NiNimooyp +
NékNImH’yu + N;N;fmnéﬁ + NTNZWLQQOH] + NfNnggoé’l]),

Ag = I* — (ma1 + mag + mas +maa) I3 + (ma1mag + mi1mss -+ mi1mag + maomss +
ma3mas+maogmas— NiNiyu—N; Ni B6—N;j Njan)I*—(mi1maomas+miimasmas+
M11M33mas + Mmoamasmas + miuNa Niyp + moaaNsNivyuw + miiNgNipBo +
mas Ny N; 56 + msa Ny NiBu + moo N{ Njan + mss Ny Njan)l + myimaosmssmag —
mi11moa N3 Niyu — mi1m3azNoNyBd — mi1maa Ny Ny B — maamaz Ny Njan.

By Routh Hurwitzs criterion, all the eigenvalues of j1; have negative real parts
if
(i) 43 >0,
(ii) Aszdy > Ay,
(iii) Az Ay Al > A% + A%Ao

Therefore the given system of the nonlinear differential equation (1) is locally
asymptotically stable around the positive equilibrium point N1 = Ny, No = Ny,
N3 = N3, and Ny = Nj if the conditions stated in the theorem holds. u

4.1 Global stability analysis

We perform a global analysis of the system (1) around the positive equilibrium
point G(N7, N3y, N5, Nj) of the coexistence. The following theorem of Lyapunov
function V' is considered [6].

Theorem 4.5 Let V=3(Ny — Nj)?+ 31h1 (No — N3)2 + 21po (N3 — N3 )2 + L3 (Ny —
N;)? where 1,102,103 > 0 are to be carefully chosen such that V'(G) = 0 then
G(Nl,N2,N3,N4) and V = (Nl,NQ,N3,N4) >0 VNl,NQ,N3,N4‘G If the time
derivative of V is %+ < 0, VN1, No, N3, Ny € ' then it follows that dv = 0,
VN1, No, N3, Ny € F+ zmplzes that G* of the system is Lyapunov stable and )
VN1, No, N3, Ny € I'" near implies that G* is globally stable.

Proof W& = (N1 —Ny) 4L 44y (No— N3 ) D02 4 4ho (N3 — N3) Dl 44p (Ny — Nj) Ll
Now by substituting the model equations (1) we get,
&= (N — Nl){aNl ai® — o Ny Ny} + 1 (Ny — N3){bNp — B2 — B NyNy} +
’lﬁg(Ng—Ng) €N3—|—UTN3}—|—¢3(N4 N4){7’]N1N4—|-5N2N4—|-
,LLN3N4 — fN4 —Ur N4}
The above equation becomes

= (N1 = N){a — 2% — a NgJ{(N1 = N{)} + 1(N2 — N3)
{b b 5N4}{(N2—Nz)}+¢2(N3—N3){C Gl —y Ny—e+UTH(N3 — N3)} +
¢3(N4 — N){nN1+6N2+pNs— f— UT}{(N4 - Np)}-
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By rearranging we obtain,

4 = —(N1 = Ny)*{a — %—QNH 1(Ny — N3)2{b— %2 — B Ny} — 1fp(N3 —
Ni)*e - W3/WW—6+Uﬂ wﬁNyJﬁ)MAG+MW+uNg—f—Uﬂ.
Thus it is possrble to set 11, 19,13 > 0 such that V' < 0 is an endemic positive
equilibrium point is globally stable. Therefore it is noted that the parameters play
an important roles in controlling the stability aspects of the system [7]. |

5. Hopf bifurcation

In this section we investigate the Hopf bifurcation around the interior equilibrium
point E11. The parameter ¢ is basic and represent the growth rate of prey Nj is
identified as a bifurcation parameter. Hopf bifurcation occurs provided the jacobian
matrix J(F11) has a pair of purely i 1mag1nary eigenvalues and the other eigenvalues
have negative real parts and RE [ ]\C co 7 0 [5]. Assume that the characteristic
equation at the interior equlhbrlum point E11 is as follows:

% + A3)\3 -+ AQ)\Z + Al)\l + Ag = 0. (3)

For purely imaginary eigenvalues, it is clear that coefficients of characteristic poly-
nomial (4) must satisfy the following condition:

AsAgAy — AZAg — A2 = 0.

Suppose +iw is a pair of purely imaginary eigenvalues corresponding to ¢y. We
derive from the characteristic equation (4) relative to ¢

d\ dAs dAs dA;  dAg
AN3 + 34302 + 240+ A +(\3 A2 A =0
HATH 34X+ 2A2A + A0+ (Vg m A AT T e ) =0
hence,
d\ B )\3dA3 + )\QdAz + )\dAl + dAo

—(

7 . 4
dc 4A3 + 3A3)\2 + 245\ + Al ) ( )

We substitute iw in to equation (5), we have

d)\ _,Lw3 dA3 + (JJ2 dAz + /Lw dcl _|_ dAo

%‘iw:_( _4M3_3A3w2+2A21w+A1 ’

hence,

R = _(Ar= 34l Wi+ [2Azw—4wnw3%—w%il)
Ve = [A1 — 343072 + 242w — 4w?]? '

Theorem 5.1 Consider parameter ¢ as bifurcation parameter. System (1) under-
goes a Hopf bifurcation provided

=24 sdds _ dAl
de dc

(141 - 3450722 )

[2A0w — 4w?][w # 0.
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6. Numerical solution

The system of the nonlinear differential equation (1) for the numerical solution.

(1) First we take the parameter of the system as
(a,b,c,a, B, k1, ko, ks, U, 6,n, u, 7,v,e, f) = (1.23,1.05,1.450,2.236, 1.05, 1.25,
0.23,0.005,0.545,1.236,0.212,2.024,1.07,2.1,2.05,2.11) at the population
(N1, Na, N3, Ny) = (1.25,10.46,10.056,10.13) The given system is asymptoti-
cally stable.

(2) First ~we  take  the  parameter p of the system as
(a,b,c,a, B, k1, ko, k3, U, 0,m, u, 7,7, e, f) = (1.3,1.05,1.450,2.236,1.05,1.25,
0.23,0.005,0.545,1.236,0.212,2.024,1.07,2.1,2.05,2.11) at the population
(N1, No, N3, Ny) = (2.35,3.46,2.06,3.13). The given system is asymptotically
stable.

(3) In Figure 4, we take the parameter of the system as mentioned above
in point (1). Then the initial condition satisfies with (Ni, N2, N3, Ny) =
((1.42,0.1,1,1),(1.3,0.6,0.7,0.2),(1.46,1.7,0.1), (1.32,1.46,1.7,1.2)) the con-
tact rate of prey-predator interaction. If we interact the predator with first
prey, only prey 1 and prey 3 will be moving away from predator because of
control measure.

(4) In Figure 5, we take the parameter of the system as mentioned above
in point (1). Then the initial condition satisfies with (Ni, N2, N3, N4) =
((1.42,1.1,1,1),(1.3,1.6,0.7,0.2),(1.32,1.46,1.7,0.1),(0.32,0.46,1.7,1))  the
contact rate of prey-predator interaction. If we interact the predator with
second prey, only prey 1 will be moving away from predator, prey 2 will not
affect by the predator because it was absent. But prey 3 will be moving away
from predator after some effort will be taken because of control measure (Ue).

(5) In Figure 6, we take the parameter of the system as mentioned above
in point (1). Then the initial condition satisfies with (Ny, No, N3, Ny) =
((1.42,0.1,1,1),(1.3,0.6,0.7,0.2), (1.32,1.46,1.7,0.1), (1.32,1.46,1.7,1))  the
contact rate of prey-predator interaction. If we interact the predator with
third prey, prey 1 and prey 3 will be moving away from predator, after we
applied the control measure predator interaction was absent.

(6) In Figure 7, we take the parameter of the system as mentioned above
in point (1). Then the initial condition satisfies with (Ni, Na, N3, Ny) =
((1.42,0.1,1,1),(1.3,0.6,0.7,0.2), (1.32,1.46,1.7,0.1), (1.32,1.46,1.7,1))  the
contact rate of prey-predator interaction. If we interact the predator with
third prey then the prey 1 and prey 2 was absent only prey 3 will be appear,
the result tends to a periodic.

7. Discussions and Conclusions

In this paper, we developed an eco-epidemiological of three prey one predator
model with disease spread in the third prey population exhibits very interesting
dynamics. Here we assumed that all the three preys grows logistically only the
third prey is not capable of reproduction. So all our important analytical findings
are numerically verified using mapple. The system with time delay undergoes a
Hopf bifurcation around E* at ¢ = ¢* taking time delay c as bifurcation parameter.

Finally, we conclude that our system of three prey one predator model only the
third prey disease will spread. After we take some control measure to reduce the
spread of disease. We also noted that the control measure Ut plays a key role to
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Figure 2. Rossler type of prey-predator is asymptotically stable.

N(1)

Figure 3. Rossler type of prey-predator is asymptotically stable.
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Figure 4. Rossler type of predator interact in the first prey.

control the stability of populations. There must be some time lag called the raise
of immunity power where steps to be taken by the control measure during this
process. At finally the result is periodic with the control measure of UT applied in
the third prey.

The equations may exhibit chaotic oscillation and chaotis attractor that may
arise due to Rossler system. Hence we recommend that the predator will spread
in the third prey population should be controlled by using the control measures to
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Figure 5. Rossler type of predator interact in the second prey.
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Figure 6. Rossler type of predator interact in the third prey.
2.x 107" 1
L x10® 0.8
X
N (1) 0.6
N0 0 - 04
SLx10F 0.2 —__—____‘__________.__.—-—-
0
—2.x 107" " 10 20 30 40 50 60 70 80 90
-3x 107" !

Figure 7. Rossler type of predator interact in the third prey with periodic solution.

avoid the infection and disease spread.
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